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ABSTRACT

Astronomical-coordinate conversions are solved using integer
arithmetic in Fortran IV to simulate fixed-point arithmetic.,
It is concluded that a 24-bit computer can be used to solve the
conversions in single precision, with an accuracy greater
than, or equal to that of the 20-bit output of shaft-angle encod-
ers on the Algonquin Radio Observatory telescope system.
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COORDINATE CONVERSIONS BETWEEN ASTRONOMICAL SYSTEMS
USING INTEGER ARITHMETIC TO SIMULATE
A 24-BIT COMPUTER

- E.J. Messerli - *

INTRODUCTION

Computer control of the 150-foot radio telescope at Algonquin Radio Observa-
tory (ARO) will allow observations in systems different from those in which the
telescope may be directly controlled. For example, a galactic scan may be made,
while control is in equatorial (or altazimuth) coordinates.

The laborious computations involved in obtaining coordinates in the controlling
system must be carried out frequently by the computer, to obtain a sequence of
coordinates defining the desired path. Interpolation between these coordinates
gives a sequence of finer points which are compared with the actual pointing angle
of the telescope. The difference, or pointing error, is then conditioned by an
error subroutine and is applied through a digital-analog converter as the actual
drive signal.

The accuracy of the converted coordinate pairs must be equal to, or greater
than, the shaft-angle encoding accuracy of the telescope system — 20 bits for
equatorial coordinates or 18 bits for altazimuth coordinates. Since it is most
efficient to perform the conversion computations in single-precision arithmetic,
it is desirable to know which machines will give 20-bit accuracy with single-pre-
cision arithmetic, Since the control and data-acquisition computers being con-
sidered for the ARO system have work lengths of 12, 16, 18, or 24 bits, obviously
the 24-bit computer is the only one for which the use of single precision may be
feasible.

To determine the feasibility of this, it is necessary to specify the type of
arithmetic — fixed point or floating point — then, either code the solution for
an available 24-bit machine, or simulate a 24-bit machine. This simulation,
using machine language, is long but relatively straightforward. However, the
choice of fixed-point arithmetic allows it to be written in Fortran IV, using the
integer mode.

The results of this method of simulation, run on the NRC IBM S360/50 computer,
are reported here. A program for conversions in decimal form has also been writ-
ten, and all program listings are included, as Appendix B. Appendix A illustrates
the coordinate systems, and gives a flow chart for solution.

*NRC Summer Student, 1966




SIMULATION TECHNIQUE

Accurate simulation of computations on an N-bit machine may, in theory, be
coded in machine language on a machine of any word length, providing the following
rules are obeyed:

1) number representation (length, format) must be the same as for the
N-bit machine

2) type of arithmetic must be the same (i.e., fixed- or floating-point )

3) arithmetic operations must be the same (i.e., adjustment rules or
rounding/truncation procedures).

Moreover, if we restrict ourselves to fixed-point arithmetic, these rules can
be, effectively, obeyed without resorting to machine language. This is done by
coding in Fortran with operations done in integer mode. The machine used in the
simulation must have a word length greater than or equal to N bits, or the number
corresponding to all N bits having value 1" cannot be represented as an integer.

In using the integer mode in Fortran, the decimal point is considered to be loca-
ted to the right of the least significant bit:

T

f < (N - 1) bits

sign . decimal
bit point

Numbers are scaled to lie in the range ’I 1 < 2 (N-1 ), where one bit is allowed

for the sign, and stored in either two's-complement (most common) or sign-
magnitude form. If X is a number such that | X I =< R, the integer representa-
tion of X is:

IX = * z(N'l)

3] 4

N-1
Arithmetic operations may now be written, where IS = 2( ):

1) Addition and subtraction

1Z = IX + IV, where |IZ | < IS



2) Multiplication of IX by IY
IZ = IX * IY/IS
3) Division of IX by IY

17

IX * IS/TY
To illustrate, let IS = 2* =8,  |X|,|Y]|<1.

Therefore X = 0.625 is scaled to 5 (=0101)
Y = 0.5 1is scaled to 4 (=0100)

and XY = .3125 is scaled to 2 (= 0010)

(Note that .3125 X 8 is truncated to 2)
The machine operation is:

0101
*0100
Multiply — 0001 0100 (double-accumulator)
Shift Left One — 0010 1000

Take high-order word — 0010 (=2), We arrive at the same answer simply
by doing integer arithmetic; i.e.,

I1Z = fo = "/, = 2

Note that it is assumed that the intermediate result IX * IY, which may be
greater than IS in magnitude, is available. This is true for machines with
only two operating registers and a compiler (Fortran) which results in the
set of machine-language instructions:

Load operating register (M,)
Multiply (M, )
Divide (M;)

where (M) denotes contents of location M, and M,;, M,;, and M, correspond

to IX, IY, IS. Since products are normally stored in a double-length accumu-
lator, and division is normally made into the contents of a double-length accumu-
lator (even for single-precision arithmetic), the intermediate result is not lost.




For machines such as the IBM $360/50 with more than 2 operating registers,
the intermediate result (IX * IY) is not available (i.e., IZ = IX * TY/IS is in-
correct if |IX * IY ] > 23| the maximum integer size allowed — no overflow
is indicated if this occurs). In this case it is necessary to constrain computations
to be done in real variable mode (preferably double precision), then truncate the
results to an integer. This can be done by using the mixed-mode feature of the
5360 Fortran IV, and multiplication will then appear as follows:

Double Precision X
X = 1,0
with a similar form for division.
(Note: IZ = IX * IY/IS * X gives incorrect results, since the compiler works

from left to right and, hence, the first multiplication is still done in integer mode )

COMPUTATIONAL RESULTS

To re-emphasize, the simulation is for fixed-point arithmetic on a 24-bit
machine. The integer trigonometric routines are derived from routines written
for a 24-bit SDS-910, and hence, are not suitable for any other word lengths
(since the number of terms carried in the power series depends on the word
length). The sine-cosine routines were tested and errors were found to be equal
to, or less than, two bits relative to a reference computation, This corresponds
to an absolute error of less than 10™® on a scale of 1.0.

The arctangent routine was found to be accurate to within one bit ( correspond-
ing to an absolute error of approximately 0.08 second of arc). Thus, these rou-
tines will not contribute significant errors to the results.

Appendix B gives numerical results for a conversion from galactic to equatorial
1950 coordinates. The first line of each result gives the angles in degrees of the
galactic (L, B) and equatorial (ALPHA, DELTA) coordinates. This conversion
is performed in double precision (representing 17 significant decimal places); hence,
the decimal results serve as an accurate reference computation . (The double-pre-
cision form of CONVT is not included with the program listings.) The second line
(IN DECIMAL) is the same equatorial result as the first; however, it is scaled to
lie in the same range as the integer result (IN INTEGER).

The relative error between the decimal and integer results determines how many
bits have been dropped by the integer routine, and may be interpreted according to
Table I.



TABLE I

RELATIVE ERROR BETWEEN DECIMAL AND DIGITAL RESULTS

Relative Bits Resulting Angular
error dropped precision error (arc sec)
0-1 1 23 0.16
1-3 2 22 0.32
3-17 3 21 0.64
7-15 < 20 1.3

15-31 5 19 2.6

31-63 6 18 5.2

Inspection of the results indicates, as expected, that the largest errors
occur near the pole (large declination); however, the relative error in declina-
tion is always less than 2. The relative error in right ascension only becomes
greater than 15 for certain angles of almost 89° or greater, with the error in
declination in this region being very much smaller,

The actual measure of error should be the arc displacement A6, and it is
easily shown that:

(A0) = (AG) + cos?é (Aa)?,

where 6 represents declination
« represents right ascension

Ad, Aa represent error in 6 and o, respectively
Rewriting the above equation gives:

JAB]Z = |as|? + cosch’AaF

I

‘Aé ’2 + 2|A6| ,Aalcosé + coszé|Aa|2

1A

(|ad| + |aa|cos 6)?

or
lao| < |as| + |Ae | cos

(cosé > 0 for !5’590")



Using this as a measure and 6 as an independent variable, (because of
dependence of Ax on 6), we are able to estimate the bounds on the errors given
in Table II. (Results are referred to by numbers appearing on the left-hand
side of result sheets).

TABLE II

RESULTS FOR 24-BIT COMPUTER

Declination Max. rel. Max. rel. Max. (est.) arc Result
(degrees) error in o error in & error (arc sec) No.
-28.4 to
+ 83.6 1 2 .32 1-20
88-89 35 2 .32 20-39
89.112 35 wik .16 25

However, there does not appear to be any correlation between |A9| and 6 .
This occurs because of the compensating effect of the cos 6 factor, and ran-
domness introduced by truncation. For the results included, |A9 I is distributed
as shown in Table III.

TABLE III

DISTRIBUTION OF MAXIMUM ABSOLUTE ANGULAR ERROR (MAX. |A6 |)
PRODUCED BY A 24-BIT PROCESSOR

Max. |A0| (arc sec) No. of results
0.00 - 0.08 0
0.08-10.11 6
0.11 - 0.16 11
0.16 - 0.23 9
0.23 - 0.32 7
0.32 - 0.45 6
>0.45 0

Total of 39




Thus, the probability that |A9 | > 1.28 arc sec is very small,

These results indicate that, for coordinates farther than 1° from a pole,
24-bit single precisionis adequate. Very likely it is adequate to within a frac-
tion of a degree of the pole with the routine used. For coordinates closer to a
pole, either extra precision must be carried, or , preferably, an alternative
form of the solution should be used. Large errors in o will introduce large
errors in 6 , since « is used to solve for 6 in the routines given, using either
sin (@ - Cgq) if |@ - Crg| > 45°, or cos (a - Cgq) if | - CEQl < 45°,

This tends to minimize the effect of fairly large changes in the sine or cosine of
some angles. Consider, for example, that |a - CgQ | <45° Then cos (a - CEQ)
is used and

Acos(a - CEQ) =~ gsin(a - CEQ)Aa
Thus, for the same relative error (Aa) the effect is much less near 0° than it is
near 45°, However, very near a pole an alternate solution should be employed;
for example, an arcsine routine for 6.
It is interesting to compare the results if one bit is dropped from all computa-
tions (23-bit computer). Equivalent values for this case (again referred to the

same decimal computation) are given in Table IV. Although data are not included
in the appendix, these results are for the same angles.

TABLE IV

RESULTS FOR 23-BIT COMPUTER

Declination Max. rel. ~ Max. rel, Max. (est.) arc Result
(degrees) ‘error in « error in 6 error {(arc sec) No,
-28.4 to
+83.6 10 4 1.3 1-20
88-89 224 6 1.3 21-38
89,112 134 1.1 .64 25

Note that the effect in the final answer is (in general) a loss of more than a single
bit (2 bits) in accuracy, if these results are compared with those of Table II.

On the basis of these results, it may be concluded that a 24-bit computer can
be used for coordinate conversions, with single-precision arithmetic. The results




will be compatible with the output of 20-bit shaft encoders, except for a small
area about a pole. It does not appear that a computer of word length less than
24 bits can achieve acceptable results with single-precision calculations, so
that care must be taken in programing a 24-bit computer, if one is chosen for
the task.

APPENDIX A

COORDINATE SYSTEMS

The astronomical coordinate systems of interest are of (or equivalent to) the
form shown in Fig. 1(a), where we may regard (the center of) the earth as the
origin. For equatorial coordinates, A corresponds to right ascension, while B
corresponds to declination.,

If we consider two such systems, the transformation from one to the other can
be specified in terms of the angles C,, ¢, C,, as indicated in Fig. 1 (b). The
transformation from system 1 to system 2 is then defined by the following equa-
tions, which represent equivalent projections in two 3-dimensional Cartesian
systems. The third dimension is fictitiously introduced by considering the un-
specified radius of all great circles to have a fixed value (say 1). The equations
are:

X = cos(A, - C;) cosB, = cos(A; - C;) cosB,
Y = sin(A; - C;) cosB, = sin(A; - C;) cosB; cos¢ - sinB, sin ¢

Z

sinB, = sin(A; - C,) cosB; sin¢ + sinB; cos¢

To convert from system 2 to system 1, A; and A,, B, and B,, C; and C, are
interchanged and ¢ is replaced by -¢ .

A flow chart (Fig. 2) for direct solution of the equations is the basis for the
solution program of Appendix B.



(0,0,

NORTH POLE

A,B)
( 0°L AL 360°

-90°LtB Lt 90°

o
\
LY

(0,0)

0°L G L 360°
0°L C,t 360°
-90°Lt ¢ £ 90°

Fig. 1 Coordinate systems
(a) Above - single system
(b) Below - two oriented systems



COMPUTE X,Y,Z

8=, —tan=1 (1%/y 1)

YES NO _
g=tan~! (*/x)
YES
L
< 8=-8
YES

xLO

=0+~

Ba=mn"(-—-—-zs"(“5]

Y

' 3

A 4

1

Bz= /2-10“' Lt

X
ZCOSQI}

Bz:,q,.,-:(Zc;sB)

 J

&

F 3

Fig. 2 Flow chart for coordinate conversion

B2=-B2




APPENDIX B

PROGRAM LISTINGS

The following programs simulate the 24-bit computer:

1) Main Program

This program coordinates the use of function subprograms and subroutines
and is basically the integer solution of the equations in Appendix A, following
flow chart of Fig. 2. Solution in decimal is also given as a comparison —
this solution uses normal Fortran subroutines and is carried out in floating
point. Single-precision floating point on the IBM S360/50 has a 24-bit fraction
and 7-bit characteristic, which is equivalent to seven significant decimals al-
ways maintained.

In all programs IS corresponds to the maximum integer size, and angles are
scaled so that 180° = > IS, and sine and cosine results are scaled so that 1.0 = >
IS. Hence IS has a value 23 for a 24-bit machine, since 1 bit is allowed for the
sign.

2) CONVT

This program (which may also be easily coded in double precision) takes
coordinates and rates of change of coordinates in one system (expressed in de-
grees and any desired units for rate) and gives the equivalent coordinate and

rate in the second system. For example, if we had coordinates defined as in
Appendix A, to solve the equations given there, we would simply write:

Call CONVT (Al, B1, C1, 0., 0., PHI, A2, B2, C2, 0., 0.)

Page 15 indicates output from CONVT when it is used for conversion from
galactic (L, B) to equatorial (ALPHA, DELTA) coordinates.

3) IATAN

This is the integer routine for the arctangent where the argument IX is scaled
to have a maximum magnitude equal to IS (and hence corresponding to 1.0). It
is strictly a power series evaluation which returns an answer in the range

"13/4 < IATAN = IS/ 4, corresponding to range -45° to +45°, Logic to decide
whether IX lies in correct range (cotangent is solved otherwise), and in which
quadrant the solution lies, is done outside the routine. X must have double-pre-
cision value 1.0 when this routine is used.
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4) ISIN

Angles scaled in range IS are input to this routine, and this reduces the
angle to the range +IS/2 and evaluates a power series. The result ISIN is
scaled so that sin 90° corresponds to IS. Again X must be a double-precision
variable with value 1.0. (This could be eliminated from appearing in the call-
ing statement by setting it equal to 1.0 inside each subroutine.)

5) ICOS

The ICOS routine evaluates the integer cosine by adding IS/2 to IX and using
the same statements as ISIN,

6) SCALE

This subroutine takes an argument X in degrees, any range, and expresses
it in the equivalent range -IS £ IX < IS.




-11 -

MAIN PROGRAM
___DOUBLE PRECISION X

REAL L
P1=3,14159265359

C1=33.0
C 2 282 2 5 a3 1 s | i et i ek e i e e
PHI=62.6

X=1.0

DB=0.
DL=0.

IS= 8388608
156= SIN(PHI*P1/180.,1*IS

1C6= COSTPHI*P1/180.0) %15

READ(1,150) NDATA

150  FORMAT(I10)
DO 100 K=1,NDATA

WRITE(3,12)
12 FORMAT( ! __LIDEG.)

1 ALPHA . DELTA'// /)

_ READI1,11) L,B

11 FORMAT(2F10.5)
CALL CONVT(L+ByC1,DL,DBsPHI¢ALPHA;DELTA,C2,DA,DD}

140 FORMAT(' *, 4F30.3 }

WRITE(3,140) L+B,ALPHA,DELTA

IFIABS(ALPHA)-180.0) 78,79:79
78 ALPHA=X*ALPHA/180.0%1IS

DELTA=X* DELTA/1B80.0%IS
WRITE(3,17) ALPHA,DELTA

17 FORMAT(*0 IN DECTMAL
e D9 2FBOWEY

79 IF{ALPHA) 81,8182

Bl ALPHA = ALPHA&360.0

GO TO 78

az ALPHA= ALPHA —-360.0
G0 TO 78

80 CALL SCALE(L-CleIL,18)
CALL SCALE{B,IB,IS)

201 1CB=1C0OS{X+1B,I5)
202 I1SB=ISIN{XsIB,15S)

204  ISL=ISIN(Xs1L,IS)

203 ICL=1COS(XsIL,15)
205 Ix=x®ICB=ICL/IS T
Iv= X*ICB*ISL/IS

IY=X*1Y%1C6/15
IY1=X*]SBXI$6/1S

1Y=1V-1Y1
A2=X*ICB®[SL/IS
122 X*IZ*ISG/IS

12=176171
208  IF(IABS{IX)-TABS(IY)) 20,19,21
19 ITHETA=IX/I1Y*IS/4
209 60 TOD 22 - < e .
21 IQ=X®1Y*IS/IX

210 ITHETA=TATANI(X;IQ,IS)
22 IFUIX) 23424524
23 IF(ITHETA) 15,144:14 i

15 ITHETA= ITHETAGILS
211 GO TO 24



%19 -

14 ITHETA=ITHETA-1S
212 GO 70 24 . o - - .

20 IF(IX) 3,4,3

4 IFIIY) 5,646

5 ITHETA==15/2

213 GO TO 24

6 ITHETA= 15/2

214 GO TO0 24 S o S
3 IQ=X*IX*IS/1Y

215  ITHETA=1S/2-1ATAN(X,IABS(IQ),I5)

216 IF{1Q) 28+28,22

28 _ ITHETA=-ITHETA
217 60 TO 22
24 IST=ISIN(X, ITHETA,IS} _ }

218  ICT=ICOS(XsITHETA,IS)
. I=IABSU{ITHETA) e
220 IF(I-15/2) 141,141,142

142 1=1ABS{1-15) _

141 IF(I-1S/4) 29,29,30

29 IF(DABS(X*IX*IS/ICT)-DABS(X*1Z)) 31,33,32
32 1Q=x*12%1CT/1X

221 IDEL=TATAN(X,1QyIS)

222 GO TO 40

33 IDEL=(X*IX*I1S/I1CTI/(X*IZ)*I5/4
223 GO TO 40
31 [Q=X*IX*15/12

1Q=DABS(X*IQ*IS/ICT)
224 IDEL= 15/2 = IATAN(X,1Q,1S5)

225 IFIX*IX*IS/IZ%IS/ICT) 37,40,40

37 _ IDEL=-IDEL
226 GO TO 40

.30 - IF(DABS{X*IY*IS/IST)-DABSIX*1Z)) 41,43442
42 IQ=X*IZ*IST/1Y

227 IDEL= IATANAX,1Q,1S)
228 GO TO 40

_ 43 IDEL =(X*IY®[S/IST)/{X*IZ)*1S5/4
229 GO TO 40
41 1Q=X*1Y*IS/1Z o

[Q=DABS(X*IQ*IS/IST)
230  IDEL=15/2-T1ATANIX,I1Q,1S) R
231 IF(IQ) 47440440

47 _ IDEL=-IDEL

40 CALL SCALE(CZ,1C2,415)

232  IF{IABSUITHETAGIC2)-15) 51,452,452

51 TALPHA= ITHETA&ICZ2

233 GO TO 99 A S ———
52 IFLITHETAGIC2) 53,544:54

53. . TALPHA=ITHETAGIC2&2*1S

234 GO TO 99

54 ___ TALPHA= ITHETARIC2-2%1S__ R N
99 WRITE(3,16) [IALPHA,IDEL
16  FORMAT('0 IN INTEGER e N =

12130,//7)

235 WRITE(3,18) .

18 FORMAT('0 IC8 158 ICL
11X Ly 17 ITHETA IST
WRITEA3513) ICBsISBoICLyISLyIXyIYy124ITHETA,IST,ICT

100 CONTINUE
CALL EXIT N T
END

13 FORMATI(' *,101124///0//0/4) S .

ICTY) |
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SUBROUTINE CONVY (GLyByC1lyDL,0B,PHI4ALPHA,DEL,C2,DALPHA,DDEL )
P1=3.14159265359
_ BB=B¥PI/180.0
G=(GL-C1)*PI/180.0
Co= CUS(PHI*PI/180.0)
S6=  SIN(PHI%*PI/180.)
CB= COS(BB)
S8=  SIN(BB)

CL= COS(G) i _ N
SL=  SINIG)
X=CB*CL

Y=CRB%SL#C6-5B%S56

_ I= CB¥SL*56 &SB*C6
T DX= -CBESL® DL - SB®CL* DB
DY=X#C6% DL - SB¥SL*C6% DB-CB¥S6%* DB

DZ=-SB*SL*56% NDBEX*S6% DLLCB¥C6¥ DB
IF(ABSIX)-ABSIY)) 20,20,21

21 THETA=  ATAN{Y/X)
22 IF(X) 23,24,24 -
23 THETA=THETA & PI
GO TO 24 o
20 THETA= P1/2.0 — ATAN{ ABS{X/Y))
. IFUX/Y)  25,22,22
25 THETA==THETA
GU TO 22 i o o

24 DALPHA= [ X#DY=Y®DX )/ { X<XEY%Y)

ST=SIN{THETA)

: CT=CUS(THETA)

o G=ABS(THETA)
140 IF(G-PI/2.) 141,141,142

142 G=ABS(G-PI)

GO TO 140
141  IF(G-P1/4.) 29429,30__ . ..
29 IF(ABS(X/CT) - ABS{Z)) 31,31,32
32 DEL = ATAN(Z*CT/X)
GO TU 40
31 DEL=PI/2.0 - ATAN{ABS{X/{Z*CT))) o B
IF(X/LZ%CT))  37,40,40
3t HDELZ=DEL .
40 DDEL={ X*CT*DZ- X*Z#ST*DALPHA Z¥CT#DX) /( X*XGZ*Z*CT*CT)
GO TO 60 ]
30 IFIABSIY/ST)=ABS(Z)) 4l,41,42
42 DEL = ATAN(Z*ST/Y) pe—
GO TO 50
41 DEL= P1/2.0 — ATAN{ABS(Y/(Z%ST)}) I B
IF{Y/(Z%ST)) 47,50,50
47 DEL=-DEL
50 DDEL={Y*ST*DZEYXZ*CT*DALPHA~ Z%ST#DY)/ (Y#YEZ%7:ST*ST)
60 IF{THETA) 614+61,62
61 ALPHA=THETA&C2%PI/180,0
e, GO TU A5 B I
62 IF(THETAGC2%PI/180.0-2.0%PI) 61,63,63
63 ALPHA= THETA& C2%PI/180. — 2.0%PI
65 ALPHA = ALPHA%180.0/P1
DEL= DEL*18D.0/PI
RETURN

_ END : -~ S
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