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1. SEMIPARAMETRIC ESTIMATION

We summarise the treatment of semiparametric estimation origi-
nally presented in [1]. The response of the detector is described
by means of a continuous set of outcomes x, which is abstractly
called the detector space and may correspond to physical co-
ordinate space. A distribution dn(x) is defined in such a way
that, for any subset A of the detector space, one can measure the
count rate n(A) =

∫
A dn(x). The value of dn(x) is treated as a

stochastic variable with mean dn̄(x) and Poisson distribution -
implying that finite count rates follow the same statistics, too.
Given any vectorial quantity h(x) on the detector space, the
expectation value can be written as the average over the mean
counts:

E(h) =
∫

h(x)dn̄(x), (1)

while the associated covariance matrix is

Var(h) =
∫

h(x)h(x)⊤dn̄(x). (2)

We can introduce a measure dµ(x) over the detector space, re-
sulting in a density for the mean counts f (x|θ) = dn̄(x)/dµ(x),
the so-called Radon-Nikodym derivative. This can depend on a
vector θ of parameters. This, in turn, sets a scalar parameter β(θ),
representing our target. In principle, it is possible to establish
a lower limit CRBβ to the variance of any unbiased estimator
β̌ by means of the Cramér-Rao bound (CRB). In the practice,
however, a direct approach would demand the inversion of a
large-dimension Fisher information matrix associated associated
with the elements of θ, which may be infinite in number. The
power of the semiparametric approach resides in establishing
the CRB without resorting to inversion: indeed, this is obtained
by a so-called influence function Iβ(x) associated to β as

CRBβ =
∫

Iβ(x)2dn̄(x). (3)

An influence function is readily found if one can write:

β =
∫

Iβ(x) f (x)dµ(x), (4)

as it is the case in our experiment. The semiparametric treatment
also prescribes how to modify the influence function to account
for constraints on the parameters. These can indeed contribute
to lowering the associated uncertainty, and this must be reflected
in the CRB.

2. INSTRUMENTAL FUNCTION FOR RASTER-SCAN
IMAGING AND SPECTROMETRY

Consider a source with 1D intensity distribution F(y) reaching
a detection plane through an optical system with response func-
tion S(x − y). If the contributions are incoherent, this results in
a distribution

f̃ (x) =
∫

S(x − y)F(y)dy. (5)

This would be the quantity measured with a direct imaging
detector at infinite resolution.

Instead, a raster scan on the detection plane gives a signal
collected over a range 2ϵ:

f (x) =
∫ x+ϵ

x−ϵ
f̃ (ξ)dξ

=
∫ x+ϵ

x−ϵ

∫
S(ξ − y)F(y)dξdy .

(6)

Since there exists a function Σ(ξ) such that
∫ ξ0

ξ1
S(ξ)dξ =

Σ(ξ1)− Σ(ξ0), we get

f (x) =
∫

(Σ(x − y + ϵ)− Σ(x − y − ϵ)) F(y)dy

=
∫

H(x − y)F(y)dy.
(7)

We thus obtain an instrumental function H(x) for the raster scan,
as in the case of simple direct imaging.
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3. ESTIMATION OF MOMENTS

The profile F(y) of the source can be normalised as
∫

F(y)dy = 1,
thus fixing the zero-order moment to M0 = 1. The instrumental
function is normalised to a factor τ giving the overall transmis-
sion of the system:

∫
H(x)dx = τ. The detection function f (x)

is thus conveniently normalised as
∫

f (x)dx = τN with N being
the total number of registered events. By setting τ = 1 in our
investigation, we then consider the information per detected
event.

The relation Eq. (7) between the real object F(x) and the
measured image f (x) suggests evaluating moments by inversion

Mi = ∑
j
(C−1)ijmj , (8)

as explained in the main text. These relations help us in intro-
ducing proper influence functions for the estimators

Ii(x) =
1
N ∑

j
(C−1)ijxj, (9)

each associated to Mi. However, a CRB simply obtained as
in Eq. (3) would neglect the effect of constraining M0 = 1. This
demands a modified influence function Ieff,i(x) that the semi-
parametric estimation theory provides as

Ieff,i(x) = Ii(x)− Mi
τN

. (10)

This result descends directly from the complete analogy with
1D imaging covered in [1]. This allows us to adopt the same
technique based on function Hilbert spaces to derive the new
influence function.

4. EFFECT OF THE FINITE RESOLUTION ON THE
KRAMERS-KRONIG RELATIONS

The spectral phase φ(ω) imparted by a sample can be retrieved
by measurements of its spectral transmission η(ω) by means of
the Kramers-Kronig relations

φ(ω) = − 1
2π

∫ log(η(ω))

ω′ − ω
dω. (11)

The transmission is ideally obtained as the ratio between a mea-
sured intensity Fη(ω) and a reference intensity Fref(ω):

η(ω) =
Fη(ω)

Fref(ω)
. (12)

This is actually affected by the instrumental function H(ω) as

ηH(ω) =

∫
H(ω − ω′)Fη(ω′)∫
H(ω − ω′)Fref(ω′)

. (13)

The deviation of the exact expression for the phase Eq. (11) with
the one obtained using ηH is then

∆φ(ω) = − 1
2π

∫ 1
ω′ − ω

log

( ∫
H(ω′ − ω”)Fη(ω”)

Fη(ω′)

)
dω′,

(14)
that is, it reads as the Hilbert transform of a suitable function.
In this expression Eq. (14) we have made the assumption that
the reference intensity Fref varies slowly over a much wider
interval than the width of H(ω), so we can neglect its error. By

the properties of the Hilbert transform, we can thus obtain the
quadratic error

ϵ2 =
∫

∆φ(ω)2dω

=
1
4

∫
log2

( ∫
H(ω − ω′)Fη(ω′)

Fη(ω)

)
dω .

(15)
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