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Supplementary Figure 1. A schematic representation of a double quantum dot potential.
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Supplementary Figure 2. Energy levels of a single hole in the double dot at a large magnetic field
(B > 2tn,2tp) as a function of the detuning de. Panel (a) shows the levels in the absence of
tunneling, while panels (b) and (c) show respectively the levels in the presence of spin-conserving

tunneling only and both spin-conserving and spin-flip tunneling.
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Supplementary Figure 3. Calculated energy levels of a single hole in the double dot as a function

of the detuning for B =0.25 T (a), 2 T (b), and 4 T. Here, ty = 60 peV and tp = 0.
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Supplementary Figure 4. Calculated energy levels of a single hole in the double dot as a function
of the detuning for B =0.25T (a), 2 T (b), and 4 T. Here, ty = 60 peV and ¢ = 30 peV. Dashed

lines show the energy levels with tp = 0.
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Supplementary Figure 5. The energy gap AE between the two lowest states of the system (GS
and ES1) extracted from the diagrams in Fig. 4. The gap is plotted with solid lines as a function
of the detuning for B =0.25T (a), 2 T (b), and 4 T. Here, ¢y = 60 peV and ¢z = 30 peV. Dashed

lines show the gap with ¢tp = 0.



1504

—
Q
~

100+

504

-50 4

Detuning (ueV)

-100+

-1504

40 60 80 100 120 140 160 180 200
Energy gap AE (ueV)

(b)

Detuning (neV)

-600 T T T T T v T

Magnetic field (T)

Supplementary Figure 6. Dependence of the energy gap AE between the two lowest states of the
system on system parameters. (a) The energy gap AFE as a function of the detuning. Each curve
is plotted for a constant B-field. (b) The constant-energy contours corresponding to a fixed energy
gap AFE as a function of detuning and magnetic field. The difference of the gap between the lines
of different color is 10 peV. In both panels we take ¢ty = 60 peV and tr = 30 ueV and neglect any

dependence of these parameters on the B-field.



SUPPLEMENTARY NOTE 1: THE SYSTEM AND ITS HAMILTONIAN

We consider a laterally coupled double quantum dot shown schematically in Supplemen-
tary Fig. 1. We assume that the system confines a single hole. Based on our earlier work! ™3,
we will consider the hole states to be of heavy-hole character, with two possible values of the
hole spin, o =f} or 0 =|}. Furthermore, the hole can be confined in the left dot (L) or in the
right dot (R). We will map out the electronic properties of the system in the basis of four hole
states {|L 1), |L {),|R ),|R {)}. If tunneling between dots is absent, the basis states are
characterized by energies €1, €1y, €ry, and ey, respectively. The two energies of the states
on the same dot are separated by the Zeeman gap, £y = ey — €y = €ry — €ry = 9 BB,
where g* is the bulk effective g-factor (assumed to be identical in both dots), up is the Bohr
magneton, and B is the magnitude of the magnetic field. The energies of left-dot states can
be adjusted relative to those of the right dot by introducing detuning de = e, —epy, altered
by changing gate voltages V and Vg (see Fig. la of the main text).

The hole can tunnel between the left and right dots, which leads to hybridization of the
single-hole states. The coupling between the left and right dot states with the same spin is
described by the spin-conserving tunneling matrix element ¢y, while the coupling between

states with the opposite spin is described by the spin-flip tunneling matrix element tp.

The Hamiltonian of the double dot, accounting for all the energies and couplings intro-
duced above, can be written in the matrix form as
ELg 0 —tN —itF
0 €Ly —1t F —t N

—tN itp ERM 0

g —ty 0 eRry
Also, we assume that the properties of the system are probed in an electrical transport
experiment, in which the double dot is connected to leads: the source (represented by a
striped box on the right-hand side of Supplementary Fig. 1) and the drain (the striped box
on the left-hand side). The source-drain voltage creates a difference in the Fermi energy of
the leads AEr = eAVgp. Holes tunnel from the source into the empty right dot, then into

the left dot, and into the drain producing a net current.
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SUPPLEMENTARY NOTE 2: EIGENSTATES OF THE SYSTEM

We map out the energy spectrum of the double dot by analyzing the Hamiltonian (1)
as a function of its parameters. Supplementary Fig. 2 illustrates the qualitative trends in
the behaviour of the eigenstates of the Hamiltonian (1) as a function of the detuning de.
We have chosen to plot the energies such that ey = —%EZ + %55, €Ly = +%EZ + %55, and
€Rro = €10 — 0c. In Supplementary Fig. 2(a) we show the energy levels of the system in the
absence of any tunneling, t;y = tp = 0. There are three values of de at which the levels
cross. The crossings between levels of the same spin occur at de = 0, while those between

levels of opposite spin are seen at de = +F.

The energy diagram in the presence of the spin-conserving tunneling ¢y > 0, but in the
absence of the spin-flip tunneling ¢ = 0 is shown in Supplementary Fig. 2(b). We find
that the levels of the same spin anticross at de = 0, and the gap between each pair at zero
detuning is given by 2ty. At this point we deal with hybridization of the spatial degree of
freedom, i.e., the formation of bonding and antibonding quantum molecular states. However,
due to the absence of spin-flip tunneling, all levels can be labeled by spin. Spin-down states

are represented with blue lines, and spin-up states with red lines.

In Supplementary Fig. 2(c) we show the energy diagram of the system with both ¢y > 0
and tp > 0. Finite spin-flip tunneling element results in two additional anticrossings at
d0e = +FE,. Here we have chosen a sufficiently large Zeeman energy E; > 2ty, so that these
anticrossings do not significantly overlap with the previous two found at de = 0. Close to the
two new anticrossings the spin is not conserved, which is why we color the hybridized energy
levels magenta. The levels are identified as bonding and antibonding molecular orbitals, but
they are superpositions of both spatial occupation and spin degrees of freedom: they are

now spin-orbitals or spinors.

The sequence of anticrossings can be described so clearly only for sufficiently large Zee-
man energies. To obtain a complete, quantitative understanding of the properties of the
system we diagonalize the Hamiltonian (1) numerically and study its properties as a func-
tion of the detuning de, the magnetic field B, and the tunneling matrix elements ¢y and tp.
Supplementary Fig. 3 shows the evolution of the spectra with increasing B-field for model
values of parameters ty = 60 peV, tp = 0, and effective g-factor g* = 1.4. The energies of

spin-down levels are shown in blue, and those of the spin-up levels are shown in red. In panel



(a) we show the levels at B = 0.25 T. Here the Zeeman gap is much smaller than the gap
opened by the spin-conserving tunneling, £y < 2ty. Thus, we deal with two sets of molec-
ular orbitals, one for spin up and the other for spin down, offset by a small energy. The gap
between the two lowest energy states is simply the Zeeman energy E, and is independent
of the detuning. In Supplementary Fig. 3(b) we show the levels at B = 2 T, for which the
antibonding spin-down level crosses with the bonding spin-up level at two values of detuning
de = £107 peV. There is no spin mixing owing to the assumption of ¢tz = 0. However, the
gap between the two lowest energy states now nontrivially depends on the detuning. It is
constant for de < —107 peV and for e > 107 peV, since it is defined by Ez. On the other
hand, for —107 peV < de < 107 peV the order of energy levels is rearranged, with two lowest
states being the spin-down bonding and antibonding levels. In this region, the gap between
the two lowest states depends on de, and is largest close to the crossing points, and smallest
at de = 0, where its magnitude is 2¢y. Finally, in Supplementary Fig. 3(c) we show the level
energies at B = 4 T. Here, the Zeeman gap is larger than 2¢ty. As a result, for the range of
detuning illustrated in the figure, the spin-down bonding and antibonding levels lie below
the two spin-up levels. The level crossings similar to those seen in panel (b) will occur at a

much larger positive and negative detunings.

We will now activate the spin-flip tunneling channel by setting ¢tz = 30 ueV. The energy
levels of the system as a function of detuning are shown with solid lines in Supplementary
Fig. 4, while we denote the results obtained for tx = 0 with dashed lines which are identical
with those shown in Supplementary Fig. 3. As we can see, the energy diagrams for a very
small (a) and a very large magnetic field (c) are altered only slightly by enabling the spin-
flip tunneling. The changes are most apparent at intermediate magnetic field (b), for which
without that tunneling we see crossings of molecular orbitals with opposite spins. Now these
crossings are replaced by anticrossings of mixed spin-charge character. The lowest-energy
state GS is predominantly the spin-down bonding orbital, while the highest-energy state ES3
is predominantly the spin-up antibonding orbital. However, the states with intermediate
energies (ES1 and ES2) are superpositions of all four basis states, so their spin is not well
defined. Moreover, the dependence of the gap between GS and ES1 on de is now more
complicated. Therefore, if we were to excite the system from GS to ES1, we would observe
a spin excitation at low magnetic field, a charge excitation at high magnetic field, and a

mixed (spin-charge) excitation at intermediate magnetic field.
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SUPPLEMENTARY NOTE 3: QUANTITATIVE STUDY OF THE GAP BE-
TWEEN TWO LOWEST STATES

Now we calculate the energy gap AFE between the two lowest-energy states (GS and ES1)
of the system as a function of system parameters. First, we will fix the magnetic field and
determine the gap as a function of the detuning. The gap AF = Egg; — Egs extracted from
the energies shown in Supplementary Fig. 4(a) at B = 0.25 T is plotted in Supplementary
Fig. 5(a). As expected, in the absence of the spin-flip tunneling (dashed line) the gap is
independent of the detuning, and is simply equal to the Zeeman energy for that magnetic
field. When the spin-flip tunneling is active, the gap is renormalized (solid line). The origin
of this renormalization can be explained using Supplementary Fig. 4(a): at zero detuning,
the spin-up bonding state (ES1) and the spin-down antibonding state (ES2) are closest in
energy, so spin-flip tunneling here will cause the strongest repulsion between these levels. At
large detuning, however, the energy gap between these levels is much larger, so the influence

of the spin-flip tunneling is reduced.

At an intermediate magnetic field B = 2 T, Ez 2 2ty [Supplementary Fig. 5(b)] and
with ¢ty = 0 (dashed lines), we can distinguish two regimes: small detuning, corresponding
to the region between the level crossings (—107 peV < de < 107 peV), and large detuning,
lying outside of this region. For small detuning, the gap AFE separates the bonding and
antibonding states of the same spin, and therefore the gap reflects the anticrossing of these
levels brought about by spin-conserving tunnel coupling. This is why a strong dependence of
AFE on detuning is recovered. However, for larger detuning the energy levels are rearranged,
so that the two lowest states are both of bonding character and with opposite spin, therefore
the gap between them is equal to the Zeeman energy and is independent of the detuning. This
crossover is marked by the characteristic kinks in Supplementary Fig. 5(b) at de = £107 peV.
The inclusion of spin-flip tunneling smears out these sharp kinks. Therefore, the transition
from a mostly “charge-like” to a mostly “spin-like” gap occurs smoothly as a function of
the detuning. We do, however, find a point of inflection - a change in the curvature of the
dependence of the gap on the detuning. The gap will asymptotically approach a constant

value for sufficiently large de.

Finally, at very large magnetic field, for which E; > ty, tp, the gap AFE separates the

bonding and antibonding molecular states with the same spin, at least within the range of
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detuning presented in Supplementary Fig. 4(c). As a result, the gap will strongly depend
on the detuning in accordance with the anticrossing of these states. At large detuning we

expect a linear increase of the gap.

We plot the dependence of the energy gap AFE on the detuning for different B-fields in
Supplementary Fig. 6(a). The difference in B-field corresponding to adjacent lines is 0.5 T.
We clearly see a change of the curvature as we increase the B-field, namely from a nearly
vertical dependence at low magnetic field, to a maximal curvature at the highest magnetic
field. The lowest-magnetic field profile is a signature of a nearly pure spin excitation, while
the highest-magnetic field profile is a signature of a nearly charge-like excitation. At inter-
mediate magnetic field the excitation is a spin-charge hybrid. Another characteristic feature
is the position of the extremum of each trace corresponding to the minimum energy gap in
each panel of Supplementary Fig. 5. At small magnetic field, this minimal gap value strongly
depends on B-field, as the extremum shifts to larger energy for each subsequent profile. This
is consistent with the Zeeman-like behaviour of the spin gap. At larger magnetic field this
trend is much less pronounced, and for high-magnetic field traces the extremum approaches
a limiting value. This value is the gap due to spin-conserving tunneling and is 2ty = 120
peV. We note that we assumed the tunneling matrix elements ¢y and ¢z to be magnetic
field-independent. In reality, for sufficiently large magnetic field both values will decrease
due to the contraction of the single-dot orbitals |L) and |R) as a result of the diamagnetic
effect2. Hence we expect that this minimal gap (the extremum of the profiles) will initially
increase for low magnetic field (shift to the right in Supplementary Fig. 6(a)) before attaining
a maximum, and will eventually decrease, causing the profiles for each subsequent magnetic
field past the crossover to shift to the left in Supplementary Fig. 6(a) (not shown). The
curvature of each subsequent profile will steadily increase with B: at the lowest magnetic
field the profiles are nearly vertical, while at high magnetic field they are maximally curved.
This behaviour is seen in the experiment, as illustrated in Fig. 4 of the main text.

Now we explore another aspect of the energy diagram of the system by choosing the value
AFE and finding the detuning and the magnetic field at which the energy gap will be equal
to that value. In Supplementary Fig. 6(b) we plot these constant-gap contours as a function
of detuning and magnetic field for several values of AE, from 80 peV (red) to 200 peV (dark
blue) with a step of 10 peV. Let us first track the contour calculated for AE = 80 pueV. We
start at the top of the graph at large positive detuning de. The chosen gap value is relatively
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small, and so by tuning the magnetic field we can achieve the value of the Zeeman energy
E7 to match AFE. Evidently, at this point we are in the regime of low magnetic field as in
Supplementary Figs. 4(a) and 5(a). When we decrease the detuning without changing the
magnetic field, the gap will naturally decrease. To maintain the constant value of AE we
therefore have to increase the magnetic field slightly. This is the reason why the red contour
is nearly vertical at large detuning, but curves to the right (i.e., towards larger magnetic
fields) as de approaches zero. The profile is entirely symmetric for negative values of de due
to the symmetry of the system.

Now, let us consider larger values of AE. This entails choosing larger values of the mag-
netic field at large detuning to match the gap. But this, in turn, puts us closer to the regime
of intermediate B-field, shown in Supplementary Figs. 4(b) and 5(b). As a consequence, the
renormalization of the gap at small detuning, induced by the spin-flip tunneling, becomes
larger, and therefore the curvature of the calculated contour also increases to compensate.
A qualitative change in the contour occurs with the choice of AE = 120 peV, which is close
to the value of 2ty. In order to attain such gap value, we have to increase the magnetic
field into the limit of large B, shown in Supplementary Figs. 4(c) and 5(c). In this regime
the energy gap gradually becomes magnetic field-independent. By choosing AE = 120 peV
we still recover a continuous contour, shown in Supplementary Fig. 6(b) with a magenta
line, although the continuity here is asymptotic. Choosing values of AE > 2ty will result in
contours which are discontinuous for small detuning. In our model calculations, if the chosen
value of AF is larger than ~ 120 peV, then the energy match cannot be achieved for small
0e for any magnetic field. We have to increase the detuning such that we match AFE with
the gap between the same-spin levels. That match will be influenced by the magnetic field to
a decreasing degree, which is why the characteristic branches of the discontinuous contours

to the right of Supplementary Fig. 6(b) become horizontal (magnetic field-independent).
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