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Supplementary Figure S1 | Three-fold bi-chromatic driving field. a, Schematic representation of the MAZEL-
TOV apparatus used for generation of the bi-chromatic three-fold driving field. The timing between fundamental
and second harmonic is adjusted to zero by a pair of calcite plates. An additional calcite plate is used to fine tune
the phase and allow tunability of the cloverleaf orientation. Inset: Lissajous curves of driving fields for different
field amplitude ratios (F,:F2,) of the fundamental and second harmonic. b, Shown are gaussian fits of the
measured incident spectrum (red and blue) and the specified retardance of the quarter-wave plate (black). ¢,d,

Lissajous curve of the total three-fold right-helical (RH) and left-helical (LH) driving field (black) and the residual



field (green) for an amplitude ratio of 1:2. ne; optical axis, «; fundamental frequency, 2«; second harmonic

frequency, Fxy; electric field components.
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Supplementary Figure S2 | High-harmonic spectra. (a) quartz(0001), (b) MgO(111) and (¢) MgO(100) spectra
for two-color excitation with perpendicular-linear (blue) and bi-circular (red) polarization. Spectrograms for (d)
quartz(0001), (e) MgO(111) and (f) MgO(100) as a function of three-fold field rotation angle 6 with logarithmic

color scale. The 8" harmonic of the spectrograms is used to generate Figs. 2a-c.
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Supplementary Figure S3 | Linear Polarization Scans. Harmonic yields as a function of angle of linear

polarization with respect to the fixed crystal, for (a) quartz(0001), (b) MgO(111), and (¢) MgO(100), and their

Harmonic order

crystal structures. Dashed lines and filled/empty circles indicate angles corresponding to maxima/minima of the
harmonic signal. d, Polarization angles corresponding to maximum and minimum signal for each material as a

function of harmonic order (filled and empty shapes, respectively).

2



MgO(111) Wavelength (nm)

0 160 150 140 130 120 110 100
> ,
@ 1 0.2
c 100 | ]
2 >
© ra »
° ®
© 200 | . 0 ¢
ko) o
() [}
i » =
% 300 a

L He| |f 02

Supplementary Figure S4 | Field rotation scans on MgO(111). Difference signal from two intensity-normalized

phase scans, recorded with left- and right-helical bi-circular driving fields, respectively.
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Supplementary Figure S5 | Model of shifted absorption edges. The imaginary part of the refractive index k(E)
(black line) for (a) MgO and (b) quartz. An energetically up (red) and down (blue) shifted edges model the effective

absorption for left and right circular harmonics. The intensities Io(E) of the 5" and 7" harmonics are indicated

Selection rules for bi-circularly polarized HHG in solids

Harmonic generation is a multi-photon process which can involve many photons of each light
field. Since the emitted photon can only have +1 unit of angular momentum, and the two-color
light fields used in this study have opposite circular polarizations, the possible combinations
are constrained. In the case of an anisotropic solid, the lattice itself participates in the process
and can give or take angular momentum on a femtosecond timescale, but only in quantized

units given by its rotational symmetry. Allowed processes for harmonic generation must obey
q—3n=2IN % 2,

where q is the order of the emitted harmonic, n is the number of w-photons, N refers to the
rotational symmetry of the N-fold crystal, [ is the number of quanta of angular momentum

contributed by the lattice, and the sign determines the polarization state of the harmonic. This



selection rule is substantially different from the one derived for single color circular fields'?.
By energy conservation, the number of 2Zw-photons must be m = (¢ —n)/2. Elementary
algebra shows that when N and ¢ are both multiples of three, there exist no solutions. That is,
three- and six-fold materials forbid the production of harmonics 3, 6, 9, 12, etc. The relevant
rotational symmetries in this case refer to rotation about the propagation axis of the light. This
yields an explanation for the presence or absence of a selection rule depending upon the crystal
orientation in the case of MgO. Figure S2 shows the high harmonic spectra emitted from the
quartz(0001), MgO(111) and MgO(100) surface for bi-circular (red) polarization. Spectra
recorded with perpendicular polarized linear pulses (blue) serve as a reference experiment. The
high harmonic intensity generated by the bi-circular driving field shows near-perfect
suppression of H6 and H9 for quartz(0001) and MgO(111). In the case of MgO(100) a much
less pronounced suppression indicates a lifting of the selection rule by the four-fold rotational

symmetry.

Linear polarization scans

For each crystal, we also performed angle-dependent measurements with linearly-polarized,
single-color driving fields. As the 800 nm driving polarization is rotated with respect to the
fixed crystals, we see variations in the harmonic yields (Fig. S3 and 2d-f). Maxima (minima)
for each harmonic are indicated by a solid line and a filled (empty) circle. In these linear
polarization scans, quartz(0001) and MgO(111) show a six-fold response, while MgO(100)
appears four-fold, consistent with the respective three-fold, six-fold and four-fold crystal
symmetries. For MgO, figure S5b and c, the maxima and minima are always along high-
symmetry directions, although in the case of MgO(111) there is a reversal between harmonics
7 and 9. On the other hand, quartz(0001) shows a more complex angle-dependence, with each
harmonic maximized along a different direction, as shown in figure S3d. The relative phase of
the harmonics has been intensively studied and applied in various studies®”. In a real space
picture, the phase is determined by the electron trajectory of the individual harmonics. The more
complex angle-dependence of quartz can likely be attributed to its more complex crystal
structure. For example, the projections of chemical bonds onto the surface, evident in the left
panels of figure S3a-c, are at several non-trivial angles for quartz, compared to the relatively

simple bonding character of MgO.
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