
Supplementary Material

APPENDIX A
REFERENCED ALGORITHMS

Algorithm 6 MaxIdx(v; d, d0,m, t) from [24]

Input: A vector v 2 [ 12 ,
3
2 )

n
\D

n; d, d0,m, t 2 N
Output: A vector b 2 [0, 1]n such that b[k] ⇡ 1, if
maxidx(v) = k, otherwise b[i] ⇡ 0.
Depth: d0 + 1 + t(d+ logm+ 2)
Complexity: O(n+ d0 + t(d+ n logm))

1: I  Inv(
Pn�1

j=0 v[j]/n; d0)
2: for j  0 to n� 2 do
3: b[j] v[j]/n · I
4: end for
5: b[n� 1] 1�

Pn�2
j=0 b[j]

6: for i 1 to t do
7: I  Inv(

Pn�1
j=0 b[j]m; d)

8: for j  0 to n� 2 do
9: b[j] b[j]m · I

10: end for
11: b[n� 1] 1�

Pn�2
j=0 b[j]

12: end for
13: return b

Algorithm 7 Comp(a, b; d, d0,m, t) from [24]

Input: distinct real numbers a, b 2 [1/2, 3/2); d, d0,m, t 2 N
Output: a real number r 2 (0, 1) . r ⇡ 1 if a > b; r ⇡ 0 if
a < b
Depth: d0 + 1 + t(d+ log(m) + 2)
Complexity: O(d0 + t(d+ log(m)))

1: I  Inv(a+b
2 ; d0)

2: a0  
a
2 · I

3: b0  1� a0
4: for n 0 to t� 1 do
5: I  Inv(amn + bmn ; d)
6: an+1  amn · I
7: bn+1  1� an+1

8: end for
9: return at

APPENDIX B
Low CORRECTNESS PROOFS

Proof of Lemma III.1. First note that S(v) 2 D
n, since all

entries are necessarily distinct by definition of Transformation
1, and so maxidx(S(v)) is defined.

Suppose that low(v) = k for some 0  k  n�1. We have
to show S(v)[k] > S(v)[j] for all 0  j  n� 1 and j 6= k.

Case 1: 0  j < k. Note that v[k] = 1 and that v[j] 2
{0, 1}. Therefore,

S(v)[k] = v[k] + k/n = 1 + k/n > v[j] + j/n = S(v)[j].

Case 2: 0  k < j  n � 1. Note that v[j] = 0 because
low(v) = k is the largest index with v[k] = 1. Therefore,
S(v)[j] = v[j] + j/n = j/n and that

S(v)[k] = 1 + k/n > (n� 1)/n � j/n = S(v)[j].

Remark. The same argument in the proof of Lemma III.1
would work for any transformation S that is strictly mono-
tonically increasing on {0, 1, . . . , n� 1} and strictly bounded
by 1. However, in the implementation of MaxIdx, which
we use to approximate maxidx (and thus low), the rate of
convergence is increasing with the distance between distinct
values in v, and so a nonlinear choice of S may have the
effect of decreasing the rate of convergence, at least for some
input vectors. Further analysis would be required to find an
optimal choice for S.

Proof of Lemma III.2. Suppose that low(v) = k for some
0  k  n� 1. We have to show S(v0)[k] > S(v0)[j] for all
0  j  n� 1 and j 6= k.

Case 1: 0  j < k. Note that v[k] = 1, v0[k] > 1� 1/2n,
v[j] 2 {0, 1}, and v0[j] < 1 + 1/2n. Therefore,

S(v0)[k] = v0[k] + k/n > (1� 1/2n) + k/n

> (1 + 1/2n) + (k � 1)/n > v0[j] + j/n = S(v0)[j].

Case 2: 0  k < j  n � 1. Note that v[j] = 0 because
low(v) = k is the largest index with v[k] = 1. Moreover,
v0[k] > 1� 1/2n and v0[j] < 1/2n. Therefore,

S(v0)[k] = v0[k] + k/n > (1� 1/2n) + k/n � 1� 1/2n

= 1/2n+ (n� 1)/n > v0[j] + j/n = S(v0)[j].

Lemma B.1. Let " > 0 and let ej denote the standard n-
dimensional basis vector, with ej [j] = 1 and ej [i] = 0 for all
i 6= j. Fix parameters d, d0,m, t for the MaxIdx algorithm
so that |MaxIdx(x; d, d0,m, t) � emaxidx(x)| < 2�↵, for all
x 2 [ 12 ,

3
2 )

n. Then, for any binary vector v 2 {0, 1}n,

��Low(v; d, d0,m, t)� low(v)
�� < n(n� 1)

2
(2�↵),

where Low, low, and MaxIdx are computed as described in
[24].

Proof. To ease notation let b = MaxIdx(v; d, d0,m, t).
Assume the paramaters d, d0,m and t have been chosen so
that

��b[i]� ek[i]
�� < 2�↵

for all 0  i < n� 1, if k = maxidx(v). Then
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��Low(v; d, d0,m, t)� low(v)
�� =

�����

n�1X

i=0

ib[i]�
n�1X

i=0

iej [i]

�����

=

�����

n�1X

i=0

i(b[i]� ej [i])

�����



n�1X

i=0

��i(b[i]� ej [i])
��

< 2�↵
n�1X

i=0

i

=
n(n� 1)

2

�
2�↵

�
.

Lemma B.2. Let ↵ > 0 and fix parameters d, d0,m, t for
the MaxIdx algorithm so that |MaxIdx(x; d, d0,m, t) �
emaxidx(x)| < 2�↵, for all x 2 [ 12 ,

3
2 )

n. Further assume
v0
2 [0, 1]n and v 2 {0, 1}n are such that |v0

� v| < 1
2n .

Then
��Low(v0; d, d0,m, t)� Low(v; d, d0,m, t)

�� < n(n� 1)2�↵

Proof. Recall that the Low algorithm presented in Algorithm
2 requires the input vectors to undergo two transformations,
S and TL, before being fed into the MaxIdx algorithm. Let
x0 = TL(S(v0)) and x = TL(S(v)). The problem now reduces
to bounding

��MaxIdx(x0; d, d0,m, t)� MaxIdx(x; d, d0,m, t)
��

where |x0
� x| < 1

4n < 1
2n . By Lemmas III.1 and III.2

maxidx(x0) = maxidx(TL(S(v
0))) = low(v)

= maxidx(TL(S(v))) = maxidx(x),

and so a triangle inequality obtained by adding and subtracting
emaxidx(x0) and emaxidx(x) yields

��MaxIdx(x0; d, d0,m, t)� MaxIdx(x; d, d0,m, t)
��

<2�↵ + 0 + 2�↵ = 2�↵+1.

Letting

b = MaxIdx(x; d, d0,m, t)

b0 = MaxIdx(x0; d, d0,m, t),

we have
��Low(v0; d, d0,m, t)� Low(v; d, d0,m, t)

��

=

�����

n�1X

i=0

ib0[i]�
n�1X

i=0

ib[i]

����� =

�����

n�1X

i=0

i(b0[i]� b[i])

�����



n�1X

i=0

��i(b0[i]� b[i])
�� < 2�↵+1

n�1X

i=0

i

=
n(n� 1)

2
(2�↵+1) = n(n� 1)2�↵.

APPENDIX C
Low PARAMETERS PROOFS

Proposition C.1. Fix n � 2 and assume v 2 {0, 1}n and
v0
2 [0, 1]n satisfy |v � v0

| 
"
2n , for some 0  " < 1. Let

x0 = TL(S(v0)) and denote the (i + 1)-th smallest value of
x0 by x0

(i), so min{x0[i] | 0  i  n � 1} =: x0

(0) < x0

(1) <
. . . < x0

(n�1) := max{x0[i] | 0  i  n� 1}. Let

c = x0

(n�1)/x
0

(n�2)

be the ratio of the largest coordinate value of x0 over the
second largest value. Then

c � 1 +
2� 2"

6n� 4 + "
.

Proof. Suppose low(v) = k. By Lemma III.2, x0[k] has the
highest value in the vector. Define the two sets

M1 = {j | v[j] = 1 and j < k}

=
n
j | v0[j] � 1�

"

2n
and j < k

o

and
M0 = {j | v[j] = 0} =

n
j | v0[j] 

"

2n

o
.

There are two cases to consider, either M1 is empty or not.
Case 1: If M1 is empty, let m = maxM0. Since S is an

increasing function with respect to index, and TL is strictly
increasing we have that TL(S(v0))[m] = x0[m] is necessarily
the second highest value. This is because

x0[m] =
v0[m] + m

n + 1

2
�

m
n + 1

2
>

"
2n + j

n + 1

2

>
v0[j] + j

n + 1

2
= x0[j]

for 0  j < m  n�1. The middle inequality follows because
m,n 2 Z and m > j =) m � j � 1 =) m

n �
1
n + j

n >
"
2n + j

n . Thus,

x0

(n�1)

x0

(n�2)

=
x0[k]

x0[m]
>

1� "
2n + k

n + 1
"
2n + n�1

n + 1

= 1 +
2k + 2� 2"

4n� 2 + "
� 1 +

2� 2"

4n� 2 + "
.

Case 2: If M1 is not empty, let m = maxM1. We first
show that x0[i] > x0[j] for all i 2 M1, j 2 M0; that is, all
transformed approximate 1’s are larger than all transformed
approximate 0’s. Let j 2M0 and i 2M1 be arbitrary. Then

v0[j] +
j

n
<

"

2n
+

j

n


"

2n
+

n� 1

n

 1�
1

2n
 1�

"

2n
+

i

n
< v0[i] +

i

n
for i � 0. Since TL is an increasing function, we have that
x0[j] < x0[i] as desired. Thus, the second largest coordinate
of x0 is x0[m] > (1 � "

2n + m
n + 1)/2, where m = maxM1.

Necessarily m  k � 1, and so we have that

x0

(n�1)

x0

(n�2)

=
x0[k]

x0[m]
>

1� "
2n + k

n + 1

1 + k�1
n + 1

= 1 +
2� "

4n+ 2k � 2
� 1 +

2� "

6n� 4
.
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Thus, as n and " were chosen from the beginning,
we know that the ratio between the largest and sec-
ond largest value for any “approximate” binary vector is
bounded below by min

n
1 + 2�2"

4n�2+" , 1 +
2�"
6n�4

o
. However,

both 2�2"
4n�2+" and 2�"

6n�4 are greater than or equal to 2�2"
6n�4+" ,

with the former being immediate for n � 1 and the latter is
true as

2� "

6n� 4
�

2� 2"

6n� 4
�

2� 2"

6n� 4 + "
, for 0  " < 1.

And so, it follows that

c � min

⇢
1 +

2� 2"

4n� 2 + "
, 1 +

2� "

6n� 4

�
� 1 +

2� 2"

6n� 4 + "
.

Lemma C.2. Assume v 2 {0, 1}n and v0
2 [0, 1]n satisfy

|v � v0
| 

"
2n , for some 0  " < 1. Consider Theorem 5 in

[24], which gives the parameters (d, d0,m, t) for the MaxIdx
function for a given desired accuracy of 2�↵. If ↵ is chosen
such that

↵ > log(3) + 2 log(n)� log(�)� 1

then |Low(v0; d, d0,m, t)� low(v)| < �.

Proof. We note that from Theorem III.3 it suffices to have

3

2
n(n� 1)2�↵ <

3n2

2↵+1
< �

, 2↵+1 >
3n2

�
, ↵ > log(3) + 2 log(n)� log(�)� 1

Proof of Theorem III.5. Lemma C.2 provides the corre-
sponding ↵ needed for a desired �-error in Low. That is, if one
desires error � in |Low(v0) � low(v)|, then one may choose
↵ > log(3) + 2 log(n)� log(�)� 1.
c’s lower bound has been found in Proposition C.1. In

particular, by Proposition C.1, we know that c � 1+ 2�2"
6n�4+" .

But this is equivalent to saying that

� log(log(c))  � log

✓
log

✓
1 +

2� 2"

6n� 4 + "

◆◆

=) log(↵+ 1 + log(n))� log(log(c))

 log(↵+ 1 + log(n))� log

✓
log

✓
1 +

2� 2"

6n� 4 + "

◆◆

Therefore, if we choose

t �
log(↵+ 1 + log(n))� log

⇣
log
⇣
1 + 2�2"

6n�4+"

⌘⌘

logm

we fulfill the former inequality in Theorem 5 (from [24]).
At this point, both ↵ and t are determined. As min{d, d0}

is dependent upon these choice of parameters, our choice of
min{d, d0} is also determined.

APPENDIX D
LowComp CORRECTNESS PROOFS

Proof of Lemma III.6. Suppose that |Low(x0;PL) �

Low(y0;PL)| > �. Then

� < |Low(x0;PL)� Low(y
0;PL)|  |Low(x0;PL)� low(x)|

+ |Low(y0;PL)� low(y)|+ |low(x)� low(y)|

< 2� + |low(x)� low(y)|.

This implies that |low(x)� low(y)| > �� 2� > 0 as � > 2�
by assumption. Both low(x) and low(y) are integer-valued
functions, so it must be the case that low(x) 6= low(y).

Conversely, suppose that

|Low(x0;PL)� Low(y
0;PL)|  �.

Then

|low(x)� low(y)|  |Low(x0;PL)� low(x)|

+ |Low(y0;PL)� low(y)|

+ |Low(x0;PL)� Low(y0;PL)|

< � + � + �

And so we have that |low(x) � low(y)| < 2� + � < 1 as
� < 1 � 2�. Again, as low is an integer-valued function, it
must be the case that low(x) = low(y).

Proof of Theorem III.7. Recall Lemma III.6 and the follow-
ing chain of if and only if implications:

lowcomp(lx, ly) = 1, low(x) = low(y), � � |Lx0 � Ly0 |

, �2
� (Lx0 � Ly0)2 , TC(�

2) � TC(Lx0 � Ly0)2

There are two cases: lowcomp(lx, ly) = 1 or
lowcomp(lx, ly) = 0. Case 1: lowcomp(lx, ly) = 1. Then
TC(�2) � TC(Lx0 � Ly0)2 which implies that

|Comp(TC(�
2), TC(Lx0 � Ly0)2; d, d0,m, t)

� comp(TC(�
2), TC(Lx0 � Ly0)2)| < ⌘

=) |Comp(TC(�
2), TC(Lx0 � Ly0)2; d, d0,m, t)� 1| < ⌘

=) 1� ⌘ < Comp(TC(�
2), TC(Lx0 � Ly0)2; d, d0,m, t) < 1

=) 1� ⌘ < LowCompLx0 ,Ly0 ; d, d0,m, t) < 1.

Case 2: lowcomp(lx, ly) = 0. Then TC(�2) < TC(Lx0 �

Ly0)2 which implies that

|Comp(TC(�
2), TC(Lx0 � Ly0)2; d, d0,m, t)

� comp(TC(�
2), TC(Lx0 � Ly0)2)| < ⌘

=) |Comp(TC(�
2), TC(Lx0 � Ly0)2; d, d0,m, t)� 0| < ⌘

=) 0 < Comp(TC(�
2), TC(Lx0 � Ly0)2; d, d0,m, t) < ⌘

=) 0 < LowComp(Lx0 ,Ly0 ; d, d0,m, t) < ⌘.
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APPENDIX E
LowComp PARAMETERS PROOFS

Proposition E.1. Consider positive a < b < c. Then the value
of b which optimizes the problem

max
b2(a,c)

✓
min

⇢
b

a
,
c

b

�◆

is b =
p
ac. In other words, b is equal to the geometric mean

of the endpoints. Furthermore, for this choice of b, we have
that

max
b2(a,c)

✓
min

⇢
b

a
,
c

b

�◆
=

r
c

a
.

Proof. Suppose b =
p
ac. Then b

a = c
b =

p
c
a . If b >

p
ac,

then b
a > c

b , implying that the minimum of the two ratios is
c
b . But then c

b < c
p
ac

=
p

c
a . Similarly, if b <

p
ac, then

b
a < c

b , so that the minimum of the two ratios is now b
a .

It follows that b
a <

p
ac
a =

p
c
a . Thus the value of b over

(a, c) which maximizes the min
�

b
a ,

c
b

 
is b =

p
ac and the

maximum value is
p

c
a .

Proof of Corollary III.8.1. The value of TC(�2) comes im-
mediately from applying the preceding Proposition E.1. This
proposition also establishes c’s lower bound, as

c =
max

�
TC(�2), TC((Lx0 � Lx0)2)

 

min {TC(�2), TC((Lx0 � Lx0)2)}

> min

⇢
TC(�2)

TC((2�)2)
,
TC((1� 2�)2)

TC(�2)

�
=

s
TC((1� 2�)2)

TC((2�)2)

=

s
1
2 + ( 1�2�

n )2

1
2 + ( 2�n )2

=

s
n2 + 2(1� 2�)2

n2 + 2(2�)2
.

Lemma E.2. Consider Theorem III.8, which gives the param-
eters (d, d0,m, t) for the Comp function for a given desired
accuracy of 2�↵. If ↵ is chosen such that ↵ > � log(⌘) then
Comp (and by extension, LowComp) has ⌘-error. That is,

|LowComp(Lx0 ,Ly0 ,�; d, d0,m, t)� lowcomp(lx, ly)| < ⌘

Proof. If ↵ > � log(⌘), then 2�↵ < ⌘. The result follows
from Theorem III.7.

Proof of Theorem III.9. For

� = n

vuut
s✓

1

2
+ (

2�

n
)2
◆✓

1

2
+ (

1� 2�

n
)2
◆
�

1

2
,

one may calculate

TC(�
2) =

s✓
1

2
+ (

2�

n
)2
◆✓

1

2
+ (

1� 2�

n
)2
◆
.

By Corollary III.8.1, c is bounded below by
q

n2+2(1�2�)2

n2+2(2�)2 .
But this is equivalent to saying that

� log(log(c))  � log

 
log

 s
n2 + 2(1� 2�)2

n2 + 2(2�)2

!!

=) log(↵+ 2)� log(log(c))

 log(↵+ 2)� log

 
log

 s
n2 + 2(1� 2�)2

n2 + 2(2�)2

!!
.

Therefore, if we choose

t �
1

logm

"
log(↵+ 1 + log(n))

� log

 
log

 s
n2 + 2(1� 2�)2

n2 + 2(2�)2

!!#
,

we fulfill the former inequality in Theorem 4.
Furthermore, Lemma E.2 determines what ↵ must be to

achieve the desired ⌘-error in LowComp. At this point, with
a fixed choice of m, Theorem 4 from [24] establishes the
remaining parameters d, d0, and t.

APPENDIX F
HE-Reduce-Optimized DEPTH AND COMPLEXITY

PROOF

Proof of Theorem IV.1. We proceed with an induction on
m. For the base case, note that column j = 0 is trivially
in reduced form and �1 will certainly be in reduced form
after a single comparison with �0. This aligns with the worst
case complexity for the original Reduce algorithm: O(j2) for
column j, O(n3) overall [60].

For the inductive hypothesis, assume that for all j  m�1,
that the depth of the HE-Reduce-Optimized algorithm,
after termination on a n⇥ j matrix, is d(j) = j(j�1)

2 D.
Now consider an n⇥m matrix B = [x0 |...|xm�2 |xm�1 ] 2

Zn⇥m
2 . Then the sub-matrix B0 obtained by excluding the last

column xm�1 is an n ⇥ (m � 1) matrix, and thus has depth
d(m � 1) = (m�1)(m�2)

2 D by the inductive hypothesis. Let
us now focus on the last column, xm. Consider the outer loop
corresponding to k = 0 in the HE-Reduce-Optimized
algorithm. After the first inner loop finishes, we have the depth
of column x0

m is exactly d(m�1)+D = (m�1)(m�2)
2 D+D,

where the last D term is added from the very last update.
However, in HE-Reduce-Optimized, for all subsequent

k = 1, ...,m � 1, every k loop adds exactly D to the depth
only one time. This is because every run of the inner j0 for
loop runs in parallel with ciphertexts of lower depth than the
most recent update of x0

m. A counting argument will yield
that the depth of column x0

m after all loops are completed
is [ (m�1)(m�2)

2 D + D] + [(m � 2)D] = m(m�1)
2 D, thus

completing the induction.
As for the complexity, the optimized algorithm calls Low

(which has complexity O(m + d0L + tL(dL + m logmL))
exactly m(m�1)/2 times but still calls LowComp (which has
complexity O(d0C+tC(dC+logmC))) exactly m(m�1)(2m�
1)/6 times. Thus, the overall complexity is as stated.
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