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I. Derivation of the Equation-of-Motion for the Response Function

The derviation begins by first taking the time derivative of the definition of the retarded Green’s function (Eq. 3
in the main text) which yields

%G(éa(i,t), S5(7,0)) = =i0(t){[Sa(i, 1), S5 (5. 0)]) i@(t><[%sfa<i,t>, S5(7,0)])- (1)

Since none of the spin operators have an explicit time dependence, the second term of the equation-of-motion in the
Heisenberg picture of quantum mechanics given by

dA(t) A T DA
S = iAW), ) + (m) : (2)

must be zero, yielding

where 7{ is the Hamiltonian of interest.
The insertion of Eq. 3 into Eq. 1, and the subsequent application of the inverse Fourier transform yields

[ et G800, 8360 = =i [ e 501860, 8. 0 —i [ deeH =005 0) A S 00} -
(@

By noting that the first term on the RHS may be immediately simplified due to the presence of the delta function,
while the second term on the RHS contains the definition of the Green’s function (Eq. 3 in the main text) but with

[Sa(i,t), H] instead of S, and thus can be relabeled, Eq. 4 can be rewritten as

| et G800, 80.0) = —i8.0.0). 856,00~ [ eGS0, 556.0). ()

By noting that

%{ei“tG(S'a(i, 1), 85(5,0))} = iwe™tG(Sa(i,t), S5(4,0)) + ei“t%G(ga(i, t),55(4,0)), (6)
or equivalently
¢ G5 (1,1), 85(1.0)) = {1 C8a 1), $5(7,0))) — iwe™! G (Su(i, 1), 85(7,0) ™)



must hold via the product rule, then Eq. 5 can be rewritten as

[ ] e G0, 550,00 e 63, 6.0, 8560) |
- . 5)
= —i{18a(.0). 55,00 —1 [ dte G(Suivt), 7, S, 0).

By employing the boundary conditions of Green’s functions, the first term on the LHS of Eq. 8 must be zero. Such
an observation follows directly from the fact that Green’s functions are well-behaved (normalizable), and thus must
approach zero in the limit of +o00. Eq. 8 can be further simplified by noting that the second terms on both the LHS
and the RHS are simply the definition of the inverse Fourier transform from ¢ to w. Finally, by dividing both sides by
the —i prefactor and noting that the expression above must hold for generic «, 8 components of the spin operators,
without the loss of generality, Eq. 8 can be rewritten as

WG (A, B,w) = ([A, B)) + G(A, H], B,w), 9)

corresponding to the equation-of-motion of the response function given by Eq. 4 in the main text, where the specific
components of the spin operators have been replaced by generic labels A and B.

II. Crystalline Electric Field & Steven Operators

The crystalline electric field describes the electrostatic interaction between the metal center’s electrons and its
surrounding charged ligands!. The CEF Hamiltonian for a single electron of charge —e located at position r is given
by

7:LCEF = —GV(I‘), (10)

or in the case of a multi-electron atom,
Hopr = —62‘7(1'1')7 (11)

where the i*" electron has position vector r;. The potential V(r) corresponds to the Coulomb potential at a position
r due to the presence of ligands of charge g; at position R;. According to classical electromagnetism?, the classical
form for such a potential would be given by

r) = z]: ‘quj_ r|’ (12)

where |...| denotes the modulus. If one considers a position r < R; V j, then one can expand the potential in terms
of Legendre polynomials such that

Vi =S 23 (5 ) Baleosto), (13)

where P, (cos(f)) are the Legendre polynomials and the angle 6 is defined such that |r — R;| = 7% + R} — 2rR; cos(6).

Utilizing the mathematical relationship® between the Legendre polynomials and the tesseral harmonics Z (6, ¢) given
by

Py (cos(f)) = sz (0, 6) Zna 05, 65), (14)

2n—|—1

then Eq. 13 can be rewritten as

V()= Vir0,0) = quz s g 17090000} (15)



which is often condensed to

V(I‘) = V(T,@, d)) = Z ZAnarnZna(ev ¢)7 (16)

n=0 «
where
47 Zna(05,05)
A, = g ; DI 1
o + 1‘1] R?+1 ( 7)

J
By rewriting Eq. 13 in terms of the tesseral harmonics, the potential can now be written as a function of (z,y, z)
explicitly. By noting the spin-orbit coupling is considerably weaker than the crystal field contribution for the 3d Co?t,
whose energy scale is significantly weaker than the energy differences between the free-ion terms, the complete set
of commuting observables are L%, L., S? and S, with corresponding good quantum numbers L, mp, s and ms in
the Russell-Saunders L-S coupling scheme?. Consequently, for the case of Co?* in CoO, Hcpr may be considered
as a perturbative potential to the eigenstates |L, S, mr,ms) for fixed values of L = 3 and S = % for the 4F free-ion
ground state term that is defined by Hund’s rules incorporating the effects of electron-electron repulsion and the
Pauli Exclusion Principle. Since the position operator transforms in an identical manner as the angular momentum
operator®, one may employ the Wigner-Eckhart theorem, which yields

R L. (18)

By employing both the correspondence principle and the Wigner-Eckhart theorem to Eq. 16, the CEF potential
and thus the CEF Hamiltonian can be rewritten in terms of the operators L2, L, and their corresponding raising and
lowering operators. In the Stevens approach, Eq. 16 is further condensed into the form

V=> Broy, (19)

l,m

where B" and OAlm are the Stevens coeflicients and operators, respectively. The particular Stevens parameters that are
present in the sum of Eq. 19 are determined by symmetry and have been tabulated by Walter?, while the expressions
of the Stevens operators in terms of angular momentum operators have been tabulated by Hutchings®. The two
relevant Stevens operators O and O employed in this particular investigation correspond to those for ideal octahedral
coordination and are given by

OY =350 — 300212 + 2512 — 6L% + 3L*,

and

. 1r7- o
Of =3 [L4+12].

IIT. Commutators
A. Derivation of the Diagonal Commutator

The diagonal commutator given by S S[CF (i)C, (i), CH(k)C,(k))w, stems from the single-ion term #;. In this
k r

derivation, we will prove that the diagonal commutator can be simplified to 8;;(wy, — wp )CH (1) Cy (5).
The simplification of the diagonal commutator begins by employing the four term commutator identity given by

[AB,CD] = A[B,C]D + [A,C]BD + CA[B, D] + C[A, D]B. (20)
When applied to the original diagonal commutator, the identity yields

k r
ZZ {éjn(l)[én(])a Ai(k)]ér(k)wr + Ajn(z)a Ai(k)]én(ﬂ)ér(k)wr
k T

+CH(R)CHD[Cn (), Cr(R)]w, + CLR)[CL(0), ér(k)]én(j)wr} : (21)



By utilizing the commutator identity for creation/annihilation operators given by
[éma éjl]i = 6177,717 (22)

where + denotes the anticommutator(+) and commutator(—), respectively, for both indices pairs for eigenstates m,n
and sites 7, j, Eq. 21 may be simplified to

SN IEL )G ), Clk) ZZ{A )88 Co (£)0p + CLU)Srm 03 Co (e | (23)
k T

where the second and third terms have been removed because [C (1)C1 (7)] = 0 and [C,, (1)Cr (§)] = 0 ¥ {m,n,i,4}. By
both expanding the sum and utilizing the property that the Kronecker delta will remove both indices k and r, Eq. 23
becomes

> D IChH)Cal@), CHE)C, (k)]wy = (wn = win)CF, (1) Cr (4)- (24)
kK

Finally, it is important to note that the expression above will be non-zero only if the raising and lowering operators
operate on the same site (i.e. i« = j). This physical interpretation may be summarized by the final expression

Z Z é Aj(k)ér (k)]wr = 6ij (Wn - Wm)éjn (i)én (Z)v (25)
where the removal of the j index in C’n is a direct consequence of the requirement that all indices must be the same.

B. Derivation of the Transverse Commutator via the Random Phase Decoupling Method

The transverse commutator given by 3= J(kl)[C (i)Cy (i), Sy (k)S_(1)] is a result of the presence of the Sy S_ terms
Kl

in the inter-ion Hamiltonian Ho (Eq. 7 in he main text). In this derivation, it will be shown that the application of
mean field theory through the random phase decoupling method®® given by

CHL G C()CHOCp(l) = fin()3ms CHTCy (1)
+ fo(1)8,qCFL () Ci(i),

which decouples individual sites ¢ and I (Section IV), results in the simplification of the transverse commutator to

(26)

SRR ENTAYED SR LG IURE R SR ITETNS
l prq

pq

The simplification of the transverse commutator begins by switching the positions of the spin and raising/lowering
operarators, where a negative sign is introduced by the anticommutivity property yielding

ZJ (kD) [C, (1) Cn (i), S ZJ (KD){=[S4 (k)S- (1), C, () Co (3)]}- (27)

Utilizing the four term commutation identity given by Eq. 20, Eq. 27 becomes

Y JEDCHE)Cnl0), S+ (k)S_(1)] =) {—§+(k’)[5’— (1), Ch () Cu(@)] = [+ (k). Clz(i)én(i)]g—(l)} - (28)
kl

kl

By employing the definition of the spin operators S, = > Sapqé’gé’q given by Eq. 12 in the main text, Eq. 28 becomes
Pq

> JkDICL()C (@), 54+ (K)S- (D] =
ki

> J(kD) {—5+(k)25pq(l)[ HDC(1), CLEHCA(D] = Y Sapg(k)] ;(k)éq(k),Cfn(i)Cn(i)}S(l)}' (29)
ki



Reversing both commutators to remove the negative sign via anticommutivity yields

kl

> {3+(k) Y SpDICHECa(0), CHOC D] + Y Spg(R)C] () Cn (),

kl

;(k>éq(k)]3—(l)} - (30)

[ I s} = 5717“ :nés - 5sm AICA’n (31&)
S G Cos CLC)Sars = S (ChiCoans = C1C0Saom ) - (31b)

By combining the four term commutation identity (Eq. 20) and the commutator identity (Eq. 22), the LHS of Eq. 31a
becomes

[C1.Cn, CIC] = CL[Cn, CHIC + [CL,, CHICWC
+CICL[C,, C) + GG, Gy (32a)
= C}[C, CHIC, + CHICH,, € Cn (32b)
= C},00Co = CloamC, (32¢)

yielding the desired expression. Note that in Eq. 32b we have employed the observation that the commutators
[Cp, Cyp] and [CF, CT ] are zero ¥V m, n.

The derivation of the second identity begins with the observation that the identity that was just derived above
(Eq. 31a) implies that the LHS of Eq. 31b can be expressed as

Z[ A:nénv A:és]gars = Z{(Snré:nés - 5smé:én}§ars- (33)

rs rs

The Kronecker delta eliminates the indices r and s in the first and second series, respectively, yielding
S G Cuane — 3 C1C S (34)

By replacing the index r by a dummy index s in the second series, and combining both series into one, Eq. 34 becomes

S (G, CuSans — ClCnSaam) (35)

corresponding to the final desired expression.

A comparison to the commutation relation that was just derived (Eq. 31b) and Eq. 30 suggests that both
equations will have the same form if r = p and s = ¢. It is also important to note that the terms Soimn are scalars, and
thus will commute with the commutator itself. Applying the definition of the spin operator S, (Eq. 12 in the main
text), and relabeling ¢ as a dummy variable s, Eq. 30 becomes

D TEDICH()Cn (D), 84 (k)S_(1)] =
kl

3 (ki) {&(k) > (CLAOC RS s(t) = CLIICH (DS om(D)
kl

+ 3 (ChLOCR)Sns (k) = CHERYCa(D)S - em () Sm} . (36)

It is worthwhile to note that in order for the sum over s to be physically relevant, all indices in the three product
terms must be equal. This observation suggests that in the case of the first sum, & = [ = ¢, while in the case of the
second term, k = i, and as a result Eq. 36 may be rewritten as



In the presence of the Kronecker delta terms, by applying the sum over k, Eq. 37 becomes

Y JKDICL()Cu(i), 54 (k) S—(D)] =
kl

SREIEND S CRLICEMERE T ATERD)
l s

+ Z (éjn (Z)és (i)S-‘rns (7') - C’;f (Z)én(l)g-i-sm(z)) S— (Z)} : (38)

By combining the definition of S, with dummy indices ¢ and p, with the observation that the S, operators in Eq. 38
refer to site [ and thus commute with site i, Eq. 38 can be rewritten as

ST IERDICL (1)C (i), 84 (k)S—(1)] =
kl

DT [S4ns()CH () Ca(i) = Stam(DCIHHCa ()] Y S gp(NCTN)C, (1)
l S

By multiplying the sum over s by the sum over pg, Eq. 39 becomes

ZJ (kD)[CT () (i), S+ (k)S_(1)] =
ZZZJ il) { (OCEOCHCIDCH () = Sy om()S—gp(NCIECn (§) CE) Gy (1)
+8 15 (1) S1qp(DCE (D) Cs () CF N Cp(1) = S (8) S 1qp (DL (H)Cin (3) Al(l)é’p(l)} (40)

It is important to note that Eq. 40 produces four product terms of the form CL(Z)C’HC';[ (1)Cy(1), representing si-
multaneous mn and ¢p transitions at sites ¢ and [, respectively. These sites can be decoupled by the applica-
tion of mean field theory through the random phase decoupling method5 0. As described later in Section IV and
summarized by Eq. 26, such decoupling results in the replacement of terms of the form Cf (i)C,(i )C’T( )C,(1) by

(i )5mSCT(l) L) + f4(1)8,,C (1)C4 (i), thus allowing Eq. 40 to be rewritten as

> JED[CE () (i), S1 (k) S_(1)] =
kl
ST TG {8 s ()8 ap (D i (ms CLHOCo D) + LoD CL (D (0))
l s pq

=S5 (D)S-gp (D (fs ()3 CIOICp(1) + (10 CL(1)Crn(0))

+8 s (1) S 4.gp (1) (i (1)5rm vAT(l)CA (1) + Fo(1D)3pg O (1) Cs(0)

_stm( )S+qp( )( Z) ( ) ( ) + fq(l)apq S(z)én(z))} (41)
The equation above may be simplified by first observing that there is a d,, prefactor in four out of the eight terms. This

observation reduces the sum over p,q to p = q. Next, it is important to recall that Sinn must be zero Vn since the

elements of the transverse spin operators Si must be entirely off-diagonal. Consequently, any term with §,, can be
neglected. Therefore, Eq. 41 may be reduced to a sum of four remaining terms given by



> THICLGC). 515 =
ZZZJu{ ap () (P (D)0msCHDCp (1) = Spam (1)S—gp () (fs(8)5:n CF (D) Cp (1))

S—ns(i)g-&-qp(l)(fm(i)émsé;(l)ép(l)) - S’—sm(i)g-&-qp(l)(fsu)‘ssnég(l)ép(l))} : (42)

Due to the presence of the Kronecker delta terms, the index s is replaced by m or n for terms 2 and 4 or 1 and 3,
respectively. Therefore, the final expression for the transverse commutator is

> JEDICL()Cu(i), 54 (k) S—(D)] = (43)
kl

> i) {SW m =) D S-awCiOCH (1) + S (fin — fn>ZS+qpé;<Z>ép<l>}. (44)
l pq pq

It should be noted that the site indices have been dropped for the thermal weighting factor f since it assumed that in
the case of a perfect crystal, the values of the single-ion energy levels are identical for all sites.

C. Derivation of the Longitudinal Commutator

The longitudinal commutator given by 2 J(kD)[C, (i)Co(3), S (k){S.(1) — 2(S.(1))}] stems from the S, (i)[S.(j) —
Ik
2(5.(j))] term in Hy (Eq. 7 in the main text). In this derivation, it will be shown that the longitudinal commutator
may be simplified to 23 J(il) Szpnm (fin = fn) D SzpaCHH (D Cp(1).
1

The simplification of the longitudinal cgfnmutator begins with the observation that the first component of the
longitudinal commutator is similar to the commutator that was previously solved for the transverse terms above. One
difference in particular is that terms with ¢,, are not immediately discarded due to the spin matrices elements since
S'pr is not necessarily zero. Instead, the cancellation of these terms results from the presence of the additional
—2(5.(1)) contribution. Therefore, the expression for the longitudinal commutator is nearly identical to the one that
was previously observed for the case of the transverse commutator, with an additional factor of 2 since S+nm and
S_nm in the previous derivation are now both Smm

This cancellation may be demonstrated explicitly by first focusing on the commutator with the (S, (1)) pre-factor
in the longitudinal commuator that is given by

IREISOETATS SENCLICE]S ()

Pulling out the sum over ¢p, 45 becomes

S0 3 T00) {-2(8. (00} 8-ap (B)[CL()Cn(i), €T (W) ()]} (46)

Ik qp

Employing the commutator identity from Eq. 31b, 46 becomes
; Z J (k1) {=2(8. () (CF,()Cp () np () — CH()Cn (3) S pm (B } (47)
which becomes
Z Z Z Tk { =2(a(0)82aa(D)(C (D) Cp (R) Sy (B) = C(k)Cn i) Sepm (R)) | (48)

after the replacement (S’Z> by its definition given by Eq. 8 in the main text. Finally, by relabeling the indices a as p
and p as s, these terms are identical to the terms containing d,, in Eq. 41.



D. Derivation of <[/1, B]>

The final commutator given by ([A,B]} corresponds to the first term in the equation-of-motion of the response
function discussed in Section I. In this derivation, it will be shown that the ([A, B]) commutator may be simplified to

(fm(z) - fn(l))gﬁnm(])(szj
The derivation begins by noting that the definition of the inter-level susceptibility (Eq. 13 in the main text)
allows for the expectation value ([A, B]), where A = C,,(i)Cy, (i) and B = Sg, to be expressed as

s )

Pulling out the sum over pq and S'qu, expression 49 becomes

Zsb’pq é é()

<z[é (D0, LS >> 650)

pgq

which becomes

<Z {CLOC(0)Ssnai) A;(i>én(i>$5qm(j)}> : (51)

q

after employing the commutation identity (Eq. 31b). In order for the expression above to be non-zero, all the indices
must be equal to one another, and thus a d;; is introduced, allowing expression 51 to rewritten as

<Z{ 21, 0)Cal0)Sang (1) A;<i>én<i>éﬂqm<j>6ij}> . (52)

The first term in expression 52 will now be addressed. By pulling both the sum and S’gnq out of the expectation value,
the first term may be rewritten as

> Sonai)di5 (CLCy(0)) - (53)

By noting that the term C 10 )C’ (%) is an operator and employing the definition of the expectation value, the expression
above is equivalent to

>~ Sonai)ig 3 S @) (mICH o (i)lm ) (54)
q m
Since this inner product will only be non-zero if ¢ = m, the expression above can be rewritten as
> Sona)01fmn (0) (mICH G Co(0)ogmlm) (55)
q m
which reduces the sum over g to
2 Spenli)s i) (mIC (G 0)m) (56)

Since the definition of the single-ion Hamiltonian requires that Z <m| Ch(i )C’m(z)|m> must be unity, the first term

may be expressed as

Spnm (5)07 Fim (3). (57)



where the sum over m is implied based on the definition of G#. The repetition of the process described above
(expressions 53-56) for the second term yields

Snm (7)0i; fn 3). (58)

Finally, a sum of both contributions in expression 52 yields

(14, B1) = (fun(@) = Fa(0)) Sonm ()05, (59)

corresponding to the desired simplified expression.

IV. Random Phase Decoupling Method

Similar to the decoupling method used in the band theory of magnetism, the random phase decoupling method® 19
begins by employing a mean-field approach where the excitations for each of the sites i and k are approximated as
a variation away &, from a “mean” value n. In the case of the four operator product Cf, (i)Cs(i)C§(1)Cp(1), such an
approximation corresponds to

{nm(i)éms + 5n7ns (i)} {nq(l)éqp + 5nqp(l)} , (60)

where 7., (i) correspond to the occupation number at a site i for the eigenstate |m) if indices m=s, while 4§, @)
corresponds to deviations away from this occupation number at the site ¢ due to excitations between |m) and |s). By
expanding the product, ignoring both the constant 1, (i)d,,s14(1)d4p and O(6?) terms, expression 60 may be simplified
to

Nm, (7’)5ms(5nqz’(l) + "q(l)(sqp&nms () (61)

Since the occupation number of an eigenstate |m) at a site ¢ is given by the thermal weighting factor f,, (i) that
was defined in Section ITA in the main text, while deviations from n,, (i) are due to excitations between |m) and |s)

eigenstates given by C (i)C,(i) in the second quantization formalism, expression 62 can be alternatively expressed as

Fn(@)8msCHOCp(1) + [4 ()30, CT (D Ci(0), (62)

corresponding to the RHS of Eq. 26. As discussed in Section IIC in the main text, the importance of the random
phase decoupling method and its conversion of the four operator product Cf, (i)Cs(i)C§(1)Cp(1) into expression 62 is
that its use results in the simplification of the equation-of-motion of the response function (Eq. 9) to a set of coupled
linear equations given by Eq. 16 in the main text, thus faciliating a direct comparison to the experimental data that
can be readily calculated numerically.



V. Displacement Vectors in s- and d-Sublattices of CoO

10

Table SI. Summary of displacement vectors d,,;; for each coordination shell m in s- and d-sublattices of CoO assuming a
type-II collinear antiferromagnetic structure. All vectors were calculated using the VESTA visualization software package'*,

employing the cubic unit cell parameters at room temperature’?. Numbers in parentheses indicate statistical errors.

m [domis| (A) Number of Neighbors d.,ij in s-Sublattice (a) d.,,i; in d-Sublattice (a)
(0-33) (-2-30)
Eé-é? 6-%-%%
20-3 0-3-3
1 3.0144(8) 12 (0 % 3 %) (O % %)
(-3 30) (203)
(3 03) (330
(—100)
(00—1)
(0—10)
2 | 4.2630(11) 6 (100)
(001)
(010)
(1-1-D (115
(133) (13-3)
(=13 3) (-1-33)
(-1-3-3) (-13-3)
((%—15)) é—%—lég
—3—1-3 s—1-3
3 | 5.2211(13) 24 Ciild Civ
(z13) (z1-3)
(—2-31) (=23 1)
(z31) (z-31)
(33-1) (-z2z-1)
(c2—-35-1) (z-3-1)
(101)
(10-1)
(1-10)
(0-11)
(01-1)
4 6.0288(15) 12 (-101)
(—110)
(110)
(011)
(0—1-1)
(~1-10)
(—10-1)
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VI. SUPPLEMENTARY ANALYSIS

In this final section, a summary of the supplementary analysis performed for this investigation is presented. Fig-
ure S1 illustrates the contributions to the total calculated scattering intensity from the 16 individual zAzx~y orbital
configurations at both the (1.5,1.5,0.5) zone center and the (1.5,1.5,1.0) zone boundary. Figures S2 and S3 both
summarize the neutron scattering intensity calculated using the spin-orbit exciton model employing the refined values
of the mean molecular field Hj;p that are listed in Tab. SII for the 16 z Azzy orbital configurations, each with refined
values of A, I'; and J, ¢ that are summarized in Tab. SIII. In both figures, the values for the exchange constants J,
were fixed to be equal to the values reported!'® for the dilute monoixde Mgg 97C0g 030 for a particular value of A,

which was itself allowed to vary in a range of [—19, —13] meV for the former, while the latter employed an extended
range of [—23, —13] meV.
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70F 1 H * Data ’
5 i
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3
©
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i iy iv
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Figure S1. Comparison of (Q, E) slices and corresponding Q-integrated cuts for CoO measured on MERLIN at 5 K and
calculated with a mean-field multi-level spin-orbit exciton model employing the refined parameters listed in Tabs. 2 and 3 for
an F; of (a,c,e) 45 meV, and (b,d,f) 110 meV, where the individual contributions for each x Azz~y orbital configuration to the
Q-integrated cuts have been explicitly labeled in (g,h). Horizontal bars in Q-integrated cuts indicate experimental resolution.
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Figure S2. Calculated (Q, E) slices for an E; of (a) 45 meV, (b) 110 meV and (c¢) 70 meV for the spin-orbit exciton model with
the values of J,, ¢ restricted to be equal to their respective values originally reported® for Mgg.97Co00.030 for a given refined
value of A. (d-f) Comparison of measured (5 K) and calculated Q-integrated cuts of (a-c). Horizontal bars indicate instrumental

resolution. The refined values of the mean molecular field Hysr are listed in Tab. SII for the 16 x Azxzy orbital configurations,

each with refined values of A, I', and J,,¢ summarized in Tab. SIII.
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presented in Fig. S2 with a spin-orbit coupling constant A allowed to vary down to —23 meV in lieu of —19 meV. Horizontal

bars indicate instrumental resolution. The refined values of the mean molecular field Hy/r are listed in Tab. SII for the 16
xAxxry orbital configurations, each with refined values of A\, I'; and J,, ¢ summarized in Tab. SIII.
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Table SII. Refined values (in meV) of the mean molecular field parameter Hyr for all 16 x Azzy orbital configurations that
are considered in a spin-orbit exciton model, each with refined values of A, I', J,, ¢ listed in Tab. SIII, and where the values of
Jm,¢ are restricted to be equal to their respective values originally reported13 for Mgo.97Co00.030 for a given refined value of A
that is allowed to vary down to —19 (Model A) and —23 meV (Model B). Numbers in parentheses indicate statistical errors.

Orbital Configuration | Value (Model A) | Value (Model B)
AAAAL 68.0(3) 65.2(2)
AAAA2 69.4(4) 66.9(2)
AAAF1 63.2(2) 60.7(2)
AAAF?2 63.9(3) 61.2(2)
AAFA1 52.4(2) 49.7(1)
AAFA2 53.4(2) 50.7(2)
AAFF1 61.8(3) 58.9(3)
AAFF2 64.2(3) 61.6(3)
FAAAL 63.0(2) 60.2(3)
FAAA2 68.3(3) 65.7(3)
FAAF1 59.6(2) 56.8(2)
FAAF2 61.5(2) 58.8(3)
FAFA1 62.3(3) 59.7(2)
FAFA2 62.3(3) 59.4(2)
FAFF1 58.0(2) 55.1(2)
FAFF2 59.0(2) 56.3(2)
Average 61.9(3) 59.2(4)

Table SIII. Summary of the initial values, parameter spaces, and refined values for the parameters of the spin-orbit exciton
model where the values of J,, ¢ are restricted to be equal to their respective values originally reported13 for Mgo.97Co0.030 for
a given refined value of A that is allowed to vary down to —19 (Model A) and —23 meV (Model B). All values are reported in
meV and numbers in parentheses indicate statistical errors.

Parameter |Initial Value| Range (Model A) | Range (Model B) |Refined Value (Model A)|Refined Value (Model B)
A ~16 [~19,~13] [—23,-13] ~19.00(1) -23.00(1)
r ~8.76 [~8.76,~6.16] —6.16(1)

Jir —0.918 | [-0.945,—0.912] | [~1.134,~0.730] ~0.912(1) —0.908(1)

Jiar 1.000 0.998,1.031] [0.798,1.24] 0.998(1) 0.986(1)
I 3.00 [2.86,3.79] [2.29,4.55] 2.86(1) 2.702(1)
J3F —-0.182 [—0.183,—0.181] | [—0.220,—0.145] —0.181(1)

Jasar 0.262 0.261,0.263)] 0.209,0.316] 0.261(1)

Jar ~0.0504  |[—0.0606,—0.0503] | [0.0581,—0.0402] ~0.0503(1)

Jaar 0.0759 [0.0758,0.0760] [0.0606,0.0874] 0.0758(1)

Hyr 64.8 [0,100] Tab. SII
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