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Appendix A. Uncertainty principle for complex Morlet wavelet transform [45] 

The proof of the uncertainty principle for complex Morlet wavelet transform (CMWT) is 

not difficult, but it is not intuitive in having a clear picture what should go into the derivation. 

In order to avoid the misleading of the interpretation, four concepts need to keep in mind: first, 

|ψα,b(t)|
2
 or |φα,b(t)|

2
 is the density in time; second, |ψ̂α,b(jω)|

2
 or |φ̂α,b(jω)|

2
 is the density 

in frequency; third, ψα,b(t) v.s. ψ̂α,b(jω) or φ
α,b

(t) v.s. φ̂α,b(jω) is the Fourier pairs; fourth, 

σtψα,b
 (or σtφα,b

) and σωψ̂α,b
 (or σωφ̂α,b

) are defined as the standard deviations of time and 

frequency, respectively. 

A1. Temporal resolution for CMWT 

The CMW might be the most popular wavelet in engineering application, whose mother 

wavelet is defined as: 

ψ0(t)=
1

√π
4 (𝑒𝑥𝑝(j2πfct)-𝑒𝑥𝑝(-

(2πfc)2

2
)) 𝑒𝑥𝑝(-

t2

2
)      (A.1) 

where fc is the central frequency for the complex mother Morlet wavelet ψ(t), and the second 

item in Eq. (A.1) is the corrected factor which acts to realize the zero mean for the complex 

Morlet mother wavelet ψ(t). The corrected factor can be ignored when 2πfc>5. The above 

condition could be easy to satisfy in the present study. As a consequence, the mother Morlet 

wavelet could be simplified as: 

ψ(t)=
1

√π
4 𝑒𝑥𝑝(j2πfct)∙𝑒𝑥𝑝(-

t2

2
)        (A.2) 

If |ψ(t)|2 is regarded as a density in time, the average or central time for ψ(t) can be 

calculated out using the following two equations: 

〈tψ〉≝
∫ t|ψ(t)|2dt

∞
-∞

∫ |ψ(t)|2dt
∞

-∞

        (A.3-1) 

|ψ(t)|2=
1

√π
𝑒𝑥𝑝(-t2)        (A.3-2) 
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In calculating 〈tψ(t)〉, herein we use two important integral properties related to the 

Gaussian function: 

1

√2π
∫ 𝑒𝑥𝑝(-

t2

2
)dt=1

∞

-∞
       (A.4-1) 

1

√2π
∫ t 𝑒𝑥𝑝(-

t2

2
)dt=0

∞

-∞
       (A.4-2) 

Applications of Eq. (A.4-1) and Eq. (A.4-2) could directly yield the following two 

equations, respectively, 

∫ t|ψ(t)|2dt
∞

-∞
=0       (A.5-1) 

∫ |ψ(t)|2dt
∞

-∞
=1        (A.5-2) 

Substituting Eqs. (A.5) into Eq. (A.3-1) yields the central time for ψ(t): 

〈tψ〉=0          (A.6) 

Now we define the standard deviation around 〈tψ〉 for CMW ψ(t) in time domain: 

σtψ
2 ≝

∫ (t-〈tψ(t)〉)|ψ(t)|2dt
∞

-∞

∫ |ψ(t)|2dt
∞

-∞

        (A.7) 

Substituting Eq. (A.5-2) into Eq. (A.7) and reorganizing it yields: 

σtψ
2 =〈tψ

2 〉-〈tψ〉2         (A.8) 

where 〈tψ
2 〉 is defined as: 

〈tψ
2 〉≝

∫ t2|ψ(t)|2dt
∞

-∞

∫ |ψ(t)|2dt
∞

-∞

=
1

2
        (A.9) 

Substituting Eq. (A.6) and Eq. (A.9) into Eq. (A.8) yields: 

σtψ
2 =

1

2
          (A.10) 

Based on the complex Morlet mother wavelet ψ(t) as defined in Eq. (A.2), a family of 

daughter wavelet ψα,b(t) can be derived as: 

ψα,b(t)=
1

√α
ψ (

t-b

α
)        (A.11-1) 
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Where α is the scale factor, and b is the translation variable. Combination Eq. (A.2) with 

Eq. (A.11-1) yields: 

ψα,b(t)=
1

√π
4

√α
𝑒𝑥𝑝(j2πfc

t-b

α
)∙𝑒𝑥𝑝(-

(t-b)2

2α2
)    (A.11-2) 

Following the previous definitions of 〈tψ〉 and σtψ
2  for mother Morlet wavelet ψ(t), we 

could define the central time 〈tψα,b
〉 and the standard deviation σtψα,b

2  around 〈tψα,b
〉 in time 

domain for daughter wavelet ψα,b(t): 

〈tψα,b
〉≝

∫ t|ψα,b(t)|
2

dt
∞

-∞

∫ |ψα,b(t)|
2

dt
∞

-∞

        (A.12-1) 

σtψα,b

2 ≝
∫ (t-〈tψα,b

〉)|ψα,b(t)|
2

dt
∞

-∞

∫ |ψα,b(t)|
2

dt
∞

-∞

      (A.12-2) 

In order to simplify the calculation, we have not calculated 〈tψα,b
〉 and σtψα,b

2 in terms of 

Eqs. (A.12) but resorted to the following relationship for the central time and the standard 

deviation in time domain between ψα,b(t) and ψ(t): 

〈tψα,b
〉=α*〈tψ〉+b       (A.13-1) 

σtψα,b

2 =α2σtψ
2        (A.13-2) 

Substituting Eq. (A.6) and Eq. (A.10) into Eq. (A.13-1) and Eq. (A.13-2), respectively, 

we can obtain the central time 〈tψα,b
〉 and the standard deviation σtψα,b

 for ψα,b(t): 

〈tψα,b
〉=b        (A.14-1) 

σtψα,b
=

α

√2
        (A.14-2) 

In present study, the band parameter fb which corresponds to the time range of the 

Gaussian function is introduced into the improved complex Morlet mother wavelet φ(t) and 

the improved daughter wavelet φα,b(t): 

φ(t)=
1

√π
4 𝑒𝑥𝑝(j2πfct)∙𝑒𝑥𝑝(-

t2

fb
)     (A.15-1) 
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φα,b(t)=
1

√α2fb
4 φ (

t-b

α
)      (A.15-2) 

where the parameters of α , b , and fc have the same definitions as ψ(t) and ψα,b(t). 

Following the previous method used for ψα,b(t), we can obtain the central time 〈tφα,b
〉 

and the standard deviation σtφα,b
 for the improved CMW φα,b(t): 

〈tφα,b
〉=b        (A.16-1) 

σtφα,b
=

α√fb

√2
        (A.16-2) 

A2. Frequency resolution for CMWT 

Herein, we take ψ̂(jω) and ψ̂α,b(jω) as FT of complex Morlet wavelet ψ(t) and ψα,b(t), 

respectively: 

ψ̂(jω)=
1

√2π
∫ ψ(t)𝑒𝑥𝑝(-jωt)dω

∞

-∞
      (A.17-1) 

ψ̂α,b(jω)=
1

√2π
∫ ψα,b(t)𝑒𝑥𝑝(-jωt)dω

∞

-∞
    (A.17-2) 

Similarly, if |ψ̂(jω)|
2

 is regarded as a density in frequency domain, the average 

frequency or central frequency 〈ωψ̂〉  in frequency domain, and the standard deviation of 

bandwidth around 〈ωψ̂〉 in frequency domain for ψ̂(jω), both of them can be calculated using 

the following two equations: 

〈ωψ̂〉 ≝
∫ ω|ψ̂(jω)|

2
dω

∞
-∞

∫ |ψ̂(jω)|
2

dω
∞

-∞

       (A.18-1) 

σωψ̂

2 ≝
∫ (ω-〈ωψ̂〉)|ψ̂(jω)|

2
dω

∞
-∞

∫ |ψ̂(jω)|
2

dω
∞

-∞

       (A.18-2) 

The total energy of any signal should be independent of the method used in calculation. 

Hence, the total energy calculated from the integral of |ψ̂(jω)|
2
 over all frequencies should be 

equal to that calculated directly from the waveform in time domain: 
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∫ |ψ̂(jω)|
2
dω

∞

-∞
= ∫ |ψ(t)|2dt

∞

-∞
      (A.19) 

This equation is just the so-called Parseval’s theorem. 

Combined with Eq. (A.5-2) and Eq. (A.19), Eqs. (A.18) can be simplified and re-

organized as: 

〈ωψ̂〉= ∫ ω|ψ̂(jω)|
2
dω

∞

-∞
       (A.20-1) 

σωψ̂

2 = 〈ωψ̂
2 〉 -〈ωψ̂〉2       (A.20-2) 

where 〈ωψ̂
2 〉 is defined similar to 〈ωψ̂〉: 

〈ωψ̂
2 〉 ≝ ∫ ω2|ψ̂(jω)|

2
dω

∞

-∞
      (A.20-3) 

Based on the properties and pairs of Fourier transform, we can obtain the transformed 

result ψ̂(jω) for signal ψ(t): 

ψ̂(jω)=
1

√π
4 𝑒𝑥𝑝(-

(ω-ωc)2

2
) and ωc=2πfc     (A.20-4) 

Combination of Eq. (A.20-1), Eq. (A.20-2), Eq. (A.20-3), and Eq. (A.20-4) can yield: 

〈ωψ̂〉=ωc       (A.21-1) 

〈ωψ̂
2 〉 =

1

2
+ωc

2      (A.21-2) 

Substituting Eq. (A.21-1) and Eq. (A.21-2) into Eq. (A.20-2) yields: 

σωψ̂
=

1

√2
       (A.22) 

Similarly, we can define the central frequency 〈ωψ̂α,b
〉 and the standard deviation σωψ̂α,b

2  

around 〈ωψ̂α,b
〉 in frequency domain for ψ̂α,b(jω): 

〈ωψ̂α,b
〉 ≝

∫ ω|ψ̂α,b(jω)|
2

dω
∞

-∞

∫ |ψ̂α,b(jω)|
2

dω
∞

-∞

      (A.23-1) 

σωψ̂α,b

2 ≝
∫ (ω-〈ωψ̂α,b

〉)|ψ̂α,b(jω)|
2

dω
∞

-∞

∫ |ψ̂α,b(jω)|
2

dω
∞

-∞

     (A.23-2) 
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Similar to properties in time domain, there exist the following relationships for the 

central frequency and the standard deviation in frequency domain between ψ̂α,b(jω)  and 

ψ̂(jω): 

〈ωψ̂α,b
〉 =

1

α
*〈ωψ̂〉      (A.24-1) 

σωψ̂α,b

2 =
1

α2 σωψ̂

2        (A.24-2) 

Substituting Eq. (A.21-1) and Eq. (A.22) into Eq. (A.24-1) and Eq. (A.24-2), 

respectively, we can obtain the central frequency 〈ωψ̂α,b
〉 and the standard deviation σωψ̂α,b

 for 

ψ̂α,b(jω). 

〈ωψ̂α,b
〉 =

ωc

α
       (A.25-1) 

σωψ̂α,b
=

1

√2α
       (A.25-2) 

Following the previous method used for the signal ψ̂α,b(jω), we can obtain the central 

frequency 〈ωφ̂α,b
〉 and the standard deviation σωφ̂α,b

 for the signal format φ̂α,b(jω) adopted in 

this work: 

〈ωφ̂α,b
〉 =

ω0

α√fb
      (A.26-1) 

σωφ̂α,b
=

1

α√2fb
      (A.26-2) 

A3. Uncertainty principle for CMWT 

Now we have obtained the central time 〈tφα,b
〉 and the standard deviation σtφα,b

 in time 

domain for Morlet wavelet daughter signal φα,b(t), as well as the central frequency 〈ωφ̂α,b
〉 

and the standard deviation σωφ̂α,b
 in frequency domain for the transformed signal φ̂α,b(jω). 

The time interval [〈tφα,b
〉-σtφα,b

, 〈tφα,b
〉+σtφα,b

]  is the range where φα,b  exhibits its “most 
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significance”, while the frequency interval [〈ωφ̂α,b
〉 -σωφ̂α,b

, 〈ωφ̂α,b
〉 +σωφ̂α,b

] plays the same 

role for φ̂α,b(jω) as the time interval does. 

Furthermore, in the time-frequency plane (t, ω), the rectangle defined as [〈tφα,b
〉-σtφα,b

, 

〈tφα,b
〉+σtφα,b

] ∙ [〈ωφ̂α,b
〉 -σωφ̂α,b

, 〈ωφ̂α,b
〉 +σωφ̂α,b

]  is called the Heisenberg window for 

function φα,b(t). With this definition, we can mention that φα,b(t) is located around central 

(〈tφα,b
〉,  〈ωφ̂α,b

〉) in the time-frequency plane, with a uncertainty given by σtφα,b
∙σωφ̂α,b

. Base 

on the results derived above, we can obtain the uncertainty principle for φα,b: 

σtφα,b
∙ σωφ̂α,b

=
1

2
      (A.27) 

As both temporal and frequency resolutions derived above suggest, the scale factor α can 

yield an adjustable time-frequency resolution for continuous Morlet wavelet transform. 

However, there is a limit on how well a continuous Morlet wavelet transform can resolve in 

frequency and in time, as Eqs. (A.27) governs. In order to better interpret Eqs. (A.27), we can 

introduce two important concepts. For Morlet wavelet signal φα,b(t), standard deviation of 

σtφα,b
 in time domain represents temporal resolution; while the standard deviation σωφ̂α,b

 in 

frequency domain represents frequency resolution. From the viewpoint of mathematics, Eq. 

(A.27) indicates that it is a constant if the time duration σtφα,b
 is multiplied by frequency 

bandwidth σωφ̂α,b
; from the viewpoint of physics, we cannot increase the temporal resolutions 

and frequency resolutions simultaneously for Morlet wavelet transform. This is the core why 

we need to optimize parameters for CMWT in order to realize a fast measurement of 

Warburg-like impedance spectra in a required precision and over a given frequency range. 



 

9 

 

Appendix B. Fourier Transform for Complex Morlet Mother Wavelet[45] 

At the Appendix A, the mother Morlet wavelet can be simplified as Eq. (A.2) when 

2πfc>5. The Fourier Transform for the mother Morlet wavelet can be expressed as: 

ψ(t)=
1

√π
4 𝑒𝑥𝑝 (j2πfct) ∙ 𝑒𝑥𝑝 (-

t2

2
)     (B.1-1) 

ψ̂(jω)=
1

√2π
∫ ψ(t)𝑒𝑥𝑝(-jωt)dt

∞

-∞
     (B.1-2) 

Eq. (B.1-2) can be re-arranged as: 

ψ̂(jω)=
√2

√2π √π
4 ∫ 𝑒𝑥𝑝(-[

t

√2
+

j(ω-2πfc)

√2
]2)∙𝑒𝑥𝑝(-

(ω-2πfc)2

2
)d(

t

√2
+

j(ω-2πfc)

√2
)

∞

-∞
  (B.2) 

If we define t1
' =

t

√2
+

j(ω-2πfc)

√2
 and ωc=2fc, Eq. (B.2) can be simplified as: 

ψ̂(jω)=
1

√π √π
4 𝑒𝑥𝑝(-

(ω-ωc)2

2
) ∫ 𝑒𝑥𝑝(-t1

' 2
)dt1

'∞

-∞
   (B.3-1) 

t1
' =

t

√2
+

j(ω-2πfc)

√2
        (B.3-2) 

ωc=2πfc         (B.3-3) 

Herein, we use an important integral property related to the Gaussian function: 

∫ 𝑒𝑥𝑝(-t2)dt
∞

-∞
=√π        (B.4) 

Combining Eq. (B.4) with Eqs. (B.3), the Fourier Transform for the mother Morlet 

wavelet can be re-expressed as: 

ψ̂(jω)=
1

√π
4 𝑒𝑥𝑝(-

(ω-ωc)2

2
)      (B.5-1) 

ωc=2πfc         (B.5-2) 

Similar to above method, we can obtain the Fourier transform for the daughter wavelet 

ψα,b(t) as defined in Eqs. (A.11), 

ψ̂α,b(jω)=
1

√2π √π
4

√α
∫ 𝑒𝑥𝑝 (j2πfc

t-b

α
) ∙ 𝑒𝑥𝑝(-

(t-b)2

2α2
)∙𝑒𝑥𝑝(-jωt)dt

∞

-∞
  (B.6) 

By re-organizing Eq. (B.6), the following equations can be obtained: 
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ψ̂α,b(jω)=
√α

√π
∙

1

√π
4 𝑒𝑥𝑝 (-

(αω-ωc)2

2
)∙𝑒𝑥𝑝(-jωb) ∫ 𝑒𝑥𝑝(-t2

' 2
)dt2

'∞

-∞
  (B.7-1) 

t2
' =√

1

2
(

t-b

α
) +

j(αω-ωc)

√2
           (B.7-2) 

ωc=2πfc              (B.7-3) 

Combined Eq. (B.4) and Eqs. (B.7), the Fourier Transform for the daughter wavelet 

ψα,b(t) can be expressed as: 

ψ̂α,b(jω)=
√α

√π
4 𝑒𝑥𝑝(-

(αω-ωc)2

2
)∙𝑒𝑥𝑝(-jωb)    (B.8-1) 

ωc=2πfc           (B.8-2) 

After band parameter fb is introduced into the improved complex Morlet mother wavelet 

φ(t) and the improved daughter wavelet φα,b(t), the method similar to above can serve to 

obtain the Fourier transform forms as: 

φ̂α,b(jω)=
√α√fb

√2 √π
4

√fb
4 𝑒𝑥𝑝 (-jωb)𝑒𝑥𝑝 (-

fb(αω-ωc)2

4
)   (B.9-1) 

ωc=2πfc         (B.9-2) 

Appendix C. Step response analysis for Warburg impedance model [46] 

C1. Time-domain analysis 

Step current i(t)=I0ε(t-t0) is regarded as the exciting signal for impedance estimation in 

this work, where I0 is the amplitude of the step current signal, ε(t-t0) is the unit step function, 

t0 is the delay time. When the fractional impedance model as shown in Fig. 1a is excited by 

i(t), in complex frequency domain, the output voltage u(t) can be expressed as: 

U(s)=Z(s)∙I(s)          (C.1-1) 

Z(s)=R0+ ∑ (Ri//ZCPEi)
2
i=1 +ZW∞     (C.1-2) 

I(s)=
I0

s
𝑒𝑥𝑝(-st0)         (C.1-3) 
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where // denotes the parallel connection between impedance model elements, Z(s) is the total 

complex impedance; I(s) and U(s) are the Laplace transforms of the current input signal i(t) 

and voltage output signal u(t), respectively; ZCPEi and ZW∞ are complex impedances of 

constant phase element CPEi(i=1,2) and semi-infinite diffusion Warburg element, respectively. 

In complex frequency domain, ZCPEi and ZW∞ are defined as: 

ZCPEi(s)=
1

Qis
ni

, i=1,2        (C.2-1) 

ZW∞(s)=
√2σ

√s
          (C.2-2) 

Re-organizing Eqs. (C.2) and Eqs. (C.1) yields the output voltage response U(s) in 

complex frequency domain: 

U(s)=I0 (
R0

s
𝑒𝑥𝑝 (-st0)+ ∑ (

Ri

s+RiQis
ni+1) 𝑒𝑥𝑝 (-st0)2

i=1 +
√2σ

s
3
2

𝑒𝑥𝑝 (-st0))   (C.3) 

In order to obtain the output voltage response in time domain, we need to use the 

formula of the inverse Laplace transform listed as follows: 

L-1 {
1

s
𝑒𝑥𝑝 (-st0)} =ε(t-t0)          (C.4-1) 

L-1 {
k!sα-β

(sα+λ)k+1 𝑒𝑥𝑝 (-st0)} =(t-t0)αk+β-1Eα,β
k (λ(t-t0)α)    (C.4-2) 

L-1 {
1

s
3
2

𝑒𝑥𝑝 (-st0)} =
2

√π
(t-t0)

1
2         (C.4-3) 

where Eα,β
k (λtα) is the Mittag-Leffler function as expressed by Eq. (C.4-4): 

Eα,β(z)= ∑
zk

Γ(αk+β)

∞
k=0         (C.4-4) 

Setting k=0 and β=α+1 in Eqs. (C.4), then substituting Eqs. (C.4) to Eq. (C.3) can yield 

the output voltage response u(t) in time domain: 

u(t)= u0(t)+u1(t)+u2(t)+u3(t)      (C.5-1) 

u0(t)=I0R0ε(t-t0)         (C.5-2) 
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u1(t)=I0
1

Q1
(t-t0)n1En1,n1+1(-

1

R1Q1
(t-t0)n1)    (C.5-3) 

u2(t)=I0
1

Q2
(t-t0)

n2
En2,n2+1(-

1

R2Q2
(t-t0)n2)    (C.5-4) 

u3(t)=2√2I0σ√(t-t0)

π
         (C.5-5) 

where u0(t), u1(t), u2(t) and u3(t) are the output voltages of R0, R1//CPE1, R2//CPE2, and ZW∞, 

respectively; and u(t) is the total output voltage of all these impedance model elements. 

On the way to implement a fast measurement of Warburg-like impedance spectra, the 

most critical issue is low-frequency diffusion Warburg behavior. In the present study, the 

emphasis is put on low-frequency diffusion behavior. Hence, constant phase elements are 

simplified into ideal capacitors, i.e., ni=1.0 and Qi=Ci(i=1,2). In this situation, ZCPEi(i=1,2) 

and ui(t)(i=1,2) can be re-expressed as: 

ZCPEi=
1

Cis
          (C.6-1) 

ui(t)=I0Ri (1- 𝑒𝑥𝑝 (-
t-t0

τi
)) and τi=RiCi    (C.6-2) 

The profiles of both input signal i(t) and output signal u(t) are shown in Fig. S1. The step 

response voltage u(t) is the sum of u0(t), u1(t), u2(t) and u3(t), which are across R0, R1//CPE1, 

R2//CPE2, and ZW∞, respectively. Till now, the analytical solutions for u(t), u0(t), u1(t), u2(t) 

and u3(t) have been obtained. 

Fig. S1a and Fig. S1b show the profiles of step current input i(t) and step response 

voltage u(t), respectively. Fig. S1c shows the profiles of u0(t), u1(t), u2(t) and u3(t) with 

respect to time t. At the first sight of Fig. S1c, it looks like that both u1(t), and u2(t) reach their 

stable states immediately at the instant of t0 due to the smaller time constants for R1//CPE1, 

and R2//CPE2. In order to capture the transient properties more clearly for u1(t), u2(t) and u3(t), 

a semi-logarithmic coordinate is adopted for a new time variable (t-t0). With a semi-



 

13 

 

logarithmic coordinate lg(t-t0), the transient processes for u1(t), u2(t) and u3(t) can be clearly 

observed. 

Before we discuss the transient processes, the following assumptions need to be noticed: 

1) the step current is limited and lower than 0.1C charge rate in order to guarantee SOC 

deviating from the initial state as little as possible; 

2) the sampling duration is not more than 30.0 s, in this situation, SOC deviates from 

initial value will be less than 30/3600/10=0.08%. 

Above two assumptions guarantee the SOC of a LIB will nearly keep constant during the 

whole sampling duration Tp. Based on above assumption and analysis for a LIB, we might 

treat the time-varying system as a time-invariant system approximately. 
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Fig. S1. Profiles of the exciting signal and the response signals for the fractional 

impedance model as shown in Fig. 1a. (a) The step input current i(t); (b) the step response 

voltage u(t) across the total impedance; the step response voltages of u0(t), u1(t), u2(t) and u3(t) 

across R0, R1//CPE1, R2//CPE2, and ZW∞, respectively with respect to (c) t; and (d) lg(t-t0), 

herein time delay t0=5.0 s. 

Based on above analysis, the following trends or results can be found: 

1) the ohmic voltage u0(t) across R0 reaches the stable state immediately at the instant of 

t=t0. In other word, there is no transitional behavior for pure resistors even imposed to a step 

exciting current/voltage signal; 

2) different from the appearances as presented in Fig. S1c, the step response voltages u1(t) 

and u2(t) do not reach their stable states at the instant of t=t0. In detail, it takes time scales of 

10-2 s and 10-1 s, respectively, for u1(t) and u2(t) to basically reach their stable states, both of 

which are timed from the instant of t=t0. Furthermore, the transient process of u1(t) for 

R1//CPE1 is much faster than that for R2//CPE2. The above features can also be reflected by 

the characteristic frequencies in frequency domain; 

3) u3(t) across ZW∞ exhibits much slower transition property than u1(t) across R1//CPE1 

and u2(t) across R2//CPE2. The above phenomenon is well agreement with the underlying 

physicochemical mechanism that charge transfer runs much faster than species diffusion. 

Under the condition of step current excitation, u3(t) across ZW∞ is increasing all the time and 

shows no sign of stabilization in the time range of 0~40.0 s. The evolution trend for u3(t) 

seems to partially violate the mechanism of charge storage and the determining rule for 

electromotive force of LIBs. The above confliction might be originated from the time scale 

difference between AC impedance model and DC charging/discharging model. 

In present work, we are focused on optimizing and validating CMWT algorithm just 

based on a dummy cell, which is originated from lithium ion batteries (LIBs) but finally is not 



 

15 

 

limited to and beyond LIBs. Actually, if CMWT algorithm is applied to LIBs for a fast 

impedance measurement, there exist at least three different measures benefiting to eliminate 

or mitigate the possible conflict mentioned above: 

1) the increase of transient voltage is controlled below a certain value via reducing the 

amplitude of the charging current furthermore; 

2) charging time is reduced to 50.0% of the original value via using double pulse input; 

3) the lower-limit frequency is increased appropriately so that the sampling duration 

could be reduced as well. 

All above measures will benefit to control the rise of transient voltage beyond the given 

range. 

C2. Frequency-domain analysis 

 

 

 

 

 

 

 

Fig. S2. The normalized amplitude spectra obtained with different methods of Theory, 

FFT, and CMMT. (a) 20lg|IN| for step-exciting signal i(t); and (b) 20lg|UN| for step-response 

signal u(t). The parameters for CMWT and FFT are set as t0=5.0 s, b=5.0 s, α=1~10000, 

fb=1.5∙10-6 s2, fc=1000 Hz, fL=0.1 Hz, fU=1.0 kHz, fs=20 fU. 

In order to compare amplitude spectra obtained with different methods of Theory, FFT, 

and CMMT, Fig. S2 shows the normalized amplitude spectra 20lg|IN| for step-exciting signal 
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i(t) and 20lg|UN| for step-response signal u(t). Herein, signals of i(t) and u(t) are taken from 

Fig. S1a and Fig. S1b in the time range of 0~35.0 s. Fig. S2 shows that CMWT provides 

stronger amplitude spectra for both 20lg|IN| and 20lg|UN| than Fast Fourier Transform and 

theory methods, in particular for the high-frequency regime. The above phenomena are 

natural since FFT could not capture instant information but just provide an average property 

of frequency spectra among the whole measurement period, however CMWT could capture 

time-vary frequency spectra. 

Before obtaining impedance spectra through Eq. (9), we need to calculate the wavelet 

coefficient for both step-exciting signal i(t) and step-response signal u(t) in terms of using Eqs. 

(7). Similar to Fig. S2, signals of i(t) and u(t) are also taken from Fig. S1a and Fig. S1b in the 

time range of 0~35.0 s. 

Fig. S3 shows CMWT coefficients Ĩ(α,b) and Ũ(α,b) for i(t) and u(t), respectively. The 

3D diagram shows the evolution trend of wavelet coefficients with the scale factor α and time 

shifting b. As shown in Fig. S3, the signal intensities of Ĩ(α,b) and Ũ(α,b) show a maximum 

at the instant of b=5.0 s, which agrees well with the step-current input signal I0ε(t-t0) and 

delay time t0=5.0 s. 
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Fig. S3. CMW coefficients (a) Ĩ(α,b); and (b) Ũ(α,b) for i(t) and u(t), respectively. The 

wavelet coefficients are calculated using Eqs. (7) with parameters as, α=1~10000, fb=1.5∙10-6 

s2, fc=1000 Hz, fL=0.1 Hz, fU=1.0 kHz, fs=20 fU.  
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Appendix D. Nomenclature 

//    Connected in parallel for the impedance model elements. 

⊥    Connected in series for the impedance model elements. 

COI   Cone of influence. 

LIBs   Lithium ion batteries. 

CMW   Complex morlet wavelet. 

CMWT   Complex morlet wavelet transform. 

EVs   Electric vehicles. 

PEMFCs  Proton exchange membrane fuel cells. 

FT    Fourier transform. 

FFT   fast Fourier transform. 

STFT   Short time Fourier transform. 

WT   Wavelet transform. 

CPEi   Constant phase element i for the process of CPEi//Ri. 

EIS   Electrochemical impedancee spectroscopy. 

fU    Upper-limit frequency, /Hz. 

fL    Lower-limit frequency, /Hz. 

fc    Centre frequency of complex Morlet mother wavelet (CMMW), /Hz. 

fb    Band parameter of CMMW, /s2. 

fs    Sampling frequency, /Hz. 

    Scale factor of CMMW. 

A    Scale factor range defined as A: (αL, αU ). 

U    Upper-limit value of the scale factor . 

L    Lower-limit value of the scale factor . 

b    Time shifting, /s. 
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ni    Index of constant phase element CPEi. 

Qi    Amplitude of constant phase element CPEi, /S sni. 

SCs   Supercapacitors. 

Tp    Sampling duration or length, /s. 

Tp0    A characteristic duration, /s. 

Te    e-folding time, /s. 

TG    Width of Gaussian window, /s. 

    Angle frequency, /rad s-1. 

ψ0(t)   The original mother Morlet wavelet. 

ψ(t)   The simplified mother Morlet wavelet. 

ψ̂(jω)   The Fourier transform of complex Morlet wavelet ψ(t). 

ψα,b(t)   The simplified Morlet wavelet daughter. 

ψ̂α,b(jω)  The Fourier transform of complex Morlet wavelet ψα,b(t). 

φ(t)   The improved mother Morlet wavelet. 

φα,b   The improved wavelet daughter. 

φ̂α,b(jω)  The Fourier transform of complex Morlet wavelet φα,b(t). 

〈tψ〉   The central time for ψ(t), /s. 

〈tψα,b
〉   The central time for ψα,b(t), /s. 

〈tφα,b
〉   The central time for φα,b(t), /s. 

σtψ
    Temporal resolution for ψ(t), /s. 

σtψα,b
   Temporal resolution for ψα,b(t), /s. 

σtφα,b
   Temporal resolution for φα,b(t), /s. 

〈ωψ̂〉   The central frequency for ψ̂(jω), /rad s-1. 

〈ωψ̂α,b
〉   The central frequency for ψ̂α,b(jω), /rad s-1. 
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〈ωφ̂α,b
〉   The central frequency for φ̂α,b(jω), /rad s-1. 

σωψ̂
   Frequency resolution for ψ̂(jω), /rad s-1. 

σωψ̂α,b
   Frequency resolution for ψ̂α,b(jω), /rad s-1. 

σωφ̂α,b
   Frequency resolution for φ̂α,b(jω), /rad s-1. 

f(t)    A raw signal in time domain. 

ε(t)   Unit step function. 

i(t)    Step current signal imposed to the dummy cell in time domain, /A. 

I0    The amplitude of current input signal of i(t) , /A. 

I(s)    Laplace transform of i(t), /A. 

U(s)   Laplace transform of u(t), /V. 

u(t)    The total output voltage of the dummy cell, /V. 

u0(t)   The voltage response of R0, /V. 

u1(t)   The voltage response of CPE1//R1, /V. 

u2(t)   The voltage response of CPE2//R2, /V. 

u3(t)   The voltage response of ZW∞, /V. 

R0    Ohmic resistance, /Ω. 

R1    Polarization resistance for the process of CPE1//R1, /Ω. 

R2    Polarization resistance for the process of CPE2//R2, /Ω. 

ZCPE1   Complex impedance of constant phase element CPE1, /Ω. 

ZCPE2   Complex impedance of constant phase element CPE2, /Ω. 

ZW∞   Complex impedance of semi-infinite diffusion Warburg, /Ω. 

Z    The total complex impedance of the dummy cell, /Ω. 

fμ,σ    Expression of Gaussian distribution. 
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    Mean or expectation of Gaussian distribution fμ,σ(x). 

    Mean square deviation of Gaussian distribution fμ,σ(x). 

gα,b(t)   Gaussian window function of complex Morlet wavelet φα,b(t). 

hα,b(t)   Sinusoidal function complex Morlet wavelet φα,b(t). 

T ̃(α, b)   Wavelet coefficient of Gaussian window function gα,b(t). 


