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We develop here a theory of the electronic properties of a finite number of valence holes in gated WSe,
quantum dots, considering the influence of spin, valley, electronic orbitals, and many-body interactions. The
single-particle wave functions are constructed by combining the spin-up and spin-down states of the highest
valence bulk bands employing a multi-million-atom ab initio based tight-binding model solved in the wave-
vector space, allowing to study up to 100-nm-radius quantum dots atomistically. The effects of the many-body
interactions are determined using the configuration interaction technique, applied up to N = 6 holes occupying
up to six electronic shells with 42 orbitals. Our results show that N =2 holes are in the valley and spin
antiferromagnetic ground state, independent of the interaction strength and the quantum dot size. However,
we predict that a higher number of holes can undergo a transition to spontaneously broken symmetry valley- and
spin-polarized ferromagnetic phases, highlighting the interplay between the many-body effects and the quantum

dot lateral size and confining potential depth.

DOI: 10.1103/PhysRevB.108.195407

I. INTRODUCTION

Single layers of transition metal dichalcogenides (TMDCs)
have emerged as an interesting class of materials with a rich
spectrum of electronic, optical, and magnetic properties owing
to the interplay between strong electron-electron interactions
and their low-dimensional nature. The fabrication of TMDCs
at the few atomic layer scale has unlocked new directions in
the low-dimensional physics [1-12]. In contrast with mono-
layer graphene, TMDCs exhibit a band gap, which makes
them attractive for optoelectronic applications [12—14].

TMDCs unit cell consists of a metal atom (Mo or W) and
a chalcogenide dimer (S,, Se,, or Te,), with the electronic
and optical properties primarily governed by the d orbitals of
the metal atoms [15—-17]. The presence of strongly localized
d orbitals of the transition metal atoms, coupled with the
reduced screening in two dimensions, leads to pronounced
correlation effects, which in turn give rise to insulating behav-
ior and the formation of excitons with large binding energies
[18-21].

Additionally, the spin-orbit coupling present in TMDCs
plays an important role, leading to the realization of unique
spin-dependent phenomena. Due to the conservation of time-
reversal symmetry, valleys K and —K exhibit opposite spin
splittings, resulting in a spin-valley locking effect. In partic-
ular, WSe; stands out due to its large spin-orbit splitting of
approximately 500 meV in the valence band, distinguishing it
from other TMDC compounds [22,23]. Moreover, it is worth
noting that while the bottom of the conduction band in valleys
K and —K is predominantly composed of m; = O orbitals,
the top of the valence band in valleys K and —K is primarily
composed of my; = —2 and my; = 2 orbitals, respectively [16].
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This orbital asymmetry between the valleys can give rise to
novel features in hole systems, leading to intriguing phenom-
ena and potential applications in spintronics and quantum
information processing [15].

The progress in graphene and TMDC materials combined
with lateral gating techniques [24] led to the creation of lateral
quantum dots (QDs) by the application of an electrostatic
confinement [25-37]. Application of lateral metallic gates
results in the lateral electrostatic confinement of electrons or
holes, leading to the creation of atomiclike states [7,15,16,
33-35,38-45] and strongly interacting many-hole complexes.
At present no control over hole number has been experimen-
tally demonstrated. To develop such control an understanding
of the electronic properties specific to a particular number of
interacting holes is required. One needs to extract this number,
for example, from Coulomb and spin blockade spectroscopy
[24]. Such QDs with controlled hole numbers can play the role
of a laboratory for interacting massive Dirac fermions and, in
the limit of a single carrier, of spin-valley qubits [15].

Anticipating future control over hole numbers, we develop
a theory of the electronic properties of a finite number of
valence holes in gated WSe, QDs, considering the influence
of spin, valley, topology, and many-body interactions [7,30,
37-39,41,46]. The shell spacing w of the single-particle QD
levels strongly depends on the lateral size and depth of the
confining potential embedded in a WSe, computational box.
Here, we investigate computational boxes containing millions
of atomic orbitals, allowing for a comprehensive exploration
of the effects of strong interactions on the ground and excited
states of valence holes confined by lateral potentials to a QD
of definite lateral size and potential depth. We predict different
broken symmetry many-hole states depending on the ratio of

©2023 American Physical Society
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10 0 10 10 0 10 creates a localized region where holes are confined. (b) Dependence
k, (nm™) k, (nm™) of the intershell spacing @ on the QD radius. Inset: QD spectrum for
Rqgp = 20 nm, showing the energy levels of the confined holes. The
FIG. 1. (a) Schematic representation of a monolayer WSe;. The applied negative gate potential leads to the formation of harmonic-

red (blue) dots represent W (Se) atoms. (b) Highest-energy valence
band as a function of wave vector k over the path —K — I' — +K.
The states in the +K valley are composed mainly of my; = —2
orbitals, while states in the —K valley are composed mainly of
my = +2 orbitals. (c) Energy levels of the highest valence band in
the bulk WSe, at different allowed values of k points, shown from
left to right for spin-up and spin-down states. The +K and —K points
represent the global valley maxima of the valence band.

single-particle level spacing to the strength of the Coulomb
interaction. These states determine Coulomb, spin, and valley
blockade spectroscopy to be measured.

The paper is structured as follows. In Sec. II, we provide
a comprehensive description of the single-particle states in
the gated WSe, quantum dot, along with an overview of the
formulation of the many-body problem. The results of the
many-body low-energy spectrum are presented in Sec. IIL
Specifically, in Sec. IIl A, we analyze the case of N = 2 and
N = 4 holes, while in Sec. III B, we focus on the scenario
involving N = 6 holes. The paper concludes with a summary
and key findings in Sec. IV.

II. MODEL
A. Single-particle properties

The single-particle Hamiltonian describing a hole in a sin-
gle layer of WSe, QD can be expressed as the sum of the
bulk Hamiltonian H, and the confining potential Vop [15].
In this work, we model the potential Vop(7) as a Gaussian
gate potential given by Vop(7) = Vo exp(—r*/Rg,), where Vg
is the potential depth and Rqp corresponds to the QD radius
[see Fig. 2(a)]. Here, we will use a typical potential depth
Vo =300 meV and vary the quantum dot radius Rop. The
wave function |®*) of the hole in the QD, associated with
the state s, can be determined by solving the Schrédinger
equation,

[Hp + Voo (M]|®°) = E*|D*). €]

To describe the valence band (VB) wave function of our
quantum dot, we adopt a method similar to that developed
in Ref. [15] for electrons in the conduction band. In this
approach, we construct the VB wave function at each wave
vector k as a linear combination of simple Bloch functions on
the tungsten and selenium atom sublattices. Specifically, we

oscillator-like shell structures in the states of the QD.

consider six such Bloch functions enumerated by the index /
(I=1,...,6)

6
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where |x,) represents the spinor part of the wave function,
and
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are simple Bloch functions built with orbitals ¢; even with
respect to the metal plane. Nyc is the number of unit cells
and R; defines the position of orbitals in the computational
box. By diagonalizing the 6 x 6 bulk Hamiltonian we obtain

the even bulk energy bands E}.:; B and wave functions A%’fl.

Figure 1 shows the energy E/Z\; B of the hole in the highest even
valence band (VB) and provides a map of the valence band
energies across the rhombus in the k space where the compu-
tations are conducted, encompassing the +K and —K valley
maxima. It is important to note that the spin splitting Agoc is
opposite in these valleys, with a magnitude of approximately
470 meV [22].

The QD wave function |®*) can be expanded in terms of
the highest even energy valence band states given by Eq. (2),

|¢*>—ZZ B¢ @)

b ) =

The Schrédinger equation can now be expressed as an integral
equation for the coefficients Bg VB,

BB§VB +Z

Here, the wave vector § sum runs over the entire recipro-
cal space. The QD confining potential in the wave-vector
space is represented as a product of the lateral electrostatic

s,VB __ rsps,VB
ka,qa'ch' _EBIEa . (&)
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co'nginement potential VqJ; and the band contribution Aqa’,gg,,
wit

S &k—q? ,
Vtﬂ =V AGRQD exp <——4 Rap | (6)

where V, ¢ is the Fourier transform of the confining potential.
S corresponds to the reciprocal lattice unit cell area. The
band-structure contribution to the scattering potential A .

go, ko'
is given by

Aqa,l;a’ Z (A(\jlfl) (AZB/ 1) (7)

l

To perform numerical calculations, we use a computational
box that accommodates a maximum of Ny x N, = 1011 x
1011 unit cells, the specific size depending on the QD defined
by the metallic gates under consideration. To determine the
appropriate size for the computational box, we conducted a
convergence test by systematically increasing the box size
while keeping the electrostatic potential fixed and comparing
the energies of the top 32 states. The biggest computational
box corresponds to a total of 3 - Ny x N, = 3066363 atoms.
To handle such a large number of atoms, periodic boundary
conditions are imposed on the computational domain, creating
a discrete set of k points in the reciprocal space. Since we
focus on the highest valence band states, we apply a cutoff to
the k points near K and —K by selecting values of k that satisfy
the condition |I§ +K| < n |K|. This approach helps us to focus
on the relevant region of the reciprocal space. By increasing
the value of 1, we enhance the precision of the QD spectrum.
We have determined that = 0.1 provides sufficient accuracy
to obtain the top 32 valence band states with an error of less
than 1078 eV. In this study, we have chosen to maintain a fixed
value of n = 0.1 throughout our calculations. By using this
modified set of k points, Eq. (5) becomes computationally
manageable, enabling us to perform our calculations effec-
tively. We obtain the QD energy levels and wave functions
by solving Eq. (5). Figure 2(b) shows the energy differ-
ence between the two highest confined shells. The inset in
Fig. 2(b) shows the energy levels of a hole confined within
a QD of radius 20 nm. It is evident from the plot that the
energy levels exhibit a distinctive grouping into shells, similar
to the harmonic oscillator spectrum [15,16,47]. Notably, the
highest-energy shell comprises two states, corresponding to
the spin-down and spin-up configurations, situated in the +K
and —K valleys, respectively.

Despite the cylindrical symmetry of the confining poten-
tial, we observe an intrashell splitting phenomenon. This
intriguing observation has been previously reported [16] and
can be compared to self-assembled quantum dots (QDs)
subjected to an applied magnetic field [47]. The observed
intrashell splitting can be attributed to the presence of Berry
curvature, which can be understood as an effective magnetic
field that acts on the angular momentum states in opposite
directions in the K and —K valleys [48,49].

B. Many-body interactions

We now consider the problem where N holes occupy the
valence single-particle states within the QD. In this case, the

interacting Hamiltonian for holes can be written as

ZEI’C cp+ = Z (pq|V|rs) c cf ,CrCs. (8)

pqu

Here, E? represents the energies of the QD single-particle
states, which are obtained by solving Eq. (5). The opera-
tor c;f, (cp) creates (annihilates) a hole in the QD state p.
The Coulomb matrix elements, denoted as (pg|V |rs), are ex-
pressed in terms of the QD single-particle orbitals as

(palV Irs) = / dF, / AT ®7 (7Y DI () (Fr — Fo)

x @7 (7)) D% (7)), )

where ®P(7) = (F||®P). The interaction V is given by the
Coulomb potential with Keldysh screening [44,50],

V(i —F) = e~ l2—allkl

e 1 / 2 1
dreoe ) ) |k 1+ 2k
x X PIgL, (10)

where e is the electron charge, ¢ is the vacuum permittivity,
7= (P, z), « = 2.2 is the two-dimensional (2D) polarizabil-
ity, and € is the relative dielectric constant. We will use € =
6.0 in this work.

To diagonalize the many-body Hamiltonian represented by
Eq. (8) we use the configuration-interaction (CI) approach.
This involves generating all possible configurations of the N
holes occupying a specific number of single-particle orbitals,
constructing the many-body Hamiltonian matrix in the space
of configurations, diagonalizing this matrix, and obtaining the
energy spectrum and many-body eigenstates.

III. NUMERICAL EXACT DIAGONALIZATION
AND DISCUSSION OF RESULTS

We consider QDs of diameters up to 100 nm and up to 42
single-particle valence band states (six shells), which we then
fill with up to six holes. Notably, these dimensions fall within
the experimental parameter range explored in prior studies
for gated WSe; QDs (29-100 nm) [7,30,37,39,46]. The depth
of the confining potential is much smaller compared to the
band gap and is tunable with gates. Due to the large spin-orbit
coupling in the valence band of WSe,, the complete shell of
single-particle levels splits into subshells. This spin splitting
gives rise to a spin-valley locking effect, whereby the QD
states near the top of the valence band have spin down and
spin up in the +K and —K valleys, respectively. Hence, it is
safe to concentrate only on the highest subshells that are well
isolated from the subshells pushed deep into the valence band,
as shown in Fig. 1.

Shell spacing of the energy levels is inversely proportional
to the QD’s radius, which can be seen in Fig. 2(b). On the
other hand, the strength of the Coulomb interactions is directly
proportional to the square root of the shell spacing w which
can be seen in Fig. 3. Here, Viflj (V%)) refers to the direct
(exchange) interaction between the levels i and j. Con-
sequently, the ratio between the characteristic Coulomb
interaction and the spacing of single-particle w is proportional

195407-3
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FIG. 3. Coulomb matrix elements for single-particle QD states
as a function of shell energy spacing /. (a) Direct Coulomb matrix
elements and (b) exchange Coulomb matrix elements with Keldysh
screening. The notation Viff/. (ij) denotes the interaction between
the levels i and j, indicating the strength of the direct (exchange)
interaction between these levels.

to \/Rqp. This implies that the effect of the interactions in-
creases with the QD radius.

A. N =2, 4 holes

Figure 4(a) shows the low-energy spectrum for a QD with
Rgp = 20 nm. The ground-state reference energy is chosen at
E = 0. The ground state is an unpolarized and fully interval-
ley antiferromagnetic state.

The stability of the ground state compared with other
phases is partly determined by the energy difference be-
tween the ground state and the first excited state AEx_gs.-
Figure 4(c) shows the dependence of the singlet-triplet gap
on the QD size. In this case, by increasing the radius (in-
creasing interaction effects) the gap decreases. For N = 2,
the noninteracting ground state has the first shell completely
filled. However, the Coulomb interaction changes this picture
notably. Figure 4(b) schematically shows the occupation of
the single-particle QD states in the many-body ground state.
The holes tend to occupy mainly the first shell as in the
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FIG. 4. (a) Low-energy spectrum for N = 2 holes in QD with
Rop = 20 nm QD. The ground state is a singlet, followed by triplet
excited states. (b) Schematic representation of the ground-state
occupation of single-particle QD orbitals. (¢) Dependence of the
singlet-triplet gap on the QD size, showing how energy separation
between singlet and triplet states varies with the QD radius.

noninteracting ground state, although there is some finite oc-
cupation in the third shell induced by the Coulomb repulsion.
In this case, the results for four and five shells are equivalent
for all the QD sizes considered.

For N = 4 the noninteracting ground state has the second
shell half filled. The low-energy spectrum for N = 4 interact-
ing holes is shown in Fig. 5. Here, the excitation gap AEx_gs
is smaller than for N = 2 holes, and the ground state is a
triplet, with two states spin and valley polarized, and one
unpolarized. Figure 5(d) shows the dependence of the triplet-
singlet gap on the QD size. The difference in the gap between
the result for four and five shells is almost constant over the
range of QD radius considered.

Figures 5(b) and 5(c) provide a schematic illustration of
the ground-state occupation of single-particle QD orbitals
for both unpolarized (S, = 0) and polarized (S, = 1) states,
respectively. In the unpolarized case, the occupation pat-
tern is similar to that of noninteracting systems, except for
some higher-energy orbitals being occupied due to the in-
teractions. However, in the polarized state, the occupation
profile deviates more significantly from the noninteracting
case. Specifically, the first shell is partially spin polarized,
while the second shell is fully spin polarized. This finding
highlights the strong impact of the electron-electron interac-
tions on the ground-state properties of QDs, especially in the
polarized regime.

B. States with N = 6 holes

Figure 6(a) depicts the low-energy spectrum for a QD
with Rop = 20 nm, considering the presence of N = 6 holes.
The corresponding spectrum for Rgp = 50 nm is shown in
Fig. 6(c). The behavior observed in the spectrum is complex
and depends on the number of shells considered in the CI
calculations. The number of shells is controlled by potential
depth V.

For calculations involving four shells, the ground state is
consistently a singlet across different values of Rqop. However,
the excitation gap decreases as the QD radius increases. In
the case of five shells included in the basis, the ground state
remains a singlet for Rop < 30 nm, while for Rop > 30 nm
the interaction effects become more significant, leading to a
ground state with a quintuple character. To further explore this
phenomenon, an additional shell is included in the calcula-
tions for N = 6 holes. Surprisingly, the resulting low-energy
spectrum exhibits more similarities to the result obtained us-
ing only four shells rather than those obtained with five shells.
Similar behavior has been observed in previous studies of
parabolic QDs [51].

This behavior can be attributed to the repulsion between
holes, particularly the direct term of the Coulomb interaction.
As depicted in Figs. 6(b) and 6(d), by increasing Rgp the
particles tend to spread into more shells, thereby minimizing
the Coulomb repulsion. However, this also results in an in-
crease in the kinetic energy. The ratio between the Coulomb
interaction and the kinetic intershell gap () increases with the
QD radius (see Fig. 3). This implies that the kinetic energy
gain associated with occupying higher-energy shells is only
compensated for larger QD sizes.

195407-4



INTERACTING HOLES IN GATED WSe, QUANTUM ...

PHYSICAL REVIEW B 108, 195407 (2023)

(@) (b) (© (d)
@ 4 shells <§>=-1 <SZ> =0 [ ]
(O 5shells PY —_ = _— = o
O
I B I DR S| o
e’ O 2r O
> 2 g
g AEx.Gs -1 i L _L ‘; L
N O
> Oe
= L _L _L _L ﬁ °
O LIPS N
°
o4t %0,
or ® ) @ | K K K K 0o
I 0 1 050 40 60 80 100
<S> Rqp (nm)

FIG. 5. (a) Low-energy spectrum for N = 4 holes in QD with Rop = 20 nm QD. The ground state is a triplet, followed by a singlet excited
state. (b) and (c) show the schematic representation of the ground-state occupation of single-particle QD orbitals. (d) Dependence of the

triplet-singlet gap with the QD size.

To obtain a more accurate determination of the ground
state for N = 6 holes, irrespective of the depth of confin-
ing potential, it is necessary to include additional shells
in our calculations. However, we have already reached the
limits of our CI capabilities in terms of computational re-
sources. One potential approach to address this challenge is
to employ a ground-state calculation using a matrix product
state (MPS)—density matrix renormalization group (DMRG)
scheme [52,53]. This method while variational in nature has
proven successful in studying many-body systems and can
potentially extend our results to a larger number of shells.
However, the presence of long-range interactions, as observed
in Fig. 3, may complicate the application of the MPS-DMRG
scheme for this particular system. In future work, we plan
to investigate different many-body states by extending the
number of shells and exploring the feasibility and benefits of
the MPS-DMRG approaches to obtain more comprehensive
insights into the system’s behavior. However, we also point to
the fact that the number of shells is controlled by the depth

W of the confining potential and hence different ground states
for different depths predicted in this study are to be expected.

IV. CONCLUSIONS

In this study, we presented an investigation of the elec-
tronic properties of finite numbers of valence holes in gated
WSe, quantum dots, considering the influence of spin, valley,
orbital, and many-body interactions on the low-energy spec-
trum. By employing a multi-million-atom tight-binding model
solved in the wave-vector space, we have obtained single-
particle states characterized by the harmonic-oscillator-like
states with a shell spacing w, which depends on the size of the
QD and the depth of the gate potential. We have extended our
study to include many-body interactions for systems consist-
ing of up to N = 6 holes. The significant spin-orbit splitting
in the valence band has led to ground-state configurations
with spin down in the +K valley and spin up in the —K val-
ley, demonstrating the spin-valley locking effect. Our results
emphasize the importance of the many-body interactions in
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FIG. 6. (a) Low-energy spectrum for N = 6 holes in a QD with Rgp = 20 nm. (b), (d) Schematic representation of the ground-state
occupation of single-particle QD orbitals. (c) Low-energy spectrum for N = 6 holes in a QD with Rgp = 50 nm. (e) Dependence of the
excitation gap on QD size for different numbers of shells included in the many-body calculation. The excitation gap represents the energy

separation between the ground state and the first excited states.
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controlling the behavior of these systems. Furthermore, for
N =6 holes and small QD radii (Rgp < 30 nm), we have
found that the ground states can be accurately determined
using around 30 single-particle states. However, for larger
QD radii (Rgp > 30 nm), where the Coulomb interaction
becomes stronger, it is necessary to include a larger number
of single-particle states to properly establish the ground state.
This highlights the sensitivity of the system’s behavior to the
interplay between confinement and many-body effects.
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