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1 Computing mp-mrec phantom distributions

1.1 Mathematical form

In the present work, phantom mp-msc distributions are taken as joint lognormal.
Distributions are phrased in terms of logio-space, that is ON/(Ologiomp-Ologiomsc) rather than
ON/(6mp-0meec), as the particle mass spans several orders of magnitude. Distributions are
parameterized following Sipkens et al. (2020b), phrasing the distributions as bivariate normal in

logio-space, using Eq.8 of the paper. In that equation, the mean is,
n= [loglomrBC,glloglomp,g]T: (Sl)
and the covariance is,
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where mpg and mwmecg represent the geometric mean of the total particle and rBC mass,

respectively; and orsc and op are the geometric standard deviation of particle and rBC mass. The

covariance is parameterized using the correlation between the particle and rBC mass in logarithmic
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space, Ri2, which controls the broadness (R12 = 0 for very broad distributions and Ri2 = 1 for very
slender distributions) of the mp-miac distributions. Unlike Sipkens et al., the current distributions
are constrained by the fact that mp > mysc (Naseri et al., 2020), as the mass of rBC cannot exceed

the total particle mass. The distribution is truncated accordingly.

1.2 Parameters for representative atmospheric distributions

Parameters are chosen to represent a wide range of black carbon mixing states found in the
atmosphere following a condensation process and based on several studies (Gong et al., 2016;
McMeeking etal., 2010; Yuetal., 2019). McMeeking et al. (2010), for example, conducted aircraft
measurements of rBC aerosol concentrations in the lower troposphere over Europe using the SP2,
spanning remote continental regions to highly populated urban areas. They reported a mass median
diameter (MMD) and geometric standard deviation (GSD) of rBC mass of duwvp = 183 nm and
orsc = 2.08, respectively. Transforming to the quantities of interest here follows from using the

Hatch-Choate equation,

dcmp = dump exp[—3(Ino,pc)], (S3)

to convert this mass median diameter of rBC to its equivalent count median diameter (CMD) and

Tdd
MiBcg = Peff 6MD (S4)

to convert to a median rBC mass using the same rBC density of perr = 1800 kg/m® as used by

McMeeking et al. (2010). For the McMeeking et al. parameters, dcmp = 135.6 nm and mesc g = 2.35
fg.

Phantoms were created which model a simple condensation process in the atmosphere, that is, the
geometric mean rBC mass and geometric standard deviation of mrsc were the same in all phantoms
(i.e. the rBC particles are unchanged through the condensation process and coagulation is

neglected).
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As noted above, the covariance in Eq. (S2) is parameterized using a correlation, Ry,
between two types of particle mass, thereby specifying the breadth of the mp-mrsc distribution.
Specifically, we assume that high rBC mass fractions are associated with very thin or non-existent
coatings and thus very narrow distributions. Conversely, particles with a substantial non-refractory
component are associated with thick coatings and broad distributions. Futhermore, it was assumed
that the GSD of the particle mass is equal to the GSD of the rBC mass (i.e., op = or8c=2.08), which
IS an arbitrary constraint, but one that is approximately observed by Yu et al. (2020). This is
implemented by stating R12 as a function of mpg,

Rz = —(3.0 X 1079)m,, 42 + (2.2 x 1073)m,, ; + 9.9 x 1072, (S5)

Given that mpscg = 2.35 fg is taken as a constant in the associated paper, this acts as a surrogate
for the mass fraction of non-rBC in the particles for the sampling procedure described
subsequently. It must be emphasized that the form of this relation is purely empirical, derived
qualitatively based on observations of uncoated aerosols and the coated urban aerosols observed
by Yu et al. (2020), using two-dimensional particle mass-rBC mass distributions, and studies by
Liu et al. (2014) and Gong et al. (2016), which demonstrate how the aging processes affects the
coating thickness of rBC-containing particles.

Throughout this work, mrecg , 6p, and orac are fixed at the values reported in Table A.1,
while mpg is sampled to realize the range of phantoms shown in. The quantity Nt is sampled
randomly over the range of [10, 10%] cm™ to span the range of atmospheric number concentrations
from clean and heavy air pollution episodes (Chenget al., 2018; Gong et al., 2016; Wang et al.,
2014; Reddington et al., 2013) and combustion sources (e.g., Sipkens et al., 2021)

Table A.1. Parameters used in the generation of hypothetical two-dimensional particle mass-BC mass
distributions.

Miecg [fg] mMpg [fg] OrBC Op mp [f] mec [fg]
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FigS. 1 Different non-dimensionalized phantoms with diverse variability of non-refractory components
between particles randomly generated for synthetic data fabrication.

2 An alternative parameterization using the conditional width

Following Sipkens et al. (2020b), the above representation can also be phrased in terms of a
conditional geometric standard deviation, orscpp. This quantity represents the width of vertical

slices through the 2D distributions, as shown in FigS 2.
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FigS. 2 . Different non-dimensionalized phantoms with the conditional distributions.

For very narrow distributions, where R12 = 1, orecp = 1; for wide distributions, where R12 = 0, oracp

= ormc. As such, this parameter can replace Riz in the definition of the bivariate lognormal

distribution to give,

2
Niot 1 (Inm;, —Inmp,q
my,,m = expi—=
p( P ch) 2rmpymegclno,Inogep P 2< Ino,

, (S6)
1 (lnmch - ln(mrBC,glmD)>

2

an'ch|p
where mysc gjmp is the conditional geometric mean rBC mass, and omcp is the conditional

geometric standard deviation, which be derived from X in Eq. (S4) using (Bertsekas & Tsitsiklis,

2002),
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lngUchna = ’21,1(1 - Rf,z)- (57)

FigS 3. shows this relationship, where the condition geometric standard deviation changes from

orecp = 1.0 when R12 = 1 to oracp = orec When Ri2 = 0.

0 0.2 0.4 0.6 0.8 10
R12

FigS. 3 . Relationship between the correlation, R, and the conditional distribution geometric standard
deviation, 6,5c|p.

3 Trends in optimum Tikhonov regularization parameter with the distribution
width

FigS. 4 indicates a positive correlation between the optimal Tikhonov regularization
parameter and the width of the distribution. While larger regularization parameters are often
associated with lower errors, these large regularization parameters are only reasonable for broad

phantoms. Generally, broader distributions respond better to prior information (via the Tikhonov
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regularization scheme) that encodes smoothness. By contrast, very narrow phantoms will have
their edges smoothed away by the prior, requiring lower regularization parameters to preserve
sharpness. At the same time, the smaller regularization parameter will increase the amount of noise
that propagates forward into the reconstructions, such that the minimum achievable error is larger.
Some of this may be overcome using a different prior, e.g., exponential distance prior (Naseri et

al., 2020; Sipkens et al., 2020b) or a total variation prior.
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FigS. 4. The sensitivity of reconstruction accuracy to R;» indices (i.e., distributions' broadness) and
colored with the regularization parameter.
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