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1. THEORY OF FREQUENCY-TO-TIME MAPPING

When a short pulse propagates through a transparent medium, its group velocity will be frequency
dependent. This phenomenon, called group velocity dispersion (GVD), allows for frequency-
to-time mapping. The transfer function of a dispersive medium, of length z and propagation
constant β2, can be given by [1]

H̃(ω) = e−iβ2z(ω−ω0)2/2, (S1)

where H̃(ω) is a function of frequency, ω, and ω0 is the carrier frequency of the pulse. The
dispersion parameter of the medium, D, is related to the second-order propagation constant
through: D = −2πcβ2/λ2, where c is the speed of light and λ denotes wavelength.

Following closely the mathematical description of frequency-to-time mapping presented in
Refs [1, 2], the dispersed pulse can be written as the convolution between the input pulse, Ein(t),
and the transfer function of the dispersive medium, H(t), in time:

Eout(t) = Ein(t) ∗ H(t)

=
∫

dt′Ein(t′)H(t − t′), (S2)

where t′ and t describe the temporal domain of the input and output pulses, respectively.
By taking the Fourier transform of H̃(ω) given in Equation S1, H(t) can be found,

H(t) =
1

2π

∫
dω e−i 1

2 β2z(ω−ω0)2
eiωt

=

√
−i

2πβ2z
eit2/2β2z eiω0t, (S3)

where eiω0t is the carrier term. The output pulse is therefore

Eout(t) =

√
−i

2πβ2z

∫
dt′Ein(t′) ei(t−t′)2/2β2z eiω0(t−t′)

= A
∫

dt′Ein(t′) e−itt′/β2z eit′2/β2z e−iω0t′ , (S4)

with

A =

√
−i

2πβ2z
eit2/2β2z eiω0t. (S5)

Here, we assume a near-transform limited input pulse with duration τ0, where Ein(t′) → 0
sufficiently quickly for |t′| > τ0/2. In this case, and for large enough dispersion,

|β2z| ≫
τ2

0
8

, (S6)

t′2/β2z ≈ 0 for all values of t′ over which the input pulse is non-zero. This is the direct frequency-
to-time mapping regime. The output pulse is then given by

Eout(t) = A
∫

dt′Ein(t′) e−itt′/β2z e−iω0t′ . (S7)



The integral in Equation S7 is just the Fourier transform of the input pulse, where ω =
ω0 + t/β2z. The output pulse can therefore be written as

Eout(t) =

√
−i

2πβ2z
eit2/2β2z eiω0t Ẽin(ω = ω0 +

t
β2z

). (S8)

It is seen that in the large dispersion limit, the stretched output pulse is a scaled version of the
input spectrum multiplied by a quadratic temporal phase. This shows the important result that
the dispersive element maps frequency onto time, with a mapping factor of

∂ω

∂t
=

1
β2z

. (S9)

It is important to remember that Eq. S6 sets the required dispersion to reach the “far field” for
frequency-to-time mapping with minimal distortions and an accurate spectrum representation.
The finest spectral feature, δ f , of the input waveform and its duration τ0 are related by the time-
bandwidth product τ0δ f ∼ 1. This sets a limit on the spectral resolution in the large dispersion
limit,

|β2z|(δ f )2 ≫ 1
8

. (S10)

This spectral feature, δ f , is stretched to a duration δt = 2π(δ f )|β2z|, which must satisfy

δt ≫ π√
2

√
|β2z|

δt ≫ π

4(δ f )
, (S11)

and we see that the smallest temporal feature, δt, which can be generated in frequency-to-time
mapping must exceed the bandwidth-limited pulse duration of the corresponding spectral feature.

2. THEORY OF OPTICAL KERR-GATING

In this work, the time-stretched intensity envelope is sampled optically, through a process known
as cross-phase modulation. Cross-phase modulation occurs due to a χ(3) nonlinear optical process
known as the optical Kerr effect. In this process, a strong ultrafast optical pulse generates an
intensity-dependent refractive index along its polarization axis in the medium through which it
travels. This induces a localized birefringence, moving with the pulse as it propagates through
the medium, which can then be used to rotate the polarization of another optical signal in a very
short temporal window (< 1 ps). When the medium is placed between two crossed polarizers,
only the rotated signal light will be transmitted.

For a linearly polarized ultrafast pump pulse co-propagating with a time-stretched signal beam
of intensity I0, the gated light will have an intensity profile of [3]

I(t) = I0 sin2(2θ) sin2
(

∆ϕ(t)
2

)
, (S12)

where θ is the angle between the signal and pump polarizations and ∆ϕ(t) is the time-dependent
phase difference between the parallel and orthogonal components of signal polarization (relative
to the pump). Polarization rotation is maximal for θ = 45◦, so the pump is set 45◦ relative to the
signal in this work.

The time-dependent phase difference is given by [4]:

∆ϕ(T) =
8πn2

3λsignal

∫ L

0
Ipump(T − dwz)dz, (S13)

where n2 is the nonlinear refractive index of the fiber, λsignal is the center wavelength of the
stretched signal, and z is the propagation distance within the fiber of length L. In a dispersive
medium, the pump and signal will experience temporal walkoff, dw = v−1

gp − v−1
gs , where vgp and

vgs are the pump and signal group velocities, respectively. For this reason, the temporal intensity
of the pump, Ipump, is expressed in the frame moving with the signal [5] T = t − z/vgs, where t
is time in the laboratory frame.
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3. MEASURING SPECTRAL FRINGES

Figure S1 compares what will be observed when two pulses, separated by delay ∆τ2, are measured
with a spectrometer and with the time-of-flight spectrometer. If these two pulses were to be
measured with a grating spectrometer with adequate resolution, spectral fringes with spacing
∆ f = 1/∆τ2 would be observed [1, 6]. This is due to the geometry of the spectrometer. Specific
frequencies of pulses that are localized in time will traverse different path lengths before arriving
at the same spot on the detector. If the spectrometer geometry allows, two pulses separated in
time can be spread such that they interfere at the detector, leading to the observation of fringes.
Similarly, this can be seen if the two pulses are stretched in a dispersive medium and sampled in
the time domain.

Fig. S1. Spectral fringe measurement in the spectral domain. Comparing spectral fringes
measured with a grating spectrometer (top) and the time-of-flight spectrometer (bottom). Spa-
tial dispersion from the grating in the spectrometer leads to interference in the spectral domain.
Group velocity dispersion from the 1 km fiber in the time-of-flight spectrometer leads to inter-
ference in the temporal domain, which can be mapped to the frequency-domain with the fiber
dispersion parameter.
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