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Appendix A: Experimental Setup

Figure S1 shows images of our cryogenic experimental setup for this experiment. The

system’s electrical components, including RF and DC lines mounted on a printed circuit

board, are used for electrical control of gated nanostructure samples. The piezoelectric

positioners are located in front of the circuit board, allowing the lensed fibre to be focused

on the nanostructure. The positioners can also move the fibre such that the light is directed

through a hole in the board, towards the optical components mounted behind it. For further

details on the optical components of this setup, see Section II of the main paper.
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FIG. S1. (a) Sample holder and fibre positioning system on the front of the circuit board: 1. XYZ

nano-positioning stages, 2. fibre clamp holding lensed fibre, 3. chip carrier and mounted sample.

(b) Cryogenic optical setup behind the circuit board: 4. rotating quarter-wave plate (QPW2), 5.

linear polariser (P2), 6. photodiode (PD2). (c) Thermal anchoring: 7. copper ring, 8. stainless

steel tubes, 9. copper cable, 10. brass base plate.

Appendix B: Modelling the Fibre System

A complete characterisation of the fibre’s birefringent core is required in order to deliver

particular polarisation states via fibre. An accurate mathematical representation of the
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fibre allows us to calculate in advance the waveplate orientations required to produce a

given polarisation state, rather than randomly rotating the waveplates until we find the

desired output state. This model can be constructed using Jones calculus if the light beam

experiences no depolarisation, otherwise Mueller calculus should be used. The experimental

setup and the labels for the optical components are shown in Figure 1 of the main text.

The first polariser, which we define to be oriented horizontally, always gives a horizontal

input state, the Jones vector representation of which is:

Ein =

1

0

 (S1)

To complete the model, we need to account for the remaining components of the system:

HWP, QWP1, QWP2, P2, and the fibre F. Based on the rules of Jones/Mueller calculus,

we can therefore represent the entire optical system as:

Eout = P2 ·QWP2 · F ·QWP1 ·HWP · Ein (S2)

Each symbol in this equation represents the standard rotated Jones/Mueller matrix for

the corresponding optical element. When determining the elements of the fibre matrix F ,

the measured parameters of the other components (e.g. retardances) are inserted into the

equation so that F remains the only unknown. As described in the main text, the fibre

matrix is given by:

F = R(−θa)D(φ)R(θb) (S3)

As described in the main article, this equation treats the fibre as a long series of rotated

retarders and is in fact a generic equation which can be used to represent any optical element

which alters polarisation, including fibres, mirrors, and lenses. This single matrix may

therefore represent several of these components in series. Solving for the three parameters

θa, θb, and φ of the fibre matrix involves analysing the output polarisation state with respect

to the input state. Our system is designed to identify the output state of the fibre using

QWP2, P2 and PD2, while the input state is determined by the waveplates in front of the

fibre.

Finally, the measurements made with the cold photodiode PD2 are not of the electric

field’s x- and y-components, but rather of the intensity of the light transmitted through
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P2. Therefore, after calculating the state Eout using the three waveplate orientations, the

expected intensity is given by |Eout|2. The calculated intensity can then be plotted as a

function of the waveplate angles, producing the polarisation maps and signatures shown in

the main article. Such simulations help reveal the accuracy with which the fibre has been

characterised and can be used to predict the orientations of HWP and QWP1 which will

produce the desired polarisations at the fibre output.

Appendix C: Uniquely Identifying Polarisation States

As discussed in the main text, our optical system uses a rotating QWP, a fixed linear

polariser (horizontally oriented), and a photodiode to determine the polarisation state of a

beam of light. Here we show a proof that the intensity signature produced by measuring the

light intensity as a function of QWP angle is unique for every polarisation state. We begin

by noting that the unitary transformation of a density matrix ρ̂ (or indeed, any operator)

is given by:

ρ̂′ = Û ρ̂Û † (S1)

where Û is the unitary operator and Û † is its Hermitian adjoint. In the case of our optical

setup, the unitary transformation is the action of the QWP on the input polarisation state

ρ̂.

Next, we consider the fact that the expectation value of an observable Ô acting on state

ρ̂ is:

〈Ô〉 = Tr(ρ̂Ô) (S2)

The probability of measuring a given state |oi〉 when projecting onto the basis of observable

Ô is therefore:

Pi = Tr(ρ̂ |oi〉 〈oi|) (S3)

This means that if we are projecting an unknown state ρ̂ onto the horizontal polarisation

state, whose state vector is:
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|oi〉 =

1

0

 (S4)

then the observable is written as:

Ô = |oi〉 〈oi| =

1 0

0 0

 (S5)

This is the Jones matrix for a horizontally-oriented linear polariser, PH , which isolates the

horizontal component of the polarisation.

Combining equations (S1) and (S3), the normalised probability of measuring the hori-

zontal state after sending light through a rotated QWP, followed by a horizontal polariser

is:

PH = Tr(ρ̂′PH)

= Tr(Û ρ̂Û †PH)
(S6)

Since the QWP matrix is dependent upon the angle of its fast axis, we will use Û = Û(θ),

where the angle θ = 0 indicates the fast axis is horizontal. Additionally, our actual mea-

surements will be fractions of the total intensity I0 in front of the polariser, so we should

scale our result. The final measured intensity is therefore:

I(θ) = I0Tr(Û(θ)ρ̂Û †(θ)PH) (S7)

Now we can use this measurement of I(θ) to do state tomography on the unknown state

ρ̂ which is exiting our fibre. We can infer from simulations of the six standard states (see

Figure 6 of the main paper) that there is no one value of θ which will uniquely identify a

polarisation, so we must instead use combinations of angles. In fact, we need a minimum of

three QWP angles to identify the polarisation.

By the cyclic property of the trace, the operator acting on the density matrix ρ̂ is

Û †(θ)PHÛ(θ), which we will label α̂(θ). Equation (S7) can therefore be written as:

I(θ) = I0Tr(ρ̂Û †(θ)PHÛ(θ))

= I0Tr(ρ̂α̂(θ))
(S8)
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To prove that we can perform quantum state tomography with this optical setup, we will

calculate α̂ for three values of θ and show that the resulting operators comprise an operator

basis in the complex two-dimensional Hilbert space of the Poincaré sphere. For reasons

which will be explained below, let’s choose QWP angles of 0◦, 30◦, and 60◦. To make the

proof clear, we will quickly work through the example of θ = 30◦ here. Using Jones matrices,

the unitary operator representing the action of the rotated QWP on the beam is:

Û(30) = R(−30)D(π/4)R(30)

=

cos 30 − sin 30

sin 30 cos 30

1 0

0 i

 cos 30 sin 30

− sin 30 cos 30


=

1

4

 3 + i
√

3(1− i)
√

3(1− i) 1 + 3i


(S9)

where D(π/4) is the Jones matrix for a horizontally-oriented quarter-wave plate, and R(θ)

is the standard 2×2 rotation matrix. The observable α̂(30) is therefore:

α̂(30) = Û †(30)PHÛ(30)

=
1

16

 3− i
√

3(1 + i)
√

3(1 + i) 1− 3i

1 0

0 0

 3 + i
√

3(1− i)
√

3(1− i) 1 + 3i


=

1

16

 10
√

3(1− i)(3− i)
√

3(1 + i)(3 + i) 6


(S10)

We can now rewrite this equation as a linear combination of the Pauli matrices, σi, and

the identity, I. To do so, we will use the well-known equation for decomposing a 2×2 matrix

M into the Pauli matrices and identity:

M =
1

2

[
Tr(M)I +

∑
i

Tr(σiM)σi

]
(S11)

Using this equation, we find that α̂(30) can be written as:

α̂(30) =
1

2

(
I +

√
3

4
σx +

√
3

2
σy +

1

4
σz

)
(S12)

The final equations for α̂ at QWP angles of 0◦, 30◦, and 60◦ are therefore:
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α̂(0) =
1

2
(I + σz)

α̂(30) =
1

2

(
I +

√
3

4
σx +

√
3

2
σy +

1

4
σz

)

α̂(60) =
1

2

(
I −
√

3

4
σx +

√
3

2
σy +

1

4
σz

) (S13)

Now, recall that the density matrix for a state ~p on the Poincaré sphere (or Bloch sphere)

is:

ρ̂ =
1

2
(I + ~p · ~σ) (S14)

which has the same form as the operators in equation (S13). These operators are therefore

projectors along 3 different axes in the Poincaré sphere, and if these axes are linearly inde-

pendent, we can use them to identify any polarisation state. To determine whether they are

linearly independent, we calculate the triple product of the Pauli matrix coefficients for the

three equations:

|[α̂σ(0)× α̂σ(30)] · α̂σ(60)| =

∣∣∣∣∣
[
σz ×

(√
3

4
σx +

√
3

2
σy +

1

4
σz

)]
· α̂σ(60)

∣∣∣∣∣
=

∣∣∣∣∣
(
−
√

3

2
σx +

√
3

4
σy

)
·

(
−
√

3

4
σx +

√
3

2
σy +

1

4
σz

)∣∣∣∣∣
=

3

4

(S15)

As the triple has yielded a non-zero result, these three projectors are indeed linearly inde-

pendent. A set of three orthogonal axes (which would have a triple product of 1) would be

the best option for unambiguously identifying the polarisation, but such a set of projectors

is not possible with our setup. The angles 0◦, 30◦, and 60◦ were chosen to optimise the triple

product, although they are not a unique set. Therefore, with a triple product of 0.75, these

three QWP angles should be sufficient to accurately identify any polarisation state using

this readout setup.

In the main paper, rather than making just 3 measurements to prove that each state has

been successfully delivered, we chose instead to take data over a 180◦ range of QWP angles

(see Figure 6 of the main text). While observing the full polarisation signature might help
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the reader to better understand our process, our main reason for choosing to take many data

points was to improve the accuracy of our state identification. Noise in the laser power, as

well as possible errors in the QWP rotation angle (which is controlled by home-made control

software for the piezoelectric rotator), could lead to inaccurate state identification if we are

only looking at three QWP angles. By taking further points, we can achieve far greater

accuracy. Additionally, since the three QWP angles we investigated above are sufficient to

uniquely identify any polarisation, this implies that the full polarisation signature (which

incorporates these angles) must be unique to each polarisation.

As a final note, some of our colleagues have suggested that just a rotating linear polariser

could be used to identify the states, with no QWP in front of it. While this would evidently

be sufficient for many polarisations, especially linear states, it would not work for the left and

right circular states. Both of these states would have a (normalised) transmitted intensity

of 0.5, with no way to distinguish which is right circular and which is left. Such a setup is

therefore unable to accurately identify all polarisation states.
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