Supporting Information

A Fast Measurement of Warburg-like Impedance Spectra with Morlet

Wavelet Transform for Electrochemical Energy Devices
Weiheng Li*?, Qiu-An Huang®®", Changping Yang®", Jian Chen®d, Zhepeng Tang?, Fangzhou
Zhang?, Aijun Li®, Lei Zhang®®, Jiujun Zhang®"
College of Science / Institute for Sustainable Energy, Shanghai University, Shanghai 200444,
China
YHubei Key Laboratory Ferro & Piezoelectric Materials and Devices, Faculty of Physics and
Electronics Sciences, Hubei University, Wuhan 430062, China
‘State Key Laboratory of Industrial Control Technology, College of Control Science and
Engineering, Zhejiang University, Hangzhou 310027, China
INingbo Research Institute, Zhejiang University, Ningbo 315100, China
*Energy, Mining & Environment, National Research Council of Canada, Vancouver, BC V6T
1WS5, Canada
*Corresponding Authors: giuan_huang@shu.edu.cn (Qiu-An Huang);

cpyang@hubu.edu.cn (Changping Yang); jiujun@shaw.ca (Jiujun Zhang).



Appendix A. Uncertainty principle for complex Morlet wavelet transform [45]

The proof of the uncertainty principle for complex Morlet wavelet transform (CMWT) is
not difficult, but it is not intuitive in having a clear picture what should go into the derivation.

In order to avoid the misleading of the interpretation, four concepts need to keep in mind: first,
|l|;%b(t)|2 or |(pa'b(t)|2 is the density in time; second, |lTJa’b(]'(1))|2 or |®a,b(jw)|2 is the density
in frequency; third, Y, (0) Vv.s. Uy, (jw) or 9., (D) V.s. P (o) is the Fourier pairs; fourth,

o, (oro, )ando, (oro,. ) are defined as the standard deviations of time and
Yab Pab Wb Pab

frequency, respectively.

Al. Temporal resolution for CMWT

The CMW might be the most popular wavelet in engineering application, whose mother

wavelet is defined as:

Po(®= 1= (expGanf.ty-exp(- E25)) exp(-£) (A1)
where f; is the central frequency for the complex mother Morlet wavelet yi(t), and the second
item in Eq. (A.1) is the corrected factor which acts to realize the zero mean for the complex
Morlet mother wavelet ys(t). The corrected factor can be ignored when 2xf:>5. The above
condition could be easy to satisfy in the present study. As a consequence, the mother Morlet

wavelet could be simplified as:

2
(=5 exp(2nft)exp(-3) (A2)
If [y (t)|? is regarded as a density in time, the average or central time for yi(t) can be

calculated out using the following two equations:

J2 tw(®)]2de

[olb(®2de (A.3-1)

(ty)=

W(O2==exp(-t?) (A.3-2)
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In calculating (ty), herein we use two important integral properties related to the

Gaussian function:

1 oo 2
=/ exp(-D)di=1 (A4-1)
1 oo t2
Nz f_oo texp(- ;)dt=0 (A.4-2)

Applications of Eg. (A.4-1) and Eqg. (A.4-2) could directly yield the following two

equations, respectively,

[ty ®[2dt=0 (A5-1)

[ow®2dt=1 (A5-2)
Substituting Egs. (A.5) into Eqg. (A.3-1) yields the central time for y(t):
(ty)=0 (A.6)
Now we define the standard deviation around (t,,) for CMW s(t) in time domain:

2 def Loty W @12dt

W T TR (A7)
Substituting Eq. (A.5-2) into Eqg. (A.7) and reorganizing it yields:
of, =(t])-(ty)? (A.8)
where (t3) is defined as:
[ lp®IPde 4
2 \ def J-® P
(6= Cle®Rde 2 (A9)
Substituting Eqg. (A.6) and Eqg. (A.9) into Eq. (A.8) yields:
1
oﬁp: 3 (A.10)

Based on the complex Morlet mother wavelet ys(t) as defined in Eq. (A.2), a family of

daughter wavelet Y, ,(t) can be derived as:

b ®=70 (3) (A11-1)



Where o is the scale factor, and b is the translation variable. Combination Eq. (A.2) with
Eq. (A.11-1) yields:

1 . -b -b)?
Vap (=g zexp(i2nf. ) exp(-53 (A11-2)

Following the previous definitions of (t,) and Ggw for mother Morlet wavelet Yi(t), we
could define the central time <t¢a,b> and the standard deviation oﬁp ) around (t%'b) in time

domain for daughter wavelet Y, (t):

12 e dt

1 olPde A.12-1
T2 e ] dt ( )

<t¢a,b >‘¥

2 J m(t'“wa,b)) W (®)] dt

def -

t —
Vb T2 Wen | dt

(A.12-2)

In order to simplify the calculation, we have not calculated (t, ) and ot2¢ bin terms of

Egs. (A.12) but resorted to the following relationship for the central time and the standard
deviation in time domain between ,(t) and Y (t):
(ty,)=a*(ty)+b (A.13-1)
O'%%‘b =a’of, (A.13-2)
Substituting Eq. (A.6) and Eq. (A.10) into Eq. (A.13-1) and Eq. (A.13-2), respectively,
we can obtain the central time (t, ) and the standard deviation o, Vo for Yy, (D):

(tye,)=D (A.14-1)

[04

o, =75 (A.14-2)

In present study, the band parameter f, which corresponds to the time range of the
Gaussian function is introduced into the improved complex Morlet mother wavelet ¢(t) and

the improved daughter wavelet ¢, (t):
1 . ) t?
o(t)= 7= exXp (j2mf t)-exp(- _fb) (A.15-1)
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t-b
a

—_— 1 -
Pup®=7=0 () (A15-2)
where the parameters of « , b, and fc have the same definitions as Y (t) and Y, (t).
Following the previous method used for s, ;,(t), we can obtain the central time (t(pa’b)

and the standard deviation Oty , for the improved CMW ¢, ;, (1):

(tpe,)=D (A.16-1)
o/ fi
Gy, = = (A.16-2)

A2. Frequency resolution for CMWT

Herein, we take §(jw) and Y, (jw) as FT of complex Morlet wavelet yi(t) and Y, (1),

respectively:

§(w)= 75 /2 W (Dexp(jonde (A17-1)
Pap(0)= 7= [ Wap(Dexp(-jwt)dw (A17-2)

Similarly, if |fp(jm)|2 is regarded as a density in frequency domain, the average
frequency or central frequency (wg) in frequency domain, and the standard deviation of
bandwidth around {(wg) in frequency domain for P(jw), both of them can be calculated using
the following two equations:

12 wlBie)]*do

PR s i M A.18-1
{wg) 2136w do ( )
2 g Son(et0) )[BGe)| do (A18-2)
T 21w de '

The total energy of any signal should be independent of the method used in calculation.

Hence, the total energy calculated from the integral of |LTJ(joa)|2 over all frequencies should be

equal to that calculated directly from the waveform in time domain:



o[~ . 2 0o
L JUG0)| do = [ Jw(®)|*dt (A.19)
This equation is just the so-called Parseval’s theorem.
Combined with Eg. (A.5-2) and Eq. (A.19), Egs. (A.18) can be simplified and re-

organized as:
(wg)= fz w|lTJ(jw)|2du) (A.20-1)
05, = (w§) {(wg) (A.20-2)
where (w%) is defined similar to (w@):
(w2) = [7 02 [Hw)| do (A.20-3)

Based on the properties and pairs of Fourier transform, we can obtain the transformed

result {(jw) for signal Y(t):
-~ 1 (w-0¢)?
Lp(]w)zﬁexp(-T) and w.=2mf, (A.20-4)

Combination of Eq. (A.20-1), Eq. (A.20-2), Eq. (A.20-3), and Eq. (A.20-4) can yield:
(0g)=w (A.21-1)

(w5} =3+ (A21-2)

Substituting Eq. (A.21-1) and Eqg. (A.21-2) into Eq. (A.20-2) yields:

1
Coy=5 (A.22)

Similarly, we can define the central frequency (wg b) and the standard deviation cf%
Q, ab

around (m%b) in frequency domain for U, jw):

I 0[Bep (0)] do

[T A.23-1
f-m|¢a,b(jw)|2doo ( )

((DlT’q,b) =

® ~ )2
o2 diff.oo<w-(w%‘b))|¢a_b(]w)| dw

g o A.23-2
PP 2 B o) doo ( )



Similar to properties in time domain, there exist the following relationships for the
central frequency and the standard deviation in frequency domain between i, (jw) and
P(w):

(wg, ) =g (A.24-1)

0} =+02 (A.24-2)

wlTJa,b_(Xz 0
Substituting Eq. (A.21-1) and Eg. (A.22) into Eq. (A.24-1) and Eq. (A.24-2),

respectively, we can obtain the central frequency (w%b) and the standard deviation O for
’ o,b

(l}(x,b(jw)-
Wc
(g V=7 (A.25-1)
=L A.25-2
O-w"T’a,b_ \/EO( ( . - )

Following the previous method used for the signal U, (jw), we can obtain the central

frequency <“)‘T’ab) and the standard deviation Oug . for the signal format @, (jw) adopted in

this work:
_ _Wo -
(06, =7 (A.26-1)
1
Oug = T (A.26-2)

A3. Uncertainty principle for CMWT

Now we have obtained the central time (t,, ,)and the standard deviation Oty in time
domain for Morlet wavelet daughter signal ¢, (t), as well as the central frequency (w%b)

and the standard deviation Oug,, in frequency domain for the transformed signal @, (jw).

The time interval [(t%b)-o% b’<t‘Pab)+Gtcp b] is the range where @, exhibits its “most



significance”, while the frequency interval [<‘”¢’ab>'0 <(”<T’ab>+%¢a b] plays the same

u)@a,b’
role for ., (jw) as the time interval does.

Furthermore, in the time-frequency plane (t, ®), the rectangle defined as [(t%,b)-ﬁtq, o

(t(pa,b)+ct%’b] . [<‘”¢>a,b) '0‘”%,1)’ <(.l)(‘3a'b) +G‘”%,b] is called the Heisenberg window for
function ¢, (t). With this definition, we can mention that ¢, (t) is located around central
((t%’b), <“)<?’a,b>) in the time-frequency plane, with a uncertainty given by Otpqp Oy Base
on the results derived above, we can obtain the uncertainty principle for ¢,:

. (A.27)

Gt‘Pa,b . G‘“%,b

As both temporal and frequency resolutions derived above suggest, the scale factor a can
yield an adjustable time-frequency resolution for continuous Morlet wavelet transform.
However, there is a limit on how well a continuous Morlet wavelet transform can resolve in
frequency and in time, as Eqgs. (A.27) governs. In order to better interpret Eqs. (A.27), we can
introduce two important concepts. For Morlet wavelet signal ¢, (t), standard deviation of

Oty , in time domain represents temporal resolution; while the standard deviation Oug, . in
a, a,

frequency domain represents frequency resolution. From the viewpoint of mathematics, Eq.

(A.27) indicates that it is a constant if the time duration Oty , is multiplied by frequency
bandwidth g, from the viewpoint of physics, we cannot increase the temporal resolutions

and frequency resolutions simultaneously for Morlet wavelet transform. This is the core why
we need to optimize parameters for CMWT in order to realize a fast measurement of

Warburg-like impedance spectra in a required precision and over a given frequency range.



Appendix B. Fourier Transform for Complex Morlet Mother Wavelet[45]

At the Appendix A, the mother Morlet wavelet can be simplified as Eg. (A.2) when

2nfc>5. The Fourier Transform for the mother Morlet wavelet can be expressed as:

W(O= gz exp(2nt.D) - exp(-) (B1-1)
BGw)== [ W(Dexp(jot)dt (B.1-2)

Eqg. (B.1-2) can be re-arranged as:

t ](m—ZT[fc) 2 (u) 21ch) ](u) 2mfe)

\/—
B0) === [ exp(-[ 5+ 152 D exp (- d(H ) (B
. ' t ](u) 2mfe)
If we define t;=—= 5t—75 and wc=2nfc, Eq. (B.2) can be simplified as:
~ . 1 -00)% | oo P20 0
P(j0)==gexp(-“52) [ exp(-t; )ty (B.3-1)
b j(we2nf) )
=% = (B.3-2)
w.=2Tf, (B.3-3)
Herein, we use an important integral property related to the Gaussian function:
2 exp(-t?)dt=vn (B.4)

Combining Eq. (B.4) with Egs. (B.3), the Fourier Transform for the mother Morlet

wavelet can be re-expressed as:
Bo)==exp(- 2L (B.5-1)
w.=2Tf, (B.5-2)
Similar to above method, we can obtain the Fourier transform for the daughter wavelet

Yo p(t) as defined in Egs. (A.11),

~ . 1 0 : t-b t-b)? .
P ()= === [ exp(i2f, D) - exp(- S yexp(jwnde  (B.6)

By re-organizing Eqg. (B.6), the following equations can be obtained:



~ Va 1 -w)? . © P20 4,
Pop(0)="%" 1= exp(- D) -exp(-jwb) [ exp(-t; )dt, (B.7-1)

() 4 dewnd _
tz—JZ(a)+ = (B.7-2)
w.=2Tf, (B.7-3)

Combined Eq. (B.4) and Egs. (B.7), the Fourier Transform for the daughter wavelet

Y p(t) can be expressed as:

Pun((0)=12 exp(- “22L)-exp(-jwob) (B.8-1)

w.=2Tf, (B.8-2)

After band parameter fy is introduced into the improved complex Morlet mother wavelet
¢(t) and the improved daughter wavelet @, (t), the method similar to above can serve to

obtain the Fourier transform forms as:

~ Va/f : fip (aw-0¢)*
Bap(0)= = exp(Jub)exp(- Loy (B.9-1)
w.=2Tf, (B.9-2)

Appendix C. Step response analysis for Warburg impedance model [46]

C1. Time-domain analysis

Step current i(t)=loe(t-to) is regarded as the exciting signal for impedance estimation in
this work, where lo is the amplitude of the step current signal, (t-to) is the unit step function,
to is the delay time. When the fractional impedance model as shown in Fig. 1a is excited by

i(t), in complex frequency domain, the output voltage u(t) can be expressed as:

U(s)=2(s)-I(s) (C.1-1)
Z(s)=Ro+ X1 (Ri//Zcpr:) +Zweo (C.1-2)
I(s)= 1:0 exp(-sty) (C.1-3)
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where // denotes the parallel connection between impedance model elements, Z(s) is the total
complex impedance; I(s) and U(s) are the Laplace transforms of the current input signal i(t)
and voltage output signal u(t), respectively; Zcrei and Zw. are complex impedances of
constant phase element CPE;(i=1,2) and semi-infinite diffusion Warburg element, respectively.

In complex frequency domain, Zceei and Zw. are defined as:

1

Lepri(8)= gy 1=1,2 (C.2-1)
NG
Zweo(8)="7 (C.2-2)

Re-organizing Egs. (C.2) and Egs. (C.1) yields the output voltage response U(S) in

complex frequency domain:

R R; V2o
U@s)=ly (f’ exp (-sto)+ X (o) exp(-sto) + 5 exP('St0)> (C3)

s2
In order to obtain the output voltage response in time domain, we need to use the

formula of the inverse Laplace transform listed as follows:

L {Sexp(-sto) | =e(t-to) (C.4-1)
qf kis*P _ ak+B-11k «

L expesto) | =(tt0) B (A(-t0)) 42)
L1 {ig exp(-sto)} = j—ﬁ (t-t)? (C.4-3)

where E‘O‘(,B(Ata) is the Mittag-Leffler function as expressed by Eq. (C.4-4):

Eup(@= 30 rs (c4-4)
Setting k=0 and pB=a+1 in Eqgs. (C.4), then substituting Egs. (C.4) to Eq. (C.3) can yield

the output voltage response u(t) in time domain:
u(t)= uo(t)+ux(t)+uz(t)+us(t) (C.5-1)

Uo(t)=loRog(t-to) (C.5-2)
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1 1
U1 (©=lo 5 (60)™ Enymy 41 (g (EE0)™) (€5-3)

1 n 1 n
w()=lo - (tt0) “Enymy1 (g (o)™ (C.5-4)
us(H)=2v21y0 /“HL') (C.5-5)

where uo(t), ui(t), uz(t) and us(t) are the output voltages of Ro, R1//CPE1, R2//CPE2, and Zws,
respectively; and u(t) is the total output voltage of all these impedance model elements.

On the way to implement a fast measurement of Warburg-like impedance spectra, the
most critical issue is low-frequency diffusion Warburg behavior. In the present study, the
emphasis is put on low-frequency diffusion behavior. Hence, constant phase elements are
simplified into ideal capacitors, i.e., ni=1.0 and Qi=Ci(i=1,2). In this situation, Zcpeei(i=1,2)

and ui(t)(i=1,2) can be re-expressed as:

1
Zepi= C_is (C-G'l)

u;(H)=IHR; (1- exp ( %)) and t;=R;(; (C.6-2)

The profiles of both input signal i(t) and output signal u(t) are shown in Fig. S1. The step
response voltage u(t) is the sum of uo(t), us(t), uz(t) and us(t), which are across Ro, R1//CPE;,
R2//CPE;, and Zw-, respectively. Till now, the analytical solutions for u(t), uo(t), ui(t), uz(t)
and us(t) have been obtained.

Fig. Sla and Fig. S1b show the profiles of step current input i(t) and step response
voltage u(t), respectively. Fig. S1c shows the profiles of uo(t), ui(t), uz(t) and us(t) with
respect to time t. At the first sight of Fig. Slc, it looks like that both ui(t), and ux(t) reach their
stable states immediately at the instant of to due to the smaller time constants for R1//CPEq,

and R2//CPEx. In order to capture the transient properties more clearly for ui(t), uz(t) and us(t),

a semi-logarithmic coordinate is adopted for a new time variable (t-to). With a semi-

12



logarithmic coordinate Ig(t-to), the transient processes for uy(t), uz(t) and us(t) can be clearly

observed.

Before we discuss the transient processes, the following assumptions need to be noticed:

1) the step current is limited and lower than 0.1C charge rate in order to guarantee SOC

deviating from the initial state as little as possible;

2) the sampling duration is not more than 30.0 s, in this situation, SOC deviates from

initial value will be less than 30/3600/10=0.08%.

Above two assumptions guarantee the SOC of a LIB will nearly keep constant during the

whole sampling duration T,. Based on above assumption and analysis for a LIB, we might

treat the time-varying system as a time-invariant system approximately.

2.0
—i(t) (a)
15}
<«
E1o}
0.5
0'0 1 1 1
0 10 20 30 40
t/s
12
uo(t) (c)
—— u1(t)
9l —_— uz(t)
—— us(t) /
> ) o
3 ~
3r /
o _y 1 1 1
0 10 20 30 40
t/s
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Fig. S1. Profiles of the exciting signal and the response signals for the fractional
impedance model as shown in Fig. 1la. (a) The step input current i(t); (b) the step response
voltage u(t) across the total impedance; the step response voltages of uo(t), us(t), uz(t) and us(t)
across Ro, R1//CPE1, Ro//CPE>, and Zw., respectively with respect to (c) t; and (d) Ig(t-to),
herein time delay t=5.0 s.

Based on above analysis, the following trends or results can be found:

1) the ohmic voltage uo(t) across Ro reaches the stable state immediately at the instant of
t=to. In other word, there is no transitional behavior for pure resistors even imposed to a step
exciting current/voltage signal;

2) different from the appearances as presented in Fig. S1c, the step response voltages ui(t)
and u(t) do not reach their stable states at the instant of t=to. In detail, it takes time scales of
102s and 107 s, respectively, for ui(t) and ux(t) to basically reach their stable states, both of
which are timed from the instant of t=to. Furthermore, the transient process of ui(t) for
R1//CPE; is much faster than that for Ro//CPE>. The above features can also be reflected by
the characteristic frequencies in frequency domain;

3) us(t) across Zw. exhibits much slower transition property than us(t) across R1/CPE:
and ux(t) across Ro//CPE2. The above phenomenon is well agreement with the underlying
physicochemical mechanism that charge transfer runs much faster than species diffusion.
Under the condition of step current excitation, us(t) across Zw.. is increasing all the time and
shows no sign of stabilization in the time range of 0~40.0 s. The evolution trend for us(t)
seems to partially violate the mechanism of charge storage and the determining rule for
electromotive force of LIBs. The above confliction might be originated from the time scale
difference between AC impedance model and DC charging/discharging model.

In present work, we are focused on optimizing and validating CMWT algorithm just
based on a dummy cell, which is originated from lithium ion batteries (LIBs) but finally is not

14



limited to and beyond LIBs. Actually, if CMWT algorithm is applied to LIBs for a fast
impedance measurement, there exist at least three different measures benefiting to eliminate
or mitigate the possible conflict mentioned above:

1) the increase of transient voltage is controlled below a certain value via reducing the
amplitude of the charging current furthermore;

2) charging time is reduced to 50.0% of the original value via using double pulse input;

3) the lower-limit frequency is increased appropriately so that the sampling duration

could be reduced as well.

All above measures will benefit to control the rise of transient voltage beyond the given

range.

C2. Frequency-domain analysis

-
N
o

20ig|l, | /dB
20ig|u, | /dB

'

=Y

[<2]

o
T

-240

1 1 1 1 240 ) ) ) )
0 200 400 600 800 1000 0 200 400 600 800 1000
f IHz f JHz

Fig. S2. The normalized amplitude spectra obtained with different methods of Theory,
FFT, and CMMT. (a) 20lg|in| for step-exciting signal i(t); and (b) 20Ig|Un| for step-response
signal u(t). The parameters for CMWT and FFT are set as to=5.0 s, b=5.0 s, a=1~10000,

f,=1.5-10"° s2, f:=1000 Hz, f =0.1 Hz, fu=1.0 kHz, f:=20 fu.

In order to compare amplitude spectra obtained with different methods of Theory, FFT,
and CMMT, Fig. S2 shows the normalized amplitude spectra 20lg|In| for step-exciting signal

15



i(t) and 20lg|Un| for step-response signal u(t). Herein, signals of i(t) and u(t) are taken from
Fig. Sla and Fig. S1b in the time range of 0~35.0 s. Fig. S2 shows that CMWT provides
stronger amplitude spectra for both 20Ig|in| and 20Ilg|Un| than Fast Fourier Transform and
theory methods, in particular for the high-frequency regime. The above phenomena are
natural since FFT could not capture instant information but just provide an average property
of frequency spectra among the whole measurement period, however CMWT could capture
time-vary frequency spectra.

Before obtaining impedance spectra through Eq. (9), we need to calculate the wavelet
coefficient for both step-exciting signal i(t) and step-response signal u(t) in terms of using Egs.
(7). Similar to Fig. S2, signals of i(t) and u(t) are also taken from Fig. S1a and Fig. S1b in the
time range of 0~35.0 s.

Fig. S3 shows CMWT coefficients I(a,b) and U(a,b) for i(t) and u(t), respectively. The
3D diagram shows the evolution trend of wavelet coefficients with the scale factor « and time
shifting b. As shown in Fig. S3, the signal intensities of I(a,b) and U(a,b) show a maximum
at the instant of b=5.0 s, which agrees well with the step-current input signal log(t-to) and

delay time to=5.0s.

o
P
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<03 2
E E
30.2 -’.:
S g
150.1 12 0.
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Fig. S3. CMW coefficients (a) I(a,b); and (b) U(a,b) for i(t) and u(t), respectively. The
wavelet coefficients are calculated using Eqgs. (7) with parameters as, a=1~10000, f,=1.5-10°

s?, f:=1000 Hz, f.=0.1 Hz, fu=1.0 kHz, fs=20 fu.
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Appendix D. Nomenclature

/l Connected in parallel for the impedance model elements.
1 Connected in series for the impedance model elements.
COl Cone of influence.

LIBs Lithium ion batteries.

CMW Complex morlet wavelet.

CMWT Complex morlet wavelet transform.

EVs Electric vehicles.

PEMFCs Proton exchange membrane fuel cells.

FT Fourier transform.

FFT fast Fourier transform.

STFT Short time Fourier transform.

WT Wavelet transform.

CPE; Constant phase element i for the process of CPEi//R;.
EIS Electrochemical impedancee spectroscopy.

fu Upper-limit frequency, /Hz.

fL Lower-limit frequency, /Hz.

fc Centre frequency of complex Morlet mother wavelet (CMMW), /Hz.
o Band parameter of CMMW, /s?.

fs Sampling frequency, /Hz.

a Scale factor of CMMW.

A Scale factor range defined as A: (ay, ay ).

ow Upper-limit value of the scale factor «.

oL Lower-limit value of the scale factor .

b Time shifting, /s.

18



Ni
Qi
SCs

Wo(t)
b(®
U(jw)
Wb ()
Ve ()
o(t)
Pob

Do (j00)
(ty)
(tye)
(e

thIJ

O
tlIJoc,b

Index of constant phase element CPE;.

Amplitude of constant phase element CPE;, /S s".
Supercapacitors.

Sampling duration or length, /s.

A characteristic duration, /s.

e-folding time, /s.

Width of Gaussian window, /s.

Angle frequency, /rad s™.

The original mother Morlet wavelet.

The simplified mother Morlet wavelet.

The Fourier transform of complex Morlet wavelet §s(t).
The simplified Morlet wavelet daughter.

The Fourier transform of complex Morlet wavelet 1, ().
The improved mother Morlet wavelet.

The improved wavelet daughter.

The Fourier transform of complex Morlet wavelet @, 1, (t).
The central time for yi(t), /s.

The central time for Y, (t), /s.

The central time for @4, (t), /s.

Temporal resolution for yi(t), /s.

Temporal resolution for Y, ,, (1), /s.
Temporal resolution for ¢ ,(t), /s.

The central frequency for {(jw), /rad s.

The central frequency for U 1, (jw), /rad s™.
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(w%‘b) The central frequency for @ (jw), /rad s,

Oug Frequency resolution for {(jw), /rad s™.

G“’%,b Frequency resolution for lTJa'b (jw), /rad s,

Cop,, Frequency resolution for §,,(jw), /rad s™.

f(t) A raw signal in time domain.

e(t) Unit step function.

i(t) Step current signal imposed to the dummy cell in time domain, /A.
lo The amplitude of current input signal of i(t), /A.

I(s) Laplace transform of i(t), /A.

U(s) Laplace transform of u(t), /V.

u(t) The total output voltage of the dummy cell, /V.

Uo(t) The voltage response of R, /V.

us(t) The voltage response of CPE1//Ry, /V.

u2(t) The voltage response of CPE2//R», V.

us(t) The voltage response of Zwe, /V.

Ro Ohmic resistance, / Q.

R1 Polarization resistance for the process of CPE1//R1, / Q.
R Polarization resistance for the process of CPE2//R, / Q.
Zcpe1 Complex impedance of constant phase element CPEy, / Q.
Zcpe2 Complex impedance of constant phase element CPE», / Q.
Zwoo Complex impedance of semi-infinite diffusion Warburg, / Q.
Z The total complex impedance of the dummy cell, / Q.

fuo Expression of Gaussian distribution.
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ab(t)
hab(t)

T (a,b)

Mean or expectation of Gaussian distribution f, ;(x).
Mean square deviation of Gaussian distribution f, ;(x).

Gaussian window function of complex Morlet wavelet @ 1, (t).
Sinusoidal function complex Morlet wavelet @ ,(t).

Wavelet coefficient of Gaussian window function ge,n(t).

21



