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I. FREE SPACE PROPAGATION OF THE SPDC BIPHOTON WAVEFUNCTION

We consider the photon pair production in degenerate SPDC. In this process, a second-order nonlinear crystal, pumped by a
laser beam with frequency w,, and with a spatial amplitude £, (x, y, z), produces (within a first-order approximation) photon pairs
with frequencies w; and w, such that w, = w; + w,, where the subscripts s and ¢ denote the signal and idler photons, respectively.
In the degenerate case, w; = ws, the two-photon state, written in the basis of transverse wavevector modes |q) := |k, ky>, is
given by [1]:

T) = J\f// Ey(qi + qs) sinc(algi — qs|* = ¢) |as) ® |as) d°qi dqs, ey
where N is a normalization factor, &« = L¢/4w, (L is the crystal length and c is the speed of light in the medium), E), is the 2D
Fourier transform of the pump mode on the crystal plane, E,(q) = [ &,(p, 2 = 0)e*?"9d?p, and ( is the longitudinal mismatch
which depends on the crystal orientation. The contribution of the sinc function is related to the phase matching of the SPDC
process ¢(|q; — qs|) = sinc(alq; — qs|> — ¢). We recall that the transverse momentum coordinates are equivalent, apart from

factors depending on the imaging system, to the far field coordinates with respect to the crystal image plane. Thus, if X are the
coordinates on the crystal’s Fourier plane, the SPDC, in the X coordinate basis, takes the form

|U) = N// E,(X; +X) o(1X; — X)) | X)) @ | Xs) d?X; d*Xs. 2)

The free space evolution of the biphoton state can be evaluated by performing a change of basis from the Fourier plane’s
coordinates eigenstates, to the coordinates of the plane of interest:

X) = [ P02 [X) X, )

where F' is the free space propagator and z is the distance between the two planes. In the paraxial approximation, F'is given by
the Fresnel propagator,

F(X',X;z2) o exp(ikz) exp(—i%(X’ — X)2>. 4)

Performing the change of basis, one gets

| ) :N//E;(X’i + X', 2) ¢ (X — X, 2) | X)) @ |XL) d?X/; d*X, (5)

with
E|(R/,2) := /F(R’,R;—z)Ep(R)dzR, (6)
#(D',2)i= [ P(D',D;~2)o(D)D )

where we defined R := (X; + X;)/2, D := (X; — X;)/2, and similarly for R’ and D’. This means that, when postselecting
coincidences on correlations (anticorrelations) in a generic plane, one can retrieve the propagated pump field (phase matching
amplitude).

II. THIN CRYSTAL APPROXIMATION

In the particular case in which one considers the propagation from the far field to the crystal image plane, the Fresnel transform
is replaced by a Fourier transform. The state on the crystal plane is thus

W) =N [[ ot p) 26 - p) ) 10 E i, ®)

where &, and ® are 2D Fourier transforms of £, and ¢, respectively. the thin crystal approximation is performed by noting that
the characteristic width of ® (which can be estimated easily by approximating the phase matching function with a Gaussian [2]) is
of the order of /c. For a thin crystal, this corresponds to a few wavelengths (in our case &~ 3 pum). The thin crystal approximation
consists in replacing ® with a delta function, thus yielding Eq. (3) of the main text.



III. GENERALISED SCHEME FOR BIPHOTON STATE IMAGING
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Figure 1. Generalised setup for biphoton state imaging

In our experiment, the unknown and reference state was created in the same crystal. Here we show that, in a more general
scenario, where the two states are created from spatially separated sources, our proposed technique can be still implemented when
combining the two states on a Beam Splitter and then performing coincidence measurements. This scheme is illustrated in Fig.

1. We denote with (ax, di() the annihilation and creation operator of photons in the mode |X) entering the port a of a 50/50

beam splitter. Similarly we denote with (bx ., ZA);) the operators for photons enetring the port b, while (¢x, é;) and (dx, cz;) are
annihilation and creation operators for the output ports c and d, respectively. The initial state is:

W) = /[wl(x, X"k ale, 4+ (X, X )bl bl ]dXdX" |0) . )

The action of the Beam Splitter is d;( = (6;( + ch;() /V2, l;;( = (éi( + cZ;() /\/2. Thus, the state after the beam splitter will be

1
)

)= / (91 (X, X) = (X, X)) (ke + diedle) + i (X X)) + 0ha(X, X)) (e d + dieée)ldXdX! [0). (1)

) / [0 (X, X") (el +idl ) (el +idl,) + o (X, X)) (i + di) (i, + di,)|dXdX'|0) (10)

When measuring position-dependent coincidences between two different output ports, e.g. the quantity C(X,X’) :=
(0] é;, d;dxéxl | ), one obtains the desired interference:

_ (XX +1/)2(X,X’)|2_

c(X,X') i

(12)

For phase reconstruction applications, one can have a controllable phase-shifter in the reference arm, which adds a phase «/2 for

each transmitted photon, in such a way to obtain the measurement outputs Co (X, X') = [1(X, X') + e"¢5(X, X) |2 /4. In
this case, if 5 is known, a full reconstruction of 1/, can be obtained following the methods of phase-shifting digital holography,
i.e. extracting [Co — Cr] 4 4[Cr /2 + C3r/2] = 4912.

IV.  RECONSTRUCTION FIDELITY AND COINCIDENCE COUNTS

We performed a preliminary analysis to quantify how the number of coincidence counts affects the fidelity of the reconstructed
state. To do so, we made a discretization of the LG spatial profile simulating the single photons counting and observed the
behaviour of the fidelity. In this case, we simulated the on-axis phase-shifting digital holography where the two interfering fields
have the same direction of propagation but a different phase term (see Supplementary Materials I1T). We performed the study also
adding Poissonian noise to the discretized interference patterns, in order to simulate the experimental conditions. As an example,
Fig 2, is reported the behaviour of the fidelity in the function of the coincidence counts of the pixel that detects the highest number
of photons for the LG 3 state, both for the case with and without noise.

Similar results are obtained when analyzing different LG modes, for this reason, during the experiment we decided to acquire data
for a time that ensured us to obtain at least ~ 100 counts as a maximum for the interference intensity.
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Figure 2. Theoretical fidelity reconstruction behavior. The plots show the behaviour of the fidelity for the reconstruction of the mode LG 3
for different values of the maximum number of counts detected, without noise (panel a) and simulating a Poissonian statistics on the counts (b).

The red line indicates a value of the reconstructed fidelity equal to 90%.

V. SUPPLEMENTARY FIGURES

In Fig. 3 we report a more detailed scheme of the setup used in our experiment. In Fig. 4 we show the expected OAM

correlations, to be compared with the experimental ones in the main text.
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Figure 3. Experimental Setup:The Gaussian beam at 405 nm generated by the second harmonic generation of a 810 nm pulsed Ti:Sa laser
(Chameleon Vision II) is sent to a Michelson interferometer. In one of the arms, a reflective UV-SLM is used to shape the field producing the
unknown pump beam &,. This modulation happens in the first diffraction order of the SLM and the state is selected using a couple of lenses and
filtering the unwanted orders through a narrow slit. The superposition of &, and the reference Gaussian beam Err is then shined on a Type-I
BBO crystal to produce the biphoton state. The idler and signal photons having the same polarization are separated using an HWP at 22.5° and a
PBS and sent in parallel to different areas of a TPX3CAM sensor. After the BBO crystal, a 4 f-system is used to image the photons and measure
the biphoton wavefunction, in particular, the first lens has a focal length of 25 ¢m while as the second one we used or a lens of focal length
L = 50 c¢m to study the thin crystal approximation case or a lens with L = 75 c¢m for analyzing the reconstruction in an intermediate plane.
An additional lens of focal length 20 c¢m instead is used to image the far field spatial distribution of the state and retrieve the phase-matching
function. Finally, a narrow 3 nm bandpass filter is used to ensure the frequency degeneracy of the photons.

Figure 4. Theoretical OAM correlations. Calculated probabilities P/ 1h ¢, used in the main text to evaluate the trace distance D with the
experimental OAM correlations.
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