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Quantum theory allows the traversing of multiple channels in a superposition of different orders. When
the order in which the channels are traversed is controlled by an auxiliary quantum system, various unknown
parameters of the channels can be estimated by measuring only the control system, even when the state of the
probe alone would be insensitive. Moreover, increasing the dimension of the control system increases the number
of simultaneously estimable parameters, which has important metrological ramifications. We demonstrate this
capability for simultaneously estimating both unitary and noise parameters, including multiple parameters from
the same unitary such as rotation angles and axes and from noise channels such as depolarization, dephasing,
and amplitude damping in arbitrary dimensions. We identify regimes of unlimited advantages, taking the form
of p2 smaller variances in estimation when the noise probability is 1 − p, for both single and multiparameter
estimations when using our schemes relative to any comparable scheme whose causal order is definite.

DOI: 10.1103/PhysRevResearch.5.033198

I. INTRODUCTION

All measurements comprise four steps: Initializing a probe
or receiver, letting the probe interact with some system whose
properties are to be measured, performing a measurement
on the probe by which to extract data, and estimating the
unknown parameter based on the data [1]. Classical estima-
tion theory dictates how to optimize the fourth step, quantum
estimation theory the third, and judicious changes in the first
can lead to remarkable advantages when using probes with
particular quantum properties; the interaction step, in con-
tradistinction, is typically taken to be immutable. Introducing
indefinite causal order (ICO) provides a paradigm for chang-
ing the interaction step of a measurement protocol, thereby
offering a further avenue for quantum advantages, which can
now be exploited to great avail.

Quantum estimation theory establishes the potential ad-
vantages of quantum probe states and quantum measurement
techniques for estimating parameters in a variety of physi-
cal processes [2–8]. This power has been demonstrated in
remarkable experiments [9–13] and is expected to lead to
practical, quantum-enhanced technologies in the near fu-
ture [14–18]. The regime of multiparameter estimation is
especially rich [19–30], with questions about incompati-
ble observables [31–35], nuisance parameters [36,37], and
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tradeoffs between parameters [38] rising to the fore, which
is prominent because many practical measurement scenarios
involve the simultaneous estimation of multiple parame-
ters [39–46]. It is to this multiparameter scenario that we
apply ICO to coax more practical advantages from quantum
systems.

The idea of ICO stems from studies of causal structures
in quantum gravity and quantum computation [47,48]
and has since burgeoned into a pervasive research field.
Incorporating ICO in particular tasks leads to enhancements
relative to quantum advantages in computation [49–53],
communication [54–60], cooling [61–64], work
extraction [65–67], and sensing [68–72], many of which
have been experimentally realized [73–83], along with
more foundational ramifications [84–94]. Moreover, ICO
can sometimes be used to inspire protocols with definite
causal order (DCO) that outperform previously known
methods [95]. The dramatic improvements possible in par-
ticular metrological tasks [70], as well as the ability to sense
hitherto hidden parameters [96], motivate our current paper.

Quantum noise, in general, ruins many proposed quantum
advantages [97–101], yet it is prevalent in all realistic scenar-
ios across quantum information, making a quantum advantage
in the presence of noise even more impressive. We recently
showed that ICO confers dramatic advantages for estimating
the phase of a unitary in arbitrary dimensions in the presence
of depolarization noise, offering O(p2) smaller variances than
any scheme with DCO when the depolarization strength is
large and p is thereby small [96]. These results can even be
obtained using maximally mixed probe states that are com-
pletely insensitive to such parameters when evolved with a
DCO.
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We here demonstrate how to apply ICO to a wide variety of
estimation problems and find dramatic sensitivity advantages
in the presence of noise for both single and multiparameter
estimations. After first providing a background on ICO, its
implementation using a quantum switch and a background on
the quantum Fisher information (QFI) paradigm in Sec. II,
we showcase our recent results for estimation of an arbi-
trarily large-dimensional unitary’s phase in the presence of
depolarization noise in Sec. III A, followed by advantages
for dephasing (Sec. III B) and amplitude damping (Sec. III C)
noise in arbitrary dimensions. The advantages, in terms of
how much smaller the estimators’ variances are for our ICO
scheme relative to the best possible scheme with DCO, are on
the order of O[( pA pB

pA+pB
)2] for depolarization, where small pO

means that channel O is very noisy; O[( 1
2 − pA)2( 1

2 − pB)2]
for dephasing along a particular axis, where small | 1

2 − pO|
means that the dephasing (or spin-flip) channel is very noisy;
and O[ pA pB

(
√

pA+√
pB )2+c(

√
pA−√

pB )2 ] for amplitude damping noise
with some dimension-dependent constant c, where small pO

again means that channel O is very noisy. All schemes have
the amount of information decrease as the amount of noise
increases, but ICO is more resilient to noise and therefore
more efficient in terms of the number of times the unitary
must be probed in the large-noise limit, as attested to by its
advantageous scaling in noise parameters. Formally, infinite
advantages are thus possible when either pA = 0 or pB = 0
for depolarization and amplitude damping, as well as when
either or both of pA = 1

2 and pB = 1
2 for dephasing. By infinite

advantages, we herein mean that ICO confers the ability to
measure something that would be impossible without ICO.
ICO is beneficial for metrology in and around these limits of
when schemes with DCO fail or begin to fail due to being
overwhelmed by noise.

In Sec. IV, we take the opportunity to show how ICO can
be used, not just in the presence of noise but to characterize
properties of the noise itself by developing the theory of
ICO for multiparameter estimation. Noise characterization is
paramount for developing quantum devices and quantum net-
works, in both practical and adversarial scenarios. We show
there how ICO can be used to simultaneously measure param-
eters from the noisy channels and the unitary operator being
applied, investigating all three noise scenarios in turn. The
crucial upgrade required to be sensitive to more parameters
is to increase the dimension of the control system governing
the causal order of operations, which requires the ability to
consider all orders of the unitary and noise channels. For
simultaneously estimating the unitary’s phase as well as the
strengths of the two noise channels, both depolarization and
dephasing again offer formally infinite advantages for ICO
when one of the noise channels is completely depolarizing or
completely dephasing. Depolarization channels with complete
control of the order of the channels even allow estimation of
the unitary’s phase when both channels are completely depo-
larizing (pA = pB = 0) and, for amplitude damping channels,
we qualitatively show ICO’s advantage to rapidly grow with
decreasing pO. The amplitude damping channel can also be
used with a higher-dimensional control to simultaneously es-
timate the unitary’s phase and rotation axis in addition to noise
parameters.

The aforementioned sections allow ICO to change the or-
der in which the noise and unitary channels are applied on a
probe state. In contrast, in all other studies of noisy metrology
with ICO, multiple copies of the noisy unitary are applied in
an indefinite order, with the causal relationship between the
noise and unitary fixed in each channel [68,71,72,102–104].
Even when those studies find advantages for ICO, they tend to
be small, as the crucial component of our work is controlling
the very order in which the noise and unitaries are applied,
even with a single copy of the unitary. For completeness,
we show in Sec. V how multiple copies of the same unitary
subject to the same depolarization channel, with a fixed re-
lationship between the noise and unitary, can be augmented
with ICO to simultaneously measure the unitary and noise
parameters; this extends the lines of previous work to multipa-
rameter estimation and arbitrary dimensional probe systems.
We also discuss advantages in scaling for these related sce-
narios, showing how to decrease the variance in estimating a
unitary’s phase decreases by O(pD−1) for D identical copies
of the noisy unitary channel.

Finally, we observe in Sec. VI that, when the probe state
is a qubit and is sent through arbitrary numbers of channels
in arbitrary numbers of orders controlled by a control state
with arbitrary dimensions, the measurements on the control
are independent from the chosen probe state for a general class
of channels. This, to our knowledge, is the second foray of
ICO into the context of multiparameter metrology [104] and
our widespread results indicate that ICO will remain a stalwart
in this field.

II. BACKGROUND

A. Primer on indefinite causal order using quantum switches

When two independent quantum channels E(A) and E(B)

act sequentially on a quantum state ρp with a DCO, the total
evolution is governed by the sequential application:

ρp �→ E(B) ◦ E(A)(ρp) or ρp �→ E(A) ◦ E(B)(ρp). (2.1)

We use ρp to denote the probe state. A quantum switch breaks
from this paradigm by allowing an external quantum system
to control the order in which two or more channels act on ρp.
Such a device is sufficient for achieving a number of advan-
tages in a variety of tasks and has been realized experimentally
in groundbreaking experiments.

To wit, suppose the sequence is governed by the state of an
auxiliary system, termed control state ρc. When ρc is in some
state |0〉〈0|, the probe evolves following E(B) ◦ E(A)(ρp), while
ρc = |1〉〈1| dictates the evolution E(A) ◦ E(B)(ρp). What, then,
occurs when ρc is prepared in a superposition of |0〉 and |1〉?
This is the realm of ICO.

The dynamics are easiest to picture with unitary operations
E(O)(•) = U (O)(•)U (O)†. The total evolution is encapsulated
by the unitary operator

U = |0〉〈0| ⊗ U (B)U (A) + |1〉〈1| ⊗ U (A)U (B), (2.2)

acting on the joint state ρc ⊗ ρp, which can be immediately
verified for its action when ρc is in state |0〉 or |1〉. This
leads to cross terms in the joint dynamics when the control
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is prepared in some superposition state ψ0|0〉 + ψ1|1〉:
Uρc ⊗ ρpU† = |ψ0|2|0〉〈0| ⊗ E(B)[E(A)(ρp)]

+ |ψ1|2|1〉〈1| ⊗ E(A)[E(B)(ρp)]

+ ψ0ψ
∗
1 |0〉〈1| ⊗ U (B)U (A)ρpU

(B)†U (A)†

+ (ψ0ψ
∗
1 |0〉〈1| ⊗ U (B)U (A)ρpU

(B)†U (A)†)†;

(2.3)

the final two terms represent interference effects that have
found a number of applications. A natural assumption
throughout this paper is that none of the channels [here neither
U (A) nor U (B)] change on timescales relevant to the amount
of time it takes ρp to traverse them. Even though each unitary
U (A) and U (B) appears twice inU, the quantum switch ensures
that each channel is only probed once. This can be seen by
considering auxiliary flag degrees of freedom in quantum
states |0〉FA and |0〉FB that transform as |n〉FO �→ |n + 1〉FO
whenever U (O) is applied to the system; the flag degrees of
freedom factor out after the application of the switch and are
uniquely in the states |1〉FA and |1〉FB.

Similar dynamics result from quantum channels that are
not unitary. For example, we can consider maps characterized
by Kraus operators:

E(O)(•) =
∑

l

K (O)
l (•)K (O) †

l ,
∑

l

K (O) †
l K (O)

l = 1. (2.4)

The total evolution is then governed by a quantum channel
with Kraus operators of the form [48,79,80]

Ki j = |0〉〈0| ⊗ K (B)
i K (A)

j + |1〉〈1| ⊗ K (A)
j K (B)

i , (2.5)

acting on the joint state ρc ⊗ ρp, which can again be im-
mediately verified for its action when ρc is in state |0〉 or
|1〉 and requires no correlations between the Kraus operators
for distinct modes. This again leads to interference terms in
the dynamics, which again can be seen when the control is
prepared in the superposition state ψ0|0〉 + ψ1|1〉:∑

i, j

Ki jρc ⊗ ρpK†
i j

= |ψ0|2|0〉〈0| ⊗ E(B)[E(A)(ρp)]

+ |ψ1|2|1〉〈1| ⊗ E(A)[E(B)(ρp)]

+ ψ0ψ
∗
1 |0〉〈1| ⊗

∑
i, j

K (B)
i K (A)

j ρpK (B) †
i K (A) †

j

+
⎛
⎝ψ0ψ

∗
1 |0〉〈1| ⊗

∑
i, j

K (B)
i K (A)

j ρpK (B) †
i K (A) †

j

⎞
⎠

†

.

(2.6)

The quantum-channel evolutions under ICO may be de-
duced by interpretting Kraus operators as remnants from
unitary operations on an enlarged Hilbert space that have had
the auxiliary degrees of freedom traced out. We can always
consider the Kraus operators K (O)

i to represent the actions of
unitary operators U (O,O′ ) acting on ρc ⊗ |0〉O〈0| via

K (O)
i = O′〈i|U (O,O′ )|0〉O′ . (2.7)

Assuming each of the sequential operations to possess their
own auxiliary modes, we can enlarge the unitary operators of
Eq. (2.2) to become

U = |0〉〈0| ⊗ U (B,B′ )U (A,A′ ) + |1〉〈1| ⊗ U (A,A′ )U (B,B′ ). (2.8)

Tracing out the auxiliary modes from the evolution

ρc ⊗ ρp ⊗ |0〉A′ 〈0| ⊗ |0〉B′ 〈0|
�→ Uρc ⊗ ρp ⊗ |0〉A′ 〈0| ⊗ |0〉B′ 〈0|U† (2.9)

immediately yields the Kraus operators given by Eqs. (2.5)
and (2.7). Notwithstanding this interpretation, only Kraus op-
erators of the form of Eq. (2.5) reduce to the unitaryU in the
limit of a single Kraus operator because a quantum switch is
a superoperator that must act in the same manner regardless
of the process in question [48]. In fact, any alternative Kraus-
operator decompositions for the individual channels E(O) will
lead to the same overall dynamics when the alternative Kraus
operators are fed into Eq. (2.5). As such, given only the two
respective descriptions of channels E(A) and E(B), a quantum
switch is guaranteed to lead to evolution with Kraus operators
from Eq. (2.5) without requiring any control of the details of
the channels or correlations between A and B.

This form of the Kraus operators arising from superposi-
tions of sequences of operations holds true when there are
arbitrary numbers of operations whose orders of application
are being superposed. By increasing the dimension D of the
control system, we can increase the number of possible order-
ings. If we label the Kraus operators from each channel Aj in

the sequence by K
Aj

i , the control system can enable D different
permutations of the channels Aj , leading to Kraus operators of
the form

Ki1,i2,··· ,i3 =
D−1∑
j=0

| j〉〈 j| ⊗ K
(Aπ j (0) )

iπ j (0)
K

(Aπ j (1) )

iπ j (1)
· · · K

(Aπ j (D−1) )

iπ j (D−1)
,

(2.10)

where we have denoted by π j (k) the kth element of the jth
permutation of (0, 1, · · · , D − 1) and assumed there to be D
channels without loss of generality [105]. Any time the con-
trol state is prepared in a superposition

∑
j ψ j | j〉, interference

terms with j1 �= j2 will arise that can lead to unique effects in∑
i1···iD
Ki1···iDρp ⊗ ρcK†

i1···iD =
∑
j1 j2

ψ j1ψ
∗
j2 | j1〉〈 j2| ⊗ R j1 j2 .

(2.11)

Here,

R j1 j2 =
∑

i1,··· ,i3

(
K

(Aπ j1
(0) )

iπ j1
(0)

· · · K
(Aπ j1

(D−1) )

iπ j1
(D−1)

)

× ρp

(
K

(Aπ j2
(0) )

iπ j2
(0)

· · · K
(Aπ j2

(D−1) )

iπ j2
(D−1)

)†
. (2.12)

In our paper, as is often the case, we will solely use prop-
erties of the control system to learn about the interactions of
the probe. The control evolves to

ρ ′
c =

∑
j1, j2

ψ j1ψ
∗
j2 | j1〉〈 j2|Rj1 j2 (ρp), (2.13)
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where we have defined the traces

Rj1 j2 = Tr
(
R j1 j2

)
. (2.14)

Trace-preserving channels lead to Rj j (ρp) = 1; the interfer-
ence terms with Rj1 j2 (ρp) < 1 lead to entanglement between
the control and the probe systems that can be used to estimate
properties of the channels by measuring only the control. For
consistency, we note that the case of two identical channels
with a single Kraus operator K (A) = K (B) = U simply has
Rj1 j2 = Tr(ρpU †U ) = 1, such that the control only changes
state when the channels A and B are nonunitary or not
identical.

B. Quantum Fisher information

Suppose one has a set of parameters θ to estimate. Given
access to a probability distribution P(x|θ) for some measure-
ment with outcomes labeled by x, the Cramér-Rao bound
dictates that the covariances between any estimators θ̂i of the
parameters will locally be lower bounded by the inverse of the
Fisher information (FI) matrix

Cov(θ̂i, θ̂ j ) �
(
F−1

x (θ)
)

i j
, (2.15)

where the latter has components

[Fx(θ)]i j =
∑

x

P(x|θ)
∂ ln P(x|θ)

∂θi

∂ ln P(x|θ)

∂θ j
. (2.16)

Analogous expressions can be found for continuous measure-
ment outcomes x with integrals replacing the sums. The QFI
matrix provides the ultimate upper bound for F for any given
probe state and underlying values of θ, thereby providing the
ultimate lower limit for the covariance matrix. Given a probe
state that has evolved to depend on the parameters, ρθ , one can
always define the symmetric logarithmic derivatives

∂ρθ

∂θi
= ρθLi + Liρθ

2
(2.17)

to provide a matrix analog of the derivatives in Eq. (2.16),
where Li may depend on ρθ and θ and is always Hermitian.
Then, the QFI matrix is defined componentwise as [20][

Qρθ
(θ)
]

i j = 1
2 Tr(ρθ{Li, Lj}), (2.18)

where {·, ·} stands for the anticommutator {A, B} = AB + BA.
The matrix inequality

Qρθ
(θ) � Fx(θ) (2.19)

always holds in the sense that Q − F is always positive
semidefinite. Remarkably, the most general probability dis-
tribution P(x|θ) = Tr(�xρθ ) for a positive operator-valued
measure (POVM) with elements {�x} can always be op-
timized in the asymptotic limit, in the sense that, for any
positive-definite weight matrix W, there exists an optimal
POVM such that

Tr[W Cov(θ̂, θ̂)]= f Tr
[
WQ−1

ρθ
(θ)
]
. (2.20)

where f = 1 for single-parameter estimation and 1 � f � 2
for multiparameter estimation and where the equality holds
after many repeated optimal measurements [106,107]. This
connects the ultimate lower bounds on the covariances of the

estimators to the ultimate measurement scheme for any probe
state; the optimal overall protocol then involves optimizing the
QFI matrix over all probe states. We are generous throughout
with this factor of f : We use the QFI matrix for all schemes
with fixed causal order, even though the results attainable will
be smaller by a factor of f , and provide fixed measurement
schemes for all of our new protocols with ICO, which can be
directly fed into the Cramér-Rao bound of Eq. (2.16). This
means that our quoted results hereafter for ICO may actually
outperform schemes with a fixed causal order by an extra
factor of f . Because the QFI matrix is additive when the
same measurement process is repeated, we henceforth con-
sider a single trial when comparing QFI values for different
protocols.

C. Estimating the phase of a unitary

Consider any finite-dimensional unitary operator U , which
can always be considered as an element of SU(N ) for some
positive integer N without loss of generality. If the generators
of SU(N ) are labeled by G = (G1, G2, · · · ), then we can
define Gn = n · G for some unit vector n and always express
the unitary as

U (θ, n) = exp(iθGn). (2.21)

Estimating the phase θ is a basic problem with broad appli-
cations due to the ubiquity of unitary operations; we name
interferometry, magnetometry, and imaging as examples. To
fix the resources used in the estimation, we choose a particular
irreducible representation of the Lie group with dimension d ,
equivalent to fixing the number of particles in or energy used
by a probe state. Such a fixed irreducible representation has
some eigenstates |±n〉 of Gn with some maximal and minimal
eigenvalues λ±. Then, the best possible quantum strategy with
DCO for estimating θ involves preparing the pure superposi-
tion state [108],

|ψopt〉 = 1√
2

(|n〉 + |−n〉), (2.22)

and allowing it to evolve to U |ψ〉. In the contexts of interfer-
ometry with light and atoms, e.g., imaging or magnetometry,
such states are often known as NOON [109] or GHZ [110]
states, respectively. The QFI in this case Qψopt (θ ) = (λ+ −
λ−)2 informs us that the best possible estimate θ̂ for the angle
θ will have its variance be lower bounded as

	2θ̂ � 1

Qψopt (θ )
= 1

(λ+ − λ−)2
. (2.23)

The QFI is additive for repeated measurements and so here
and henceforth we consider the QFI per trial (i.e., per state
probing the parameter of interest in the asymptotic limit; we
will always use one probe state per application of the unitary
channel). The worst possible scheme, in contrast, uses a probe
that remains unchanged by U , such as the pure states |±n〉 or
the maximally mixed state 1/d .
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Measure 
control

FIG. 1. Schematic for estimating a unitary in the presence of
noise. The probe, a maximally mixed state insensitive to unitaries
(sunglasses clad), is sent through noise channels (clouds) before and
after probing a unitary (diamond). When the control is in state |0〉
(|1〉), the probe follows the blue (red) path whose first noise channel
is A (B). A superposition-state control leads to indefinite causal order,
by way of which a final measurement on the control alone (carried
by airplane to circumvent the unitary and noise channels) can learn
about the unitary with dramatic advantages over any causally or-
dered scheme. This scheme can be generalized to higher-dimensional
quantum switches that control more than two different orders of
operations amongst the three channels here and to more than three
channels.

III. ADVANTAGEOUS UNITARY ESTIMATION
IN THE PRESENCE OF NOISE USING ICO

In the presence of noise, the QFI tends to decrease, except
for some fortuitous situations in which it remains constant.
We here consider a general schematic, depicted in Fig. 1, in
which some noise affects a probe system both before and after
it experiences the unitary transformation, which is a generic
scenario where we simply supply different labels for the noise
experienced by a probe on either side of a unitary. The order
in which the probe traverses the noise and unitary channels
can be controlled by a quantum system, again depicted in
Fig. 1, such that measuring the control qubit alone allows
one to learn about the unitary with a dramatic advantage over
any causally ordered scheme. Experimental demonstrations of
such quantum control of the order of traversing noise channels
have already succeeded [79,80], making the application of
this idea to metrology practicable. We here showcase these
advantages for three different types of noise: Depolarization,
dephasing, and amplitude damping, acting on probes of arbi-
trarily large dimensions so as to allow for arbitrary unitaries
to be estimated.

A. Depolarization noise

We first recapitulate the ICO-driven advantage in estimat-
ing the phase of any unitary operation in the presence of strong
depolarization noise presented in Ref. [96].

Depolarization noise strongly reduces the ability to esti-
mate θ . Depolarization adds white noise to the state such
that, with some probability 1 − p, one loses all information
about the original state and becomes insensitive to all unitary
parameters:

Edepol(ρ) = pρ + (1 − p)
1

d
. (3.1)

If depolarization occurs either before or after a pure probe
state undergoes the unitary transformation, the QFI dimin-
ishes as [111]

Q[Edepol(|ψ〉〈ψ |); θ ] = p2

p + 1−p
d/2

Q(|ψ〉〈ψ |; θ ), (3.2)

where we employ the alternate notation Qρ (θ ) ↔ Q(ρ; θ )
when convenient. Convexity of the QFI Q(

∑
i piρi; θ ) �∑

i piQ(ρi; θ ) and flatness of the depolarization channel
Edepol(

∑
i piρi ) = ∑

i piEdepol(ρi ) lead to the following in-
equality for all states undergoing depolarization, even includ-
ing probe states entangled with ancillary quantum systems and
joint measurements on the entangled systems:

Q[Edepol(ρ); θ ] � p2

p + 1−p
d/2

(λ+ − λ−)2. (3.3)

The resulting minimum variance for any estimate of θ grows
as O(p−2) whenever the depolarization probability is close to
unity (i.e., 1 − p ∼ 1).

It comes as no surprise that depolarizing a probe state both
before and after it undergoes a unitary evolution worsens es-
timates of the unitary’s phase. If the two depolarizations have
strengths pA and pB, the resulting minimum variance grows
as 	2θ̂ = O(p−2

A p−2
B ). Yet, placing these two depolarizations

in a coherently controlled superposition of their causal orders
will significantly decrease the estimator variance.

To apply ICO to depolarizing channels, we need a Kraus-
operator representation of Edepol. This can be furnished by
defining d2 + 1 operators: d2 two-index operators that pro-
vide white noise for a d-element orthonormal basis {|n〉} by
completely mixing up all information,

Kkl (p) =
√

1 − p

d
|k〉〈l|, (3.4)

and the identity operator K1(p) = √
p1 that leaves states un-

changed.
We use a single application of the unitary channel and two

different depolarizing channels, with the orders E(A)
depol-then-

U -then-E(B)
depol when the control is in state |0〉 and E(B)

depol-then-

U -then-E(A)
depol when the control is in state |1〉. Defining K (A)

kl

and K (B)
mn with pA and pB, respectively, we can compute using

Eq. (2.14),

R01 =
∑
i jkl

Tr
(
K (B)

i j UK (A)
kl ρK (B)†

i j U †K (A)†
kl

)

= pA(1 − pB)

d
Tr(U †)〈U 〉 + pB(1 − pA)

d
Tr(U )〈U †〉

+ (1 − pA)(1 − pB)

d2
+ pA pB, (3.5)

where expectation values 〈·〉 are taken with respect to the
initial probe state ρp. Choosing the least remarkable probe
state ρp = 1/d , which is maximally mixed, possesses the least
quantum mechanical properties, and should be insensitive to
unitaries because UρpU † = ρp allows one to directly learn
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about

u = | Tr(U )|2 =
∣∣∣∣∣
∑

i

eiλiθ

∣∣∣∣∣
2

. (3.6)

Since the eigenvalues {λi} of the generators of SU(N ) can be readily calculated, this provides a direct window into estimating
the unitary’s phase θ .

How well can this be done? Defining the |±〉 = (|0〉 ± |1〉)/
√

2 basis, starting with the control state in ρc = |+〉〈+|, then
measuring the control state ρ ′

c in the |±〉basis provides an FI equal to the QFI for this state of

QICO(θ ) = (pA + pB − 2pA pB)2
(

∂u
∂θ

)2

d4 − [(1 − pA)(1 − pB) + (pA + pB − 2pA pB)u + d2 pA pB]2

≈ (pA + pB)2

d4 − 1

(
∂u

∂θ

)2

+ O
(
p3

A, p3
B, pA p2

B, p2
A pB

)
. (3.7)

Because this scales with the second power of the noise and
not the fourth, we learn that, for any rotation angle other than
θ = 0 or θ = π , there always exists a noise threshold above
which ICO has an advantage over DCO.

Per the quantum Cramér-Rao bound, the minimum uncer-
tainty on any estimator of θ is given by the inverse of the QFI,
showing that this outperforms the best QFI for sensing θ with
DCO by a factor on the order of O(p2

A, p2
B, pA pB):

min
ICO

	2θ̂ = O

(
1

(pA + pB)2

)
� min

DCO
	2θ̂ = O

(
1

(pA pB)2

)
,

(3.8)

which provides an essentially unlimited advantage as the de-
polarization noise increases and pA and pB decrease to zero.
Even though the expression ∂u/∂θ appears in this expression,
we have computed the FI in terms of the probability distribu-
tion p±(θ ) = 〈±|ρc|±〉 and need not worry about accidentally
choosing the optimal estimator for u(θ ) instead of the optimal
estimator for θ .

We plot the relative advantage for d = 2 in Fig. 2 with
pA = pB ≡ p; when pA and pB are different for a given total
pA + pB or a given fixed pA pB, the ICO-driven advantage is
even greater. These results require only a binary measure-
ment on a single quantum system, as opposed to a generic
measurement on a large-dimensional probe state or a joint
measurement on the entangled control-probe state. Similar
results can be obtained when the control system begins in
any equal-magnitude superposition of |0〉 and |1〉 so as to
maximize the effect of R01 on ρ ′

c; different relative phase
choices for the initial control state lead to different optimal
measurement bases.

The same result cannot be achieved by entangling the
control and probe systems, letting the probe system evolve
through one causal sequence, then measuring the final state
of the control system. This is because the overall quantum
channel that the probe experiences, formed by iterations of
the map from Eq. (3.1), preserves the trace of the probe state.
As such, tracing out the probe state before or after it evolves
does not affect the control state: ρc = ρ ′

c. If either pA = 0 or
pB = 0 with DCO, no scheme will be able to estimate U , even
with access to ancillary entangled systems. The interference
between the different causal sequences is essential (i.e., it is

necessary, but not always sufficient) for probing the properties
of the noisy channels.

B. Dephasing noise

Now suppose an alternate noise source, in which the state
is subject to dephasing or spin-flip noise. We start by consider-
ing a qubit probe state subject to dephasing along a particular
axis u with some probability 1 − p, characterized by the Pauli
matrices σu = u · σ:

Edephase(ρ) = pρ + (1 − p)σuρσu. (3.9)

FIG. 2. Advantage of ICO over the best definite-causal-order
strategy for estimating a rotation angle of a qubit. Here, QICO is
given by Eq. (3.7) with d = 2, pA = pB ≡ p, and u = 4 cos2(θ/2);
whereas, Qopt is given by the upper bound in Eq. (3.3) with λ± = ± 1

2
and two applications of the depolarizing channel of strength p (i.e.,
Qopt = p4/[p2 + 2(1 − p2)/d]). Plotted is the increase in QFI versus
rotation angle and depolarization noise, which may be interpreted as
how many more times a definite-order scheme must be performed
to obtain the same precision as an ICO scheme. If we had chosen a
different dimension, the dependence on θ would have changed. For
θ near π/2, the advantage persists even with noise level p > 1/2,
while it grows rapidly and boundlessly with shrinking p. In the blue
region of larger p and thus smaller noise, schemes with ICO can
be much worse than schemes with definite causal order and so the
former should be avoided.
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Again considering applications of this channel in a
definite order, such as E(A)

dephase prior to U and E(B)
dephase after-

ward, the QFI for a probe state decreases as a function of pA

and pB. In this situation, the noise channel does not commute
with the unitary operation and so the resulting state is not
symmetric with respect to pA ↔ pB.

Without loss of generality, we fix the axis of the unitary
n to be the z axis of the coordinate system used to define
the computational basis for the probe qubit. Then, an optimal
probe state without dephasing is |ψ〉 = (|0〉 + |1〉)/

√
2. With

dephasing, the state evolves to a convex mixture of the four
linearly dependent pure states U |ψ〉, Uσu|ψ〉, σuU |ψ〉, and
σuUσu|ψ〉. We can calculate the QFI in terms of the eigenval-
ues �k and eigenvectors |ψk〉 of ρ through [20]

Qρ (θ ) =
∑

k

1

�k

(
∂�k

∂θ

)2

+ 2
∑
k �=l

(�k − �l )2

�k + �l

∣∣∣∣〈ψk| ∂

∂θ
|ψl〉

∣∣∣∣
2

.

(3.10)

The axis along which the dephasing acts significantly af-
fects the results. With u along the y axis, for example, the QFI
vanishes at pA = 1/2 because the state becomes maximally
mixed for all values of θ and pB. With u along the x axis, the
state becomes independent from pA, with the QFI remaining
independent from both pA and pB. As a final example, for u
along the z axis, the QFI vanishes when either pA = 1/2 or
pB = 1/2, taking the form ( 1

2 − pA)2( 1
2 − pB)2. Some of these

can be dramatically outperformed by schemes with ICO and
some cannot.

To introduce ICO, we need only the Kraus operators KO)
1 =√

pO1 and KO)
u = √

1 − pOσu. As before, we calculate using
Eq. (2.14),

R01 =
∑

i j

Tr
(
K (B)

i UK (A)
j ρK (B)†

i U †K (A)†
j

)
= pA(1 − pB)s + pB(1 − pA)s∗

+ (1 − pA)(1 − pB) + pA pB, (3.11)

where we have defined

s(θ, u; ρp) = 〈σuU †σuU 〉. (3.12)

How does the amount of information about θ in ρ ′
c compare

to the QFI for probe states with DCO? Whereas, the QFI often
vanishes for probe states with DCO when pA = pB = 1/2, R01

and therefore ρ ′
c retains information about θ at pA = pB =

1/2, so long as s depends on θ . One can compute σuU †σuU
to find it independent from the azimuthal angle of u. The
quantity s depends on θ so long as |uz| �= 1; thus, for any
probe state ρp, even a maximally mixed probe state, one can
learn about θ using ICO. When u was along the y axis and
pA = pB = 1/2, we saw that the QFI was zero for DCO;
whereas, here it is

QICO(θ ) = 1

3 − 2 Re(s) − Re2(s)

[
∂ Re(s)

∂θ

]2

, (3.13)

with s = 〈U †2〉. This constitutes an infinite advantage (an infi-
nite increase in the QFI ratio) in this particular scenario: Even
a maximally mixed probe state, with s = cos θ , can provide

nonzero information about θ in a situation in which DCO
provides zero information about θ .

The treatment here can be repeated for arbitrary dimen-
sions by replacing σu by some other unitary operation. For
some channel,

Edephase(ρ) = pρ + (1 − p)V ρV †, (3.14)

the final result for R01 remains the same, now with

s = 〈V †U †VU 〉. (3.15)

So long as U and V do not commute, this provides information
about θ to the control state ρ ′

c that can be measured. In fact, the
term s = 〈V †U †VU 〉 is also connected to out-of-time-ordered
correlators that characterize quantum information scrambling
and, through it, the celebrated Kirkwood-Dirac distribution
[112] (see Ref. [113] for further applications of the quantum
switch for measuring noncommutativity).

Whether or not there is an advantage from ICO depends
on whether or not schemes with DCO lose all information
from such dephasing. Considering a spin system, with U
performing an SU(2) rotation of a spin-J particle, all previous
calculations hold true with θ �→ 2Jθ for generalized dephas-
ing V enacting a π rotation about some axis u. This means that
one can again attain an infinite advantage in estimating θ using
ICO for dephasing along the y axis, even using a maximally
mixed probe state, relative to the optimal quantum strategy of
using a pure superposition of extremal eigenstates of U (i.e.,
NOON- or GHZ-type states of the correct orientation).

Next, considering more general dephasing operators V , we
can speculate on a large class of ICO-driven advantages. In
large dimensions and for all but pathological cases of U and
V , the four pure states U |ψ〉, UV |ψ〉, VU |ψ〉, and VUV |ψ〉
are linearly independent, even though they were dependent
for the qubit case. If they are all orthogonal, the four eigen-
values of ρ after evolving through the unitary and pair of
dephasing channels are pA pB, pA(1 − pB), pB(1 − pA), and
(1 − pA)(1 − pB); these cause the QFI to identically vanish
at pA = pB = 1 in Eq. (3.10). Since the ICO-evolved state
ρ ′

c continues to depend on θ through s, these could present
another array of ICO-driven advantages for estimation of uni-
taries in the presence of noise.

C. Amplitude damping noise

Now consider a final type of noise, in which the probe has a
propensity to relax from some excited state to its ground state.
This well-known amplitude damping channel [114] acting on
a qubit

Eamp. damp.

[(
ρ00 ρ01

ρ10 ρ11

)]
=
[(

ρ00+(1 − p)ρ11 ρ01
√

p√
pρ10 pρ11

)]

(3.16)

is characterized by the two Kraus operators

K0 =
(

1 0
0

√
p

)
, K1 =

(
0

√
1 − p

0 0

)
, (3.17)

that cause a system to relax toward state |0〉 when p gets
closer to 0. Again considering a unitary along the z axis
and the optimal probe state |+〉, the QFI for measuring the
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unitary’s phase with amplitude damping both before and after
application of the unitary degrades to

Q|+〉(θ ) = pA pB. (3.18)

Considering the general case of fixed causal order where
the initial probe state is arbitrary, the evolved state is

E(ρ) =
(

1 − pA pB(1 − ρ00) eiθ√pA pBρ01

e−iθ√pA pBρ10 pA pB(1 − ρ00)

)
. (3.19)

This has a QFI of Q = 4pA pB|ρ01|2, so maximal information
about θ is obtained when |ρ01| is maximized, confirming
our intuition that |+〉 remains an optimal probe state in the
presence of noise.

With a quantum switch controlling the orders of appli-
cations of two amplitude damping channels on a maximally
mixed state, we can readily compute

R01 = 1
2 [1 − eiθ (pA − 1)

√
pB − e−iθ√pA(pB − 1) + pA pB].

(3.20)

The QFI for the evolved control state is a bit involved, though
it is simply given by Eq. (3.10) and the eigensystem of a
2 × 2 matrix, so we write the results in the relevant limit of
neglecting terms of order O(p3/2

A , p3/2
B , pA p1/2

B , p1/2
A pB):

QICO(θ ) ≈ (
√

pA − √
pB)2

4
+ sin2 θ

12
(pA + pB + 14

√
pA pB).

(3.21)

This again provides an unlimited benefit in terms of QFI ratio
or minimum uncertainty ratio relative to all schemes with
DCO in the limit of small pA and pB and a formally infinite
advantage when either pA or pB vanishes (this can also be seen
because schemes with DCO leave the probe state independent
from θ when pA or pB vanishes). Notably, this advantage
can be attained for any unitary, even when θ = 0, with the
exception of pA = pB when θ = 0.

Another type of amplitude damping channel has E(A) send-
ing a system toward state |0〉 and E(B) toward |1〉; different
relaxation tendencies occur on different sides of the unitary.
Mathematically, this happens when E(A) has the Kraus opera-
tors from before and E(B) has Kraus operators

K (B)
0 =

(√
p 0

0 1

)
, K (B)

1 =
(

0 0√
1 − p 0

)
. (3.22)

In this case, the QFI for DCO schemes with unitary U
about the z axis and optimal probe state |+〉 again takes the
form Q|+〉(θ ) = pA pB and is optimal among definite-order
schemes, as can again be recognized from the DCO QFI
Q = 4pA pB|ρ01|2. In contrast, the small-p limit of the QFI for
schemes with ICO is again QICO(θ ) ≈ (

√
pA − √

pB)2/4.
Amplitude damping toward some state |0〉 can be extended

to amplitude damping occurring identically on n = log2 d
qubits in parallel. In the case of ICO, R01 simply gets modified
as R01 �→ Rn

01, retaining the dependence on
√

pA and
√

pB to
first order as

R01 ≈ 1 + eiθ n
√

pB + e−iθ n
√

pA

2n
. (3.23)

The QFI then becomes, to lowest order in pA and pB,

QICO(θ ) = n2 sin2 θ

4n − 1
(
√

pA + √
pB)2

+ n2 cos2 θ

4n
(
√

pA − √
pB)2. (3.24)

This worsens with n but retains the same scaling with pA and
pB as for our depolarization case in Sec. III A. The optimal
definite-order scheme now involves entangled qubits in a GHZ
state (|0〉⊗n + |1〉⊗n)/

√
2, but amplitude damping diminishes

its QFI by pn
A pn

B:

QGHZ(θ ) = 2
pn

A pn
B

1 + (1 − pA pB)n + pn
A pn

B

. (3.25)

A better definite-order scheme might be to use n qubits in
parallel, each in the |+〉 state, which would allow the QFI so
simply scale with n instead of diminishing exponentially. Still,
such definite-order schemes are limited to Q ∼ O(pA pB),
while ICO allows QICO ∼ O(pA, pB,

√
pA pB) for any number

of qubits n [115]. We again see a general advantage for ICO
over definite-order schemes for estimation of a unitary in
the presence of noise, even using maximally mixed states as
inputs, with the advantage growing with the amount of noise
and diminishing with the dimension of the probe system.

IV. MULTIPARAMETER ESTIMATION

One notices above that the control state depends not only
on the parameters of the unitary being estimated but also on
the strength of the noise channels. As such, one can imagine
using the same protocol to estimate the noise levels instead
of the unitary’s parameters. One cannot estimate both simul-
taneously because the control state only depends on a single
parameter, R01, through which both θ and p are to be esti-
mated. It then follows that higher dimensional control states
that depend on more parameters may be used to simultane-
ously estimate multiple parameters of the quantum channels,
as we presently show.

A. Estimation of depolarization noise and unitary phase

We now step into the world of multiparameter estimation.
For a measurement only of the control to yield information
about more than one parameter, it must have more than one
functional dependence on those parameters. In the examples
above, we only had access to the parameter R01, which was
often real, notably in the case of depolarization channels with
maximally mixed probe states. Here we show how using con-
trol systems with larger dimensions for the quantum switch
allows one to simultaneously estimate both depolarization
noise strength and the unitary channel’s phase.

Referring again to Fig. 1, there are three total channels:
Two depolarizations and one unitary. The six different orders
of traversing these channels can be combined to give different
functional dependencies on pA, pB, and u(θ ) such that the
noise and unitary parameters can be simlutaneously estimated.
We will not require all six orders to determine only three
parameters, so we choose the three orders E(A) ◦ E(B) ◦ U ,
U ◦ E(A) ◦ E(B), and E(B) ◦ U ◦ E(A) when the control is in
state |0〉, |1〉, and |2〉, respectively. We then calculate using
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Eqs. (2.12) and (2.14) for the three orders:

R01 = pA pB + 1 − pA pB

d
〈U 〉 Tr(U †),

R02 = pA + (1 − pA)(1 − pB)

d2
+ pB(1 − pA)

d
〈U 〉 Tr(U †),

R12 = pB + (1 − pA)(1 − pB)

d2
+ pA(1 − pB)

d
[〈U 〉 Tr(U †)]∗.

(4.1)

These three different functional dependencies on pA, pB, and
〈U 〉 Tr(U †) allow all three to simultaneously be estimated
from the evolved control state ρ ′

c, even though there was only
one copy of each channel being probed. This again holds even
if the probe state is maximally mixed and therefore insen-
sitive to each of pA, pB, and U for definite-order schemes.
When the probe is maximally mixed, we again find the depen-
dence on θ for the ICO scheme through u(θ ) = | Tr(U )|2 =
d〈U 〉 Tr(U †). Moreover, dependence on θ is maintained even
when pA = pB = 0, showing that the ability to completely
control the order of the depolarization and unitary channels
(not restricted to the unitary always occurring between the
two depolarizations) leads to sensitivity that is even more
impossible with DCO.

Measuring the control state in the (|i〉 ± | j〉)/
√

2 basis di-
rectly yields the real part of Ri j , where Ri j is automatically real
when the probe is maximally mixed. This can be facilitated
by a POVM with six elements (|i〉 ± | j〉)(〈i| ± 〈 j|)/4, i < j,
where the extra factor of 2 is required for normalization. The
six probabilities are

Pi j± = 1 ± Ri j

6
, i < j, (4.2)

and we can use them to calculate the QFI matrix. Incredibly,
this matrix is nonzero and invertible even when pA = pB = 0,
where no definite-order strategy could ever determine u. We
write the FI matrix in the θ = (θ, pA, pB) basis and record the
result for pA = pB = 0, with the full expression given in the
Appendix A:

FICO(θ) =

⎛
⎜⎜⎜⎝

(∂u/∂θ )2

3d4−3u2 0 0

0 d4−2d2+(u−2)u+2
3(d4−1)

2(u−1)
3(d2+1)

0 2(u−1)
3(d2+1)

d4−2d2+(u−2)u+2
3(d4−1)

⎞
⎟⎟⎟⎠.

(4.3)

We can call this a formally infinite advantage due to the
unlimited increase in FI in simultaneously estimating three
parameters using ICO, even using a maximally mixed probe
for the latter, valid for unitaries and depolarization channels
in arbitrary dimensions d . Of course, there might exist another
measurement strategy that coaxes even more information from
ρ ′

c, as we have not computed the QFI matrix for this state, but
we are satisfied with an infinite increase in QFI relative to
any strategy with DCO, especially because our FI matrix is
attainable through a straightforward measurement procedure.
Moreover, since we have chosen a fixed POVM to obtain these
results, we need not worry about factors of f from Eq. (2.20)
and are guaranteed to saturate the classical Cramér-Rao bound
for the minimum uncertainties of each parameter [Eq. (2.15)]
in the asymptotic limit.

We can also inspect the large-d limit, which makes it
more difficult to estimate θ as seen before. Even in this
limit, each of pA and pB can be estimated without much
trouble, given the constant term in [d4 − 2d2 + (u − 2)u +
2]/[3(d4 − 1)] = (1 − 2/d2)/3 + O(d−4). This prompts us
to calculate the d → ∞ limit of F for arbitrary pA and pB,
perhaps having in mind a measurement with macroscopic
probe systems. Different functional forms u(θ ) will behave
differently in the limit of large d , so we inspect only the
(pA, pB) submatrix of F to show how it allows pA and pB to
simultaneously be estimated:

lim
d→∞

FICO(pA, pB) =

⎛
⎜⎝

(1−2p2
A)p2

B+1

3(p2
A−1)(p2

A p2
B−1)

pA pB

3−3p2
A p2

B

pA pB

3−3p2
A p2

B

(1−2p2
B )p2

A+1

3(p2
B−1)(p2

A p2
B−1)

⎞
⎟⎠.

(4.4)

Just as for single-parameter estimation, probe states other
than the maximally mixed state can be used to investigate
other properties of U . There is still only one functional de-
pendence on the unitary’s parameters through 〈U 〉 Tr(U †), so
this parameter could simultaneously be estimated alongside
pA and pB if one desires. The real part of 〈U 〉 Tr(U †) would be
accessible through the POVM described in this section, while
a more general POVM might gain access to the imaginary part
at the same time.

To conclude this section, we note that one could have
chosen other combinations of orders to estimate these three
parameters. We tabulate in the Appendix B all of the ma-
trix elements Ri j that would arise from all 36 interference
terms of the six possible orders of traversing the two de-
polarization channels and one unitary channel. One could
use higher-dimensional control states to gain redundant in-
formation about the parameters of interest because these 36
elements have more than three functional dependencies on
pA, pB, and u(θ ). These interference terms are responsible for
ICO’s advantages in metrology.

B. Estimating dephasing noise and unitary phase

Consider the same three orders as above but replace the
depolarizing channels with dephasing channels in the direc-
tion u pointing anywhere along the equator for qubit rotations
about the z axis. The three off-diagonal elements of ρ ′

c can be
calculated using

R01 = (pA + pB − 2pA pB) cos θ + 2pA pB − pA − pB + 1,

R02 = pA(1 − cos θ ) + cos θ, (4.5)

R12 = pB(1 − cos θ ) + cos θ.

These three linearly independent functions then facilitate the
simultaneous estimation of θ and the noise strengths pA and
pB using the six-element POVM with projections of the con-
trol state onto the (|i〉 ± | j〉)/

√
2 basis.

The FI matrix is again a complicated expression, so we
here record the result for pA = pB = 1/2, where definite-
order strategies cannot be used to estimate θ . In this limit,
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even the inverse is not too unwieldy, becoming

F−1
ICO(θ, pA, pB) =

⎛
⎜⎜⎜⎜⎝

cos θ+1
cos θ+3 − 2 sin θ

3 cos θ+9 − 2 sin θ
3 cos θ+9

− 2 sin θ
3 cos θ+9

4−4 cos θ
3 cos θ+9 0

− 2 sin θ
3 cos θ+9 0 4−4 cos θ

3 cos θ+9

⎞
⎟⎟⎟⎟⎠

−1

=

⎛
⎜⎜⎜⎝

3 + 6
cos θ+1

3
2 (cos θ + 3) csc θ 3

2 (cos θ + 3) csc θ

3
2 (cos θ + 3) csc θ 3 csc2 θ

2 − 3
2

3
8 (cos θ + 3) csc2 θ

2

3
2 (cos θ + 3) csc θ 3

8 (cos θ + 3) csc2 θ
2 3 csc2 θ

2 − 3
2

⎞
⎟⎟⎟⎠. (4.6)

We place the full expression for the FI matrix in the Supple-
mental Material, with a determinant that only vanishes when
(1 − pA)(1 − pB) sin(θ/2) sin θ = 0. As with depolarization,
the bound of Eq. (2.15) can be saturated without resorting
to considerations of QFI from Eq. (2.20) because we have
chosen a fixed, accessible measurement scheme. We can again
conclude that ICO may grant a formally infinite advantage
over definite order schemes in this multiparameter estimation
context.

C. Estimating amplitude damping noise and unitary phase

Next let us show how to simultaneously estimate both am-
plitude damping channels’ noise parameters and the unitary’s
phase by controlling the order of operations with a higher-
dimensional quantum switch. Keeping the same nominal three
orders as in the previous sections, we use the maximally
mixed qubit probe state to calculate

R01 = 1
2 [e−iθ (1 − pA pB) + pA pB + 1],

R02 = 1
2 [−(pA − 1)

√
pBe−iθ + pA pB − √

pA(pB − 1) + 1],

R12 = 1
2 [−√

pA(pB − 1)eiθ + pA pB − (pA − 1)
√

pB + 1].
(4.7)

We can again measure the evolved control state using the
POVM comprised of projectors onto states (|i〉 ± | j〉)/

√
2

with i < j. This will be sensitive to the real parts of Ri j ,
which are all that we require for estimating θ , pA, and pB.
Computing the FI matrix with this method yields compli-
cated expressions, so we plot the appropriate component of
the inverse (F−1)θθ in Fig. 3 to display the phase sensitivity
of the multiparameter scheme as a function of θ and pA =
pB ≡ p. The minimum variance 	2θ̂ is seen to be bounded,
showing that this multiparameter estimation scheme is suc-
cessful, and significantly outperforms the limit one could
achieve with single-parameter definite-order schemes [1/p2;
cf. Eq. (3.18)] when p and θ are small. We have license to
use the components of F−1 as the covariances on the esti-
mated parameters due to having supplied a fixed POVM that
can saturate the bound of Eq. (2.15). This comparison is the
same whether we use a multiparameter or a single-parameter
estimation scheme for the qubit probe with DCO because
the off-diagonal components Qθ pA and Qθ pB vanish in that
case and so multiparameter estimation does not worsen the
estimation.

D. Estimation of a unitary’s phase and axis

What if one desires to simultaneously estimate more than
one parameter from U using ICO? Increasing the dimension
of the control system will again be necessary, but we saw
above that depolarization channels with maximally mixed
probes only give access to one parameter from U (Appendix
A shows all of the dependencies to be u(θ ) = | Tr(U )|2 and
ũ(θ, n; ρ) = 〈U 〉 Tr(U †), so one could consider engineering
more complicated probe states to glean information about
an additional function of (θ, n) through ũ; the experimental
challenge of creating other probe states must be balanced with
their effectiveness at identifying requisite parameters and we
leave such study to further work). Here we explore whether
ICO in the presence of dephasing or amplitude damping chan-
nels, which do not act isotropically on a state, gives access to
more parameters of U for simultaneous estimation. It turns
out that the former is insufficient while the latter can be used
for such simultaneous estimation with maximally mixed probe
states.

FIG. 3. Minimum variance that saturates the Cramér-Rao bound
for estimating a phase θ of a qubit rotation subject to amplitude
damping noise for our ICO (orange, solid) and the optimal definite-
order (blue, translucent) multiparameter estimation schemes. The
multiparameter schemes requires inverting the full Fisher informa-
tion matrix and inspecting the θθ component thereof, which is
plotted as 	2θ here. Our scheme with ICO is significantly better
than strategies with definite causal order when p and θ are small
and vice versa; ICO can be used to great effect in the former regime
and should be avoided in the latter. These uncertainties are plotted
for a single trial and will be normalized by the total number of
independent trials, so one need only worry about the ratio between
the variances for ICO and definite causal order, with less concern
paid to the absolute magnitudes.
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1. Dephasing channels cannot be used to estimate phase and axis

Consider the case of qubit rotations, in which we
parametrize the unitary’s axis as n = (sin � cos 
,

sin � sin 
, cos �). Subjecting a maximally mixed probe
state to dephasing noise as above with a coherent control of
the three orders of the channels yields the following matrix
elements when we consider dephasing along the z axis [i.e.,
E(ρ) = pρ + (1 − p)σzρσz]:

R01 = 1
2 [(cos 2� + 2 sin2 � cos θ )(−2pA pB + pA + pB)

+ 2pA pB − pA − pB + 2],

R02 = 1
2 [−(pA − 1)(cos 2� + 2 sin2 � cos θ ) + pA + 1],

R12 = 1
2 [−(pB − 1)(cos 2� + 2 sin2 � cos θ ) + pB + 1],

R24 = 1
2 {(cos 2� + 2 sin2 � cos θ )[pA(pB − 1)

+
√

(pA − 1)pA(pB − 1)pB − pB + 1] + 3pA pB

+ 3
√

(pA − 1)pA(pB − 1)pB − pA − pB + 1}. (4.8)

We have included an additional ordering by adding a con-
trol state |4〉 that sends the probe through the channels as
E(B) ◦ E(A) ◦ U to showcase a general trend (keeping the same

orders as in Appendix C). Again, these are independent from

 due to the particular dephasing axis; another dephasing
axis allows one to inspect other projections of n onto that
axis. The only angular information, however, arises in the
form of the single function sin2 � cos θ + cos 2�. This func-
tion is indeed sensitive to the rotation angle (phase) and the
projection of the dephasing axis onto the unitary’s rotation
axis, with this projection explaining why ICO could be used
above for x- and y-axis dephasings but not z-axis dephasing
for unitaries about the z axis. Since there is only one function
present, only one variable can be estimated. If the unitary’s
rotation angle is known, this can be used to estimate the
rotation axis and vice versa, but under no circumstances can
this be used to estimate two unitary parameters simultane-
ously. Probe states that are not maximally mixed would be
necessary to perform such a simultaneous estimation with
ICO.

2. Amplitude damping channel can be used
to estimate phase and axis

Consider again the case of qubit rotations with a general
axis n. Subjecting a maximally mixed probe state to amplitude
damping noise as above with a coherent control of the three
orders of the channels yields the matrix elements

R01 = 1
2 [sin2 �

√
pA pB + pA pB cos2 � − cos θ (sin2 �

√
pA pB + pA pB cos2 � − 1) + i cos �(pA pB − 1) sin θ + 1],

R02 = 1
8 {2√

pB[cos 2�(pA
√

pB − 2
√

pA pB + pA + √
pB − 1) sin2(θ/2) + 2i(pA − 1) cos � sin θ ]

+ [(
√

pA − 1)2 pB − 3(pA − 1)
√

pB] cos θ − 2
√

pA(pB − 2) + pA(3pB − √
pB) − pB + √

pB + 4},
R12 = 1

8 {2 cos 2�[2pA(pB − √
pB) + √

pA(pB − 1) − pB + 1] sin2(θ/2 − 4i
√

pA(pB − 1) cos � sin θ

+ [−3
√

pA(pB − 1) + 2pA(pB − √
pB) − pB + 1] cos θ + (2pA − √

pA + 1)pB − 2(pA − 2)
√

pB + √
pA + 3}. (4.9)

From these expressions, we see the importance of the inter-
play between the particular amplitude damping channel and
n: 
 is absent from Ri j . ICO with this particular amplitude
damping channel can be used to simultaneously estimate the
unitary’s phase and the polar angle of its rotation axis, while
another amplitude damping channel that singles out a different
preferred axis could be used to learn about another projection
of n.

Suppose one wishes to simultaneously estimate both noise
parameters pA and pB in addition to the two unitary parame-
ters θ and � using ICO and this pair of amplitude damping
channels. One must immediately be wary, as we have only
computed three quantities Ri j and seek four parameters. There
are a few paths forward: (a) one can perform a measure-
ment with different POVM elements sensitive to the real
and imaginary parts of Ri j , using projections onto the states
(|i〉 ± i| j〉)/

√
2 in addition to (|i〉 ± | j〉)/

√
2; (b) one can con-

sider situations in which the two noise levels are known to be
equal, pA = pB ≡ p, such that the total number of parameters
to be estimated is three; (c) one may seek to only estimate
a subset of the parameters, implicitly assuming the rest to
be known; or, (d) one can consider expanding the dimension
of the control system, such as by adding a control state |4〉
that sends the probe through the channels as E(B) ◦ E(A) ◦ U

(keeping the same orders as in the Appendix A), which pro-
vides new functions of the four parameters such as

R04 = 1
2 (pA(pB − √

pB) − √
pA(pB − 1) + √

pB + 1).
(4.10)

We now inspect the performance of measuring the control
state in the (|i〉 ± | j〉)/

√
2 basis as before. We consider the

case where pA = pB ≡ p to streamline the assessment, using
only the coefficients from Eq. (4.9). Normalizing the mini-
mum values of 	2θ and 	2� by the inverse of Eq. (3.18),
which is the increase in uncertainty one would expect for
strategies with DCO, we plot the minimum uncertainties for
θ , �, and p in Figs. 4–6, respectively for various small values
of p. As above, we consider the components of the inverse of
the FI matrices to represent the minimum uncertainties, which
is justified in the asymptotic limit of saturating Eq. (2.15)
with a fixed POVM. As discussed in the figure captions, one
can observe a significant advantage relative to definite-order
schemes for estimating θ and � when p is small and the
former two parameters are in the proper regimes, with the
advantage qualitatively corresponding to O(p2) smaller vari-
ances, while one can sensibly estimate p at the same time if θ

is small.
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FIG. 4. Decrease in uncertainty for estimating the rotation angle
θ of a qubit rotation when simultaneously estimating the unitary’s
rotation angle, its axis’s polar coordinate, and an amplitude damping
noise level p using ICO, relative to schemes with definite causal
order that achieve a minimum p2. This is equal to the ratio of the
smallest possible inverse of the FI matrix without ICO, p2, to the
θ, θ element of the inverse of the measured FI matrix with ICO.
The probe, which for ICO is a maximally mixed state, goes through
an amplitude damping noise channel with strength p both before and
after the unitary. The different sheets plotted correspond to p ranging
from 10−1 to 10−5 by factors of 10, with the p increasing from the
lowest to the highest sheet; the advantage is approximately O(p2)
smaller variances. The upper cutoff is set to 1 to single out the regime
of ICO-driven advantages. The advantage is most prominent when θ

is further from 0 and π .

V. MULTIPARAMETER ESTIMATION WITH MULTIPLE
COPIES OF IDENTICAL NOISY UNITARIES

Our above analyses used ICO to crucially control the order
in which a unitary and noise channels were applied, schema-
tized in Fig. 1. Other studies of ICO for noisy metrology, in
contrast, assumed multiple identical copies of the same noisy
channel, without the possibility of controlling the order of
the noise and unitary within one joint channel. An example

FIG. 5. Same as Fig. 4, but the uncertainty is plotted for esti-
mating the polar angle � of a qubit rotation’s rotation axis. Again,
p increases from the lowest to the highest sheet with approximate
advantages for ICO of the order O(p2). Now the advantage is most
prominent when θ is further from 0 when � is furthest from 0, π/2,
and π .

FIG. 6. Same as Figs. 4 and 5 but the uncertainty is plotted for
estimating the noise level of the amplitude damping channel and is
not normalized. Again, p increases from the lowest to the highest
sheet. The uncertainty is lowest when θ is smallest.

scheme can be seen in Fig. 7, where now each one unitary
is embedded in noise channel A and another identical unitary
in noise channel B, with ICO merely controlling the order of
overall channels A and B. For such schemes, no information
about the unitary can be found if the noise channels are
completely depolarizing or completely amplitude damping,
in contrast to our earlier schemes, even in the limit of large
numbers of copies of the channels [72,116]. In this section,
we show how identical-channel schemes with fixed causal
orders within each channel can be extended to multiparameter
estimation in arbitrary dimensions using ICO. We also show
how such strategies can retain FI of order O(p) for any number
D depolarization channels, even though naive schemes with
DCO would have FI dramatically lower at order O(pD); even
though such an advantage should also be attainable in in the
limit of arbitrary copies of the channels by using adaptive
techniques or ancilla-entangled strategies [116], we provide
an explicit procedure to attain such an advantage here.

Consider the joint unitary-depolarization channel

EU−depol(ρ) = pUρU † + (1 − p)
1

d
. (5.1)

Measure control 

FIG. 7. Schematic for metrology with ICO, given two copies A
and B of a noisy unitary channel. As in Fig. 1, a control system
dictates the order in which the channels are traversed by the probe,
while a measurement on the control alone that has not interacted with
the noisy channels is sufficient to infer properties of the channels.
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This can be achieved by concatenating the unitary and depo-
larization channels above in either fixed order (unitary then
depolarization or depolarization then unitary), so its Kraus
operators can be chosen to be

Kkl (p) =
√

1 − p

d
|k〉〈l|U (5.2)

and K1 = √
pU .

What happens when a control system controls the order in
which two copies of EU−depol are applied to a probe? For d =
2, this has been studied in Ref. [71]. Rather than simply extend
this result to arbitrary d , we also allow for three copies of the
same channel, increasing the dimension of the control state to
allow for multiple parameters to simultaneously be estimated.
With control states |0〉, |1〉, and |2〉 dictating that the probe
experiences the noisy unitary channels in orders E(A) ◦ E(B) ◦
E(C), E(C) ◦ E(B) ◦ E(A), and E(B) ◦ E(C) ◦ E(A), respectively, the
three off-diagonal matrix elements of the evolved control state
ρ ′

c require the three functions

R01 = pA pB pC + pA pB + pA pC + pB pC − 3pA pB pC

d
Tr(U 2)〈U †2〉 + 1 − pA pB − pA pC − pB pC + 2pA pB pC

d2

= p3 + 3p2 1 − p

d
Tr(U 2)〈U †2〉 + 1 − 3p2 + 2p3

d2
,

R02 = pA pB pC + pA(1 − pB pC )

d
Tr(U )〈U †〉 + (1 − pA)pB pC

d
Tr(U 2)〈U †2〉 + (1 − pA)(1 − pB pC )

d2

= p3 + p(1 − p2)

d
Tr(U )〈U †〉 + p2 (1 − p)

d
Tr(U 2)〈U †2〉 + (1 − p)(1 − p2)

d2
,

R12 = pC + pA pB(1 − pC )

d
Tr(U †)〈U 〉 + (1 − pA)pB(1 − pC )

d2
|Tr(U )|2 + (1 − pB)(1 − pC )

d2

= p + p2(1 − p)

d
Tr(U †)〈U 〉 + (1 − p)2 p

d2
|Tr(U )|2 + (1 − p)2

d2
, (5.3)

where we have kept distinct values of pO on the first lines
of the equations to show where the different terms originate;
when the three channels are truly identical, we can set them
each to be the same variable p. All three functions are linearly
independent, even with maximally mixed probe states that
will makes these three into real functions that depend on u(θ ),
u(2θ ), p, and d .

A measurement of the control system in the Pi j± basis
will thus yield information from which the unitary’s phase
and the depolarization noise’s strength can simultaneously
be estimated. One only needs to measure two of the off-
diagonal components to find these two parameters, such as
(|0〉 ± |1〉)/

√
2 and (|0〉 ± |2〉)/

√
2, but redundant informa-

tion can be obtained by measuring the other components and
one can also use these to simultaneously estimate the dimen-
sion parameter d if it is unknown.

These demonstrate how increasing the dimension of the
control system gives access to multiparameter estimation
techniques for ICO strategies with multiple copies of the
same noisy unitaries. Similar results can straightforwardly
be obtained for other noise channels, where one can also
revisit the question of measuring more than one parameter of
the unitary simultaneously with only maximally mixed probe
states. Here, one can also learn about multiple properties of
the unitary simultaneously by using a probe state other than
the maximally mixed one, as there are three different complex
functional dependencies of the Ri j on U when the control
system dimension was simply increased from 2 to 3. Higher
dimensional controls lead to more simultaneously estimable
parameters.

Next, we consider the extension to D copies of the depo-
larization channel by allowing the control state |0〉 to dictate
the order E(A0 ) ◦ E(A1 ) ◦ E(A2 ) ◦ · · · ◦ E(AD−1 ) and |1〉 to dictate
E(A1 ) ◦ E(A2 ) ◦ · · · ◦ E(AD−1 ) ◦ E(A0 ). Keeping terms to lowest
order in p means that we need only consider at most one of
the channels to contribute the Kraus operator K1. These terms
are identical when that single identity Kraus operator comes
from any channel other than A0, so we can readily compute

R01 ≈ 1 − p

d2
+ p

d
Tr (U )〈U †〉. (5.4)

The dependence on U is only diminished by O(p), instead
of by O(pD) for D passes through a depolarization channel,
which constitutes another large advantage over naive DCO
schemes, with the caveat that adaptive or ancilla-assisted
schemes should be able to attain our scaling in the limit of
unlimited copies of the noisy channel U .

VI. RESULTS INDEPENDENT FROM PROBE STATE:
WHEN THE PROBE IS A QUBIT

In most of the examples above, the probe state was chosen
to be the maximally mixed state to showcase the capabilities
of ICO: ICO allows a maximally insensitive state to become
sensitive. In a related but different context of ICO metrology
with qubit probe states, it was found that the results were
independent from the probe state [71,103], implying that max-
imally mixed states would achieve the same results as any
other probe state. We show here how this trend can be gen-
eralized to ICO schemes with arbitrary numbers of channels,
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including having multiple copies of U , multiple copies of the
noise channels, and more than two different noise channels.

Arbitrary qubit states can be decomposed as

ρp = 1
2 (1 + r · σ), (6.1)

so we desire to show that all of the parameter dependence can
be imprinted onto the control system ρ ′

c in a manner inde-
pendent of r. This is equivalent to showing that Rj1 j2 (ρp) =
Rj1 j2 (1/2) or that Rj1 j2 (σi ) = 0 ∀i ∈ (1, 2, 3). Actually, this
property only holds true for some specific sequences of causal
orders and some particular noisy channels. What we can in-
stead prove is that

Re
[
Rj1 j2 (ρp)

] = Re
[
Rj1 j2 (1/2)

] ⇔ Re
[
Rj1 j2 (σi )

] = 0
(6.2)

for all channels with Kraus operators

K
(Aj )
i K

(Aj ) †
i = K

(Aj ) †
i K

(Aj )
i ∝ 1. (6.3)

That is, we show that measuring the real parts of the off-
diagonal elements of ρ ′

c, equivalent to measuring ρ ′
c in the

(|i〉 ± | j〉)/
√

2 basis when ρc is initialized with coefficients
of equal phase, gives information about the channels that is
independent of the probe state whenever each Kraus operator
from the channels can be written as some constant multiplied
some unitary. No relationships between any two Kraus opera-

tors K
(Aj )
i and K

(Aj′ )
i′ are necessary to enable our broad result.

As a consequence, we seek a proof that

Re

⎡
⎣Tr

⎛
⎝ ∑

i1,··· ,i3
K

(Aπ j1
(0) )

iπ j1
(0)

· · · K
(Aπ j1

(D−1) )

iπ j1
(D−1)

σ
(
K

(Aπ j2
(0) )

iπ j2
(0)

· · · K
(Aπ j2

(D−1) )

iπ j2
(D−1)

)†

⎞
⎠
⎤
⎦ = 0, ∀K

(Aj )
i = α(i, j)U (i, j), (6.4)

where each value of α and U can vary with i and j . Although
this expression looks formidable, it can be proven using rou-
tine properties of Pauli matrices,

σμσν = δμνσ0 + i
3∑

λ=1

εμνλσλ, (6.5)

where we have used σ0 = 1, the Kronecker delta δμν , and the
fully antisymmetric Levi-Civita tensor εμνλ. The constants α

are immaterial to the proof of Eq. (6.4) so we need not keep
track of them. In fact, because each Kraus operator and its
Hermitian conjugate appears in Eq. (6.4), the global phase of
each Kraus operator is irrelevant, so we can always consider
α to be real.

A single Kraus operator takes the form

K = ασ0 + iv · σ (6.6)

for some real vector v = (v1, v2, v3) and real constant α. The
product of two Kraus operators of the form of Eq. (6.6) is
another Kraus operator of the same form:

(ασ0 + iv · σ)(α′σ0 + iv′ · σ )

= (αα′ − v · v′)σ0 + i(αv′ + α′v − v × v′) · σ

≡ α′′σ0 + iv′′ · σ. (6.7)

The important property is that α′′ is still real, which is not
true for a generic multiplication of two unitary operators. We
therefore infer that

K
(Aπ j1

(0) )

iπ j1
(0)

· · · K
(Aπ j1

(D−1) )

iπ j1
(D−1)

= βσ0 + iu · σ, (6.8)

for some real β and vector u, and similarly for the Hermitian
conjugates of these Kraus operators with another real β ′ and
vector u′.

We are now equipped to tackle the expression in Eq. (6.4).
By the cyclic nature of the trace, we simply need to show that

Re{Tr[(β ′′σ0 + iu′′ · σ )σ]} = 0. (6.9)

Each of the components of σ is traceless, so Tr(σ0σ) = 0.
Similarly, using Eq. (6.5), we find that

Tr[(u′′ · σ)σ] = 2u′′, (6.10)

where the factor of 2 comes from Tr(σ0) = 2. The vector u′′
is always real, as explained above, which immediately proves
Eq. (6.4).

How common are such Kraus operators that satisfy K†
i Ki ∝

1? This is manifestly satisfied by the dephasing channel, with
Kraus operators proportional to I and σu. For the depolarizing
channel, we need a Kraus-operator decomposition other than
the one used above to show that it also satisfies this condition,
remembering that different sets of Kraus operators can lead to
identical dynamics if they are related by unitary transforma-
tions as K ′

i = ∑
j Ui jKj with unitary matrices U. A possible

decomposition of the depolarizing channel is into the four
Kraus operators

√
1+3p
2 1,

√
1−p
2 σ1,

√
1−p
2 σ2, and

√
1−p
2 σ3, which

are manifestly proportional to unitary matrices. As for the am-
plitude damping channel, one can verify that matrix elements
such as R01 do depend on the initial probe state, changing
from its expression in Eq. (3.20) for maximally mixed probes
to R01 = pA pB for probe state ρp = |1〉〈1|, from which one
can conclude that there is no Kraus-operator decomposition
for amplitude damping channels in which the Kraus operators
are proportional to unitary matrices. Any number of of depo-
larization channels and dephasing channels, as well as their
generalizations into Pauli channels [117,118], supplied in any
number of coherently controlled orders, will lead to control
states the real part of whose elements will be independent
from the probe state that traversed the channels.

VII. CONCLUDING REMARKS

ICO opens many doors to quantum-enhanced metrology.
We showed how a variety of noise channels that would oth-
erwise eradicate all hopes of measuring parameters could be
circumvented by ICO to allow those parameters to be esti-
mated, with dramatic scaling advantages over any causally
ordered scheme. Our protocols only require measurement of
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a control system that did not probe the unitary in question
and allow one to simultaneously estimate multiple unitary and
noise parameters. All of the protocols detailed here are read-
ily accessible to experiments that have already investigated
ICO using a quantum switch, especially those that studied
communication through noisy channels with ICO. They are
especially experimentally friendly due to the probe states be-
ing maximally mixed and the measurements being projections
on superposition states standard to interferometry. We hope
this incorporation of multiparameter estimation to ICO con-
tinues to be a fruitful breeding ground for many more quantum
advantages.

The important distinction between this and previous works
that studied metrology augmented by ICO are our allowance
of the order between the noise and unitary channels to also
be controlled; whereas previous works only had access to
controlling the order of multiple copies of identical noisy
operations, so they could never achieve the results of this
paper in the limit of completely noisy channels. In the case
of identical noisy operations and single-parameter estimation,
landmark studies showed that ICO should always provide at
least a small advantage [72], but such an advantage disappears
in the asymptotic limit of infinite copies of the noisy op-
erations, where adaptive and entangled-ancilla protocols are
equally as effective as ICO [116]. These leave open intriguing
questions. In terms of having multiple copies of identical
channels, as in Sec. V, is there a hierarchy of estimation
strategies for multiparameter estimation? Does ICO retain any
advantage in the asymptotic limit for multiparameter estima-
tion? And, for all of our findings in Secs. III and IV, where
we allow for the order in which the noise channels and the
unitary are applied to be controlled, how do the advantages
of ICO evolve when multiple copies of the noise and unitary
channels are allowed? With two identical unitaries and four
noise channels, does the ICO advantage increase or decrease?
In the asymptotic limit of a large number of identical unitaries

and noise channels, can rigorous inequalities or equalities
be proven between different classes of estimation strategies?
We know that controlling the order of a single unitary and
a single completely depolarizing channel, as described here,
will outperform even an infinite number of applications of
identical unitary channels that are each always subject to com-
plete depolarization noise; we thus expect ICO to have even
greater advantages as the number of copies of the channels is
increased.
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APPENDIX A: FISHER INFORMATION MATRIX
FOR SIMULTANEOUS ESTIMATION

OF DEPOLARIZATION NOISE AND UNITARY PHASE

In the main text, we calculated Pi j± when the quan-
tum switch controls three different orders of traversing the
unitary channel and the two depolarization noise channels.
The FI matrix can be calculated from these probabilities,
which we list in turn, recalling that the matrix is always
symmetric:

Fθθ =
(

∂u
∂θ

)2

6d2

[
p2

A(pB − 1)2

d2(pB + 1) − (pB − 1)(pA(u − 1) + 1)
+ p2

A(1 − pB)

d2 − pAu + pA − 1
+ (1 − pA)2 p2

B

d2(pA + 1) − (pA − 1)(pB(u − 1) + 1)

+ (1 − pA)p2
B

d2 − pBu + pB − 1
+ 1 − pA pB

d2 − u
+ (1 − pA pB)2

d2(pA pB + 1) − pA pBu + u

]
,

Fθ pA =
∂u
∂θ

6d2

[
− pA(pB − 1)2(u − 1)

(pB − 1)(pA(u − 1) + 1) − d2(pB + 1)
+ pA(pB − 1)(u − 1)

−d2 + pA(u − 1) + 1

+ (pA − 1)pB(d2 − pBu + pB − 1)

(pA − 1)(pB(u − 1) + 1) − d2(pA + 1)
− pB(d2 − u)(pA pB − 1)

d2(pA pB + 1) − pA pBu + u
+ 2pB

]
,

Fθ pB =
∂u
∂θ

6d2

[
− (pA − 1)2 pB(u − 1)

(pA − 1)(pB(u − 1) + 1) − d2(pA + 1)
+ (pA − 1)pB(u − 1)

−d2 + pB(u − 1) + 1

+ pA(pB − 1)(d2 − pAu + pA − 1)

(pB − 1)(pA(u − 1) + 1) − d2(pB + 1)
− pA(d2 − u)(pA pB − 1)

d2(pA pB + 1) − pA pBu + u
+ 2pA

]
,

FpA pA = 1

6d2

[
p2

B(u − d2)

pA pB − 1
+ p2

B(d2 − u)2

d2(pA pB + 1) − pA pBu + u
− d2 − pBu + pB − 1

pA − 1
− (pB − 1)(u − 1)2

d2 − pAu + pA − 1

+ (pB − 1)2(u − 1)2

d2(pB + 1) − (pB − 1)(pA(u − 1) + 1)
+ (d2 − pBu + pB − 1)2

d2(pA + 1) − (pA − 1)(pB(u − 1) + 1)

]
,
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TABLE I. Matrix elements Ri j contributing to the updated control state ρ ′
c after the probe traverses the channels in a particular order and

is then ignored or discarded. The rows label the order of operations when the control is in state |i〉 and the columns when the control is in state
| j〉. The other half of the combinations are tabulated in Table II.

|0〉: E(A) ◦ E(B) ◦ U |1〉: U ◦ E(A) ◦ E(B) |2〉: E(B) ◦ U ◦ E(A)

|0〉: E(A) ◦ E(B) ◦ U 1 pA pB + 1−pA pB
d ũ pA + p̄A p̄B

d2 + pB p̄A
d ũ

|1〉: U ◦ E(A) ◦ E(B) pA pB + 1−pA pB
d ũ∗ 1 pB + p̄A p̄B

d2 + pA p̄B
d ũ∗

|2〉: E(B) ◦ U ◦ E(A) pA + p̄A p̄B
d2 + pB p̄A

d ũ∗ pB + p̄A p̄B
d2 + pA p̄B

d ũ 1

|3〉: U ◦ E(B) ◦ E(A) pA pB + p̄A p̄B
d2 + pA p̄B+pB p̄A

d ũ∗ pA + pB − pA pB + p̄A p̄B
d2 pB + pA p̄B

d ũ∗ + p̄A p̄B
d2 u

|4〉: E(B) ◦ E(A) ◦ U pA + pB − pA pB + p̄A p̄B
d2 pA pB + p̄A p̄B

d2 + pA p̄B+pB p̄A
d ũ pA + 1−pA

d ũ

|5〉: E(A) ◦ U ◦ E(B) pB + 1−pB
d ũ∗ pA + pB p̄A

d ũ + p̄A p̄B
d2 u pA pB + p̄A p̄B

d2 + pA p̄B
d ũ∗ + pB p̄A

d ũ

FpA pB = 1

6d2

{
2u − 2 + pA pB(u − d2)

pA pB − 1
+ pA pB(d2 − u)2

d2(pA pB + 1) − pA pBu + u

+ (2u − 2)

[
d2

d2(pB + 1) − (pB − 1)(pA(u − 1) + 1)
+ d2

d2(pA + 1) − (pA − 1)(pB(u − 1) + 1)
− 1

]}
,

FpB pB = 1

6

[
p2

A(u − d2)

d2(pA pB − 1)
+ p2

A(d2 − u)2

d2(d2(pA pB + 1) − pA pBu + u)
− d2 − pAu + pA − 1

d2(pB − 1)

− (pA − 1)(u − 1)2

d2(d2 − pBu + pB − 1)
+ (pA−1)2(u − 1)2

d4(pA + 1) − d2(pA−1)(pB(u − 1) + 1)
+ (d2 − pAu + pA − 1)2

d4(pB + 1) − d2(pB − 1)(pA(u − 1) + 1)

]
.

(A1)

APPENDIX B: ALL OFF-DIAGONAL ELEMENTS FOR TWO DEPOLARIZATION CHANNELS
AND ONE UNITARY CHANNEL

There are six orders in which a probe system can traverse three channels. We compute the relevant coefficients Ri j for all
interference terms between all 36 pairs of channels that arise in Eqs. (2.12) and (2.14). We define ũ = 〈U 〉 Tr(U †) for expectation
values with respect to the initial probe state and u = | Tr(U )|2 as above. To conserve space, we define p̄O = 1 − pO and split the
36 matrix elements into two tables, Tables I and II.

APPENDIX C: FISHER INFORMATION MATRIX FOR SIMULTANEOUS ESTIMATION OF DEPHASING
NOISE AND UNITARY PHASE

In the main text, we calculated Pi j± when the quantum switch controls three different orders of traversing the unitary channel
and the two dephasing noise channels. The FI matrix can be calculated from these probabilities, which we list in turn, recalling
that the matrix is always symmetric:

Fθθ = 1

3

[
pA(4pB − 2) − 2pB + 2

(pA(2pB − 1) − pB) cos θ − 2pA pB + pA + pB − 2
− 2pA

pA(− cos θ ) + pA + cos θ + 1

− 2pB

pB(− cos θ ) + pB + cos θ + 1
+ 3

]
,

TABLE II. Matrix elements Ri j contributing to the updated control state ρ ′
c after the probe traverses the channels in a particular order and

is then ignored or discarded. The rows label the order of operations when the control is in state |i〉 and the columns when the control is in state
| j〉. The other half of the combinations are tabulated in Table I.

|3〉: U ◦ E(B) ◦ E(A) |4〉: E(B) ◦ E(A) ◦ U |5〉: E(A) ◦ U ◦ E(B)

|0〉: E(A) ◦ E(B) ◦ U pA pB + p̄A p̄B
d2 + pA p̄B+pB p̄A

d ũ pA + pB − pA pB + p̄A p̄B
d2 pB + 1−pB

d ũ

|1〉: U ◦ E(A) ◦ E(B) pA + pB − pA pB + p̄A p̄B
d2 pA pB + p̄A p̄B

d2 + pA p̄B+pB p̄A
d ũ∗ pA + pB p̄A

d ũ∗ + p̄A p̄B
d2 u

|2〉: E(B) ◦ U ◦ E(A) pB + pA p̄B
d ũ + p̄A p̄B

d2 u pA + 1−pA
d ũ∗ pA pB + p̄A p̄B

d2 + pA p̄B
d ũ + pB p̄A

d ũ∗

|3〉: U ◦ E(B) ◦ E(A) 1 pA pB + 1−pA pB
d ũ∗ pA + p̄A p̄B

d2 + pB p̄A
d ũ∗

|4〉: E(B) ◦ E(A) ◦ U pA pB + 1−pA pB
d ũ 1 pB + p̄A p̄B

d2 + pA p̄B
d ũ

|5〉: E(A) ◦ U ◦ E(B) pA + p̄A p̄B
d2 + pB p̄A

d ũ pB + p̄A p̄B
d2 + pA p̄B

d ũ∗ 1
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Fθ pA = 1

3
sin θ

[
2pB − 1

(pA(2pB − 1) − pB) cos θ − 2pA pB + pA + pB − 2
− 1

pA(− cos θ ) + pA + cos θ + 1

]
,

Fθ pB = 1

3
sin θ

[
2pA − 1

(pA(2pB − 1) − pB) cos θ − 2pA pB + pA + pB − 2
− 1

pB(− cos θ ) + pB + cos θ + 1

]
,

FpA pB = 1

3

[
(1 − 2pB)2 sin2 θ

2

−2pA pB + pA + pB
+ (1 − 2pB)2(cos θ − 1)2

2(−2pA pB + pA + pB) cos θ + pA(4pB − 2) − 2pB + 4

+ (cos θ − 1)2

2(pA(− cos θ ) + pA + cos θ + 1)
+ cos θ − 1

2pA − 2

]
,

FpA pB = (2pA − 1)(2pB − 1)(cos θ − 1)

3(−2pA pB + pA + pB)((pA(2pB − 1) − pB) cos θ − 2pA pB + pA + pB − 2)
,

FpB pB = 1

3

[
(1 − 2pA)2 sin2 θ

2

−2pA pB + pA + pB
+ (1 − 2pA)2(cos θ − 1)2

2(−2pA pB + pA + pB) cos θ + pA(4pB − 2) − 2pB + 4

+ (cos θ − 1)2

2(−pB cos θ + pB + cos θ + 1)
+ cos θ − 1

2pB − 2

]
. (C1)
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[84] O. Oreshkov, F. Costa, and Č. Brukner, Quantum correlations
with no causal order, Nat. Commun. 3, 1092 (2012).

[85] M. Araújo, C. Branciard, F. Costa, A. Feix, C. Giarmatzi, and
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