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THEORETICALLY EXPECTED RESULTS

Derivation of detection rate and measurement uncertainty, based on the derivations in Refs. [1, 2]. The M independent
N-photon NOON states, after rotation, can be expressed as
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In a measurement, each N-photon state should be projected onto the state
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Hence, the measurement operator, identifying the number of N-photons detected out of our M independent states, is
of the form
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where we have defined [N,0) = |[N,0), ,. The expectation value for the number of N-photon detections is of the
form
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In eq. (S4), only the j =i = p part of each term can differ from unity. Leaving us with
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To then calculate the theoretical detection uncertainty
(an)
A - S6
7 |o(21) /oy | (S6)



L] ] [} i
30 § s i n ¥ i i "
200 + i # i . [ M
g 100 +
®, n " | . n I n
o 0 L - L I 1 L A
E’ 0 50 100 150 200 250 300 350
= i i i 4
E 300 5 i3 ik i
200 +
i A i 3 a 5
100 +
& 4 & 4 & 4 &
0 : Al Y VA Y N— LA
0 5 10 15 20 } 25 30 35
> 30 + }
I S O A
‘u"’ 20 {
£ ! i 1 f 4
£
S o }é‘.} R &;5 A
0 0.5 1 1.5 2 2.5 3 3.5

Rotation (°)

FIG. S1. Two-photon NOON state measurements for [¢| = 1, |¢| = 10, and |¢| = 100. In contrast to the measurements presented in
the main text (Fig. 2), here the photons were projected onto the same superposition structure. The error bars were calculated
from around 25 repetitions for the |¢| = 1 and 10 measurements, and from 19 repetitions for the |¢| = 100 measurements.
Accidentals have been subtracted. In comparison to the data shown in the main article, the positions of the peaks and troughs
are flipped. The visibilites for each curve (from weighted nonlinear least squares fits) are 0.978 +0.002 for |¢| = 1, 0.997+0.001
for |¢| = 10, and 0.982 + 0.009 for |¢|] = 100. Where the errors are standard errors, calculated from the confidence intervals of

the fitting parameters.

we first need to calculate
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Since m;m; = m;, and the same conditions for the different terms apply as in eq. (S4), the above equation simplifies
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It is worth noting that the variance in eq.(S8) follows the variance of the binomial distribution which could be expected
for a nearly lossless system with a deterministic photon source. Next, the derivative of the expectation value is
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giving us the relation
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MEASUREMENT IN EXPERIMENT

In our measurements we project the two photons onto two orthogonal states while rotating the measurement holograms.
Meaning that we combined the beam rotation and state projection into both measurement holograms and effectively
project the photons onto the superposition states d;i = %(d; + e~ 2INlegT ) separately.

It is worth noting that projecting the two photons onto the same rotating structure djp = %(dz + eﬂiNZs&gﬁ_é) is
equally valid. In our measurement scheme, in which we probabilistically split the two photons, the main differences
between the results obtained from these projections is a flipping of the positions of the peaks and troughs in the
measured data, and the fact that the projection on identical structures would produce a similar fringe pattern even
without bunching (only the height of the peaks increases with bunching). This switching between the peak locations
can be seen by writing the two-photon version of the state [¢,), given in eq. (S1), in the MUB spanned by the petal
structures My and Mo
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To demonstrate this, Fig. S1 contains rotation measurements for |¢| = {1, 10, 100} twisted NOON states projected onto
the same petal structure.

FISHER INFORMATION

We calculate the Fisher information from the fits to our measurement data. Since the fits
are of the form (l—cos (2N€ 805 P —c)) 4+ D, the measurement probabilities are simply P; =

AjD [ (1—cos (2N€1800 — )) —l—D] and P, = 1 — MLD [2 (1—cos (QNEISOO —c)) —l—D]. Here, P, corre-
sponds to a successful detection of a heralded single photon, or a two-photon state, and P» takes into account the
estimate of the losses in the system while ensuring that P; + P, = 1. The efficiency of the system n was estimated
by measuring the losses with a laser. This was done separately for different spatial structures. Then, this estimate
is multiplied by the efficiencies of our single photon avalanche diodes (74 % and 75 %, Laser Components COUNT
T) at 810 nm. This of course excludes the efficiency of our two-photon source and the slight difference in alignment
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FIG. S2. Fisher information and angular uncertainty of OAM NOON states for £ = 1. On the upper row, the continuous green
line is the Fisher information F multiplied by the estimate for the total number of heralded single photons (or two-photons)
before losses (Mr). The green crosses are the reciprocal of the measured variance which should follow the Cramér-Rao bound
Var(¢) > 1/mpF [3]. On the bottom row, the continuous curves are calculated using eq.(3) from the main text and Poissonian
errors calculated from the fit. The red crosses are the experimentally determined precision values calculated using eq.(3) from
the main text. (a) and (b) were calculated from the heralded single photon data for |[¢| = 1, and (c) and (d) contain two-photon
data for |¢| = 1. In all graphs, the black dashed lines depict the interference curves for reference. On the bottom row, the
precision values that have been circled are used for calculating the respective sensitivities in Fig. 4 of the main text.

when switching from the laser to the single photon source. However, as can be seen from Fig. 3 in the main article,
the analysis is sufficient for a reasonable estimate of the Fisher information at different values of ¢. The measured
efficiencies for £ = 1 are 2.6 % for the channel used for heralded single photons and 2.01 % on average between
the four possible input and output combinations. These losses stem from the modulation efficiency of our spatial
light modulators (SLMs), which was around 70-75 %, the beamsplitters that had a splitting ratio close to 50:50, the
coupling efficiency at the last SMF, and losses caused by the mode carving and intensity flattening methods [4, 5].
The varying efficiencies between different combinations of input and output fibers were caused by imperfections in
our imaging systems, imperfect splitting ratios of the beamsplitters, and slight differences in alignment.

We calculate the total efficiencies as 7y, = 0.026 X 0.75x0.74 and 1 2 = 0.02012 x 0.74 x 0.75 for the single photon and
two-photon measurements with ¢ = 1, respectively. More specifically, for every component the losses of the system
have a two-fold effect in the two-photon case (e.g. 0.5 = 0.25 for the first beamsplitter), hence we estimate the
efficiency of the system by squaring the average efficiency over all channels. We performed the same calculations for
¢ = 100 which had an efficiency of 0.63 % for the single photon channel and 0.29 % on average between all channels.
With these probabilities, the Fisher information is then calculated as [3]
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Finally, in order to compare the calculated Fisher information directly to our measurement data, we need the number
of independent repetitions of the measurement My [3]. Using our system losses 7, and the measured maximum
detection rates, we estimate My to be Mp = #. One example of the calculated Fisher information for ¢ = +1 can
be seen in Fig. S2.

QUANTUM FISHER INFORMATION

For pure states, quantum Fisher information can be calculated with the equation [§]

Fo(w)) =4 (af) = a (w2 ]v) - (¥ A ]2)?). (s13)
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FIG. S3. Detailed drawing of the used setup. The photon pair source can be found in the top left corner. The drawing lists the
focal lengths of the used plano-convex lenses in addition to the magnifications of the used microscope objectives. SMF stands
for single mode fiber, SLM stands for spatial light modulator, HWP stands for half-wave plate, and QWP for a quarter-wave
plate. The “longer path” means that a physically longer path was used at that position (achieved with a few mirrors). This is
because the path lengths for each photon from out-coupling to the beamsplitter should be smaller than the coherence length
to achieve bunching [6].

when H is the generator of change in the measured parameter. In our case, the unitary describing a rotation of our
photons with OAM can be stated as U = e—iL=e/ i where L, = hy, Ed;&@ is the operator for OAM in the propagation
direction [9]. As before, &z and ay are the creation and annihilation operators for a photon in a transverse-spatial
mode with OAM ¢h. Hence, if we insert the generator L. /% into eq.(S13), the maximum amount of information we
can extract from the rotation of a light field is simply related to the variance of OAM in the state of light used
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Thus, for a NOON state of the form
1
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the quantum Fisher information can be calculated as
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FIG. S4. A scan of a Hong-Ou-Mandel dip to verify the two photon bunching into the OAM structures. Accidental coincidences
have been removed from the data, and from a non-linear least squares fit to the data, a Hong-Ou-Mandel visibility of 0.976+0.002
was calculated (where the error is a standard error calculated from the parameter confidence intervals of the fit). The error
bars were calculated from 50 repetitions of each measurement. For more details on the calculation of the accidental rates, the
fit, and the visibility, see Ref. [7].

The quantum Fisher information then simplifies to F(|¢))), = 4¢?N?, and consequently, the quantum Cramér-Rao
bound for rotation estimation with the state in eq.(S15) is [3]

A (S16)
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where M is again the number of independent repetitions of the measurement. If we take the square root of this bound
and compare it to the uncertainty in eq.(S10), we notice that with the measurement proposed in eq.(S3) we could
saturate the quantum Cramér-Rao bound. However, due to the measurement requiring the detection of multiple
photons in the same mode, in order to achieve this scaling with N photons, photon-number resolving detectors are
required.

EXPERIMENTAL SETUP

A detailed drawing of the experimental setup is shown in Fig. S3. In the source, we pump a periodically poled
potassium titanyl phosphate (ppKTP, Type 0, 12 mm long) crystal with a 405 nm laser that has a linewidth below
0.06 nm and a continuous-wave free-space power of 135 mW. The pump is then focused in to the crystal that down-
converts the high energy photons into two 810 nm photons. The photons are then filtered through a 3 nm bandpass
filter and separated from each other using the momentum anticorrelations of the photon pair by placing a sharp
edged mirror into the Fourier plane of the crystal. The output of the crystal is then imaged onto two microscope
objectives which are used to couple each photon into a single mode fiber (SMF). Before coupling, one of the photons
goes through a computer-controlled delay line, which is used to adjust the temporal overlap of the photon pair and
realized using a motorized translation stage.

The two photons are then directed onto a spatial light modulator (Holoeye Pluto-2, wavefront corrected using the
method in Ref. [10]) where they are prepared independently in the wanted spatial structures. The pair is then
imaged through identical imaging systems and overlapped probabilistically using a beamsplitter. After this, the pair
is split by a second beamsplitter and imaged onto a second SLM (Holoeye Pluto-2, wavefront corrected) where two
holograms, in conjuction with two SMFs, are used to independently measure the spatial structures [5, 11]. Finally, the
photons are fed into avalanche photodiodes (Laser Components Count-T modules), from which the signal is sent into
a coincidence counter (IDQ ID900) that postselects on photon pairs arriving within a 1 ns coincidence window.



BUNCHING CURVE

To further demonstrate that the photons bunch into two different OAM structures, we measured a Hong-Ou-Mandel
type interference curve. In the measurement, the two photons were prepared in an OAM = 1# two-photon NOON
state, using the methods specified in the main text. The photons were then projected independently onto the two
orthogonal OAM states with £ = 1 and ¢ = —1, respectively. Then the indistinguishability of the two photons was
varied by changing their temporal overlap with the delay line in the two-photon source (see Fig. S3). The measured
dip can be seen in Fig. S4. From the measured data, it can be seen that the two photons bunch into the same spatial
structure at zero delay and hence the coincidence counts drop significantly.
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