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Thick piezoelectric lead zirconate titana@ZT) films (ceramic—ceramic 0—3 composite films

using a new sol-gel based process, have been produced and used to coaxially coat optical fibers.
Coated PZT of up to 20@m thick and 10 cm long have been achieved. Using thick PZT coated
single mode optical fibers, in-line phase modulators are designed, built and tested. Theoretical and
experimental investigations of such phase modulators are also presented. The measured phase
modulation ranges from hundreds of kilohertz to several megahertZl99% American Institute of
Physics[S0021-897@6)05605-X

I. INTRODUCTION In this article an alternative in-line fiber phase modulator
using a thick PZT coated single-mode fiber is presented. In

In-line optical fiber components such as phase modulathis device, the phase modulation is achieved by properly
tors, which can be used to manipulate the guided light diexciting the thick PZT coating so that it works as an ultra-
rectly within the optical fiber, are of interest in optical fiber sonic transducer. The thick PZT coating is produced by using

communication networks and sensbfs$A common compo- a new sol-gel based process developed in our laboratories.

nent used for phase modulation in optical fiber interferom-Since the thickness of the PZT films can be controlled and
eters is a piezoelectric cylinder tube wrapped around bylefined by using this process, the optical phase modulator
many turns of optical fiber under a small tensidtAlthough ~ can be designed to operate in a relatively large frequency
this kind of phase modulator is very efficient, it suffers sev-range, hundreds of kilohertz to several megahertz, which are
eral drawbackse.g., size, weight, etg.and can be used only Suitable for phase adjustments in several optical fiber inter-
at low frequenciea few kiloherta. Several other kinds of ferometers. Also, the efficiency which may be obtained with
in-line fiber phase modulators, such as fibers with coaxiafiS device is theoretically about two orders of magnitude
piezoelectric transducePsfibers with piezoelectric plastic Nigher than that obtained with piezoelectric plastic jacket
jackets[polyvinyledene difluorid¢PVDF), lead zironate ti- Ims mentioned previously.

tanate(PZT) composites, et$®~° have been reported. Al-

though the piezoelectric plastic jackets can provide phas#. BASIC PRINCIPLES

modulation in relatively high frequenciéa few megaheriz
their efficiencies are relatively low due to their low piezo-
electricity and poor acoustic impedance match between the SOl-gel processing of ceramic films has been attractive
plastics and silica fibers. More recently, even higher frefOr both electrical and structural applications. Besides pro-
quency phase modulators, which use a piezoelectric thin firglucing ceramic films Wlt.h S|m|Iar. characteristics to the cor-
directly deposited onto a short section of fitiarfew milli- ~ 'esponding bulk ceramic materials, the sol-gel process is
meters, have been studief*: The preferred choice for the generally'S|mpIe'and can coat comple'x shapes. AWldg range
piezoelectric thin film was the oriented zinc oxi¢&nO). of ceramic coafungs have be_eﬂ fabrlcgted on a variety of
Phase modulators with operating frequencies around a fe\fl.UbStr.a te materlal_s and shapes: Cera”_“c Canmg.S such as
hundreds of megahertz have been demonstrated using Zn conia and_alumma_l are sought after n appllganons_ requir-
thin films1° But the deposition of such films with the proper Ie?ng ddggrsr?)’sirg?]haqsu?\l/lém fgzﬁs};?rtﬁ;(:ﬁgtllo;aﬁ?gns;;):i(rl]dastlolr;
orientation on a long cylindrical surface is one of the major gs.

gifficulti f this technologj® Th bstrat t also b terms of electrical device applications, PZT films have at-
imeufties of this technology. The substrale must also D€ ya01eq  interest  in dielectric,  ferroelectric,  and

heated above 250 °C inside the vacuum chamber and glaSSd%zoeleCtric’l_am device applications
not a good thermal conductor. It is also difficult to make ’ :
thick ZnO films for low frequency operations.

A. Sol-gel process

In the sol-gel process, films are fabricated from mixed
solutions of their metallorganic compounds dissolved in a
suitable solvent. The obtained solution is first hydrolyzed to
dElectronic mail: cheng-kuei.jen@nrc.ca form a structured solution, or gel, containing polymers, or
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macroclusters. Also, additives are used to control the viscos-
ity and surface tension of the sol-gel solution. Films can be Alumlpum (_Toated T
formed by spin, dip, or spray coating onto appropriate sub- Optical Fiber ~

strates. The organic portion of the film is removed by heat-
ing. Finally, a subsequent heat treatment is usually required

to fully develop the final ceramic structure. PZT Coating

B. Sol-gel process for the fabrication of thick PZT
coatings

Metallic Ring —

Presently, the main limitation in sol-gel processing has
been the film thickness that is achievable. It is difficult to
fabricate crack-free films10 um in thickness. This restricts PZT Solution
the potential applications of this process because there are
several piezoelectric applications that require thicker
films17=19

In our group, a sol-gel based technold§y® has been 6. 1 Schematic of he metallic fina. which t _ -
. . - . . 1. Schematic o € metallic ring, wnich supports a meniscus o e
deyeIOped for fabricating PZT films Of th_e thICkneSS_eS epzrt solution, used in the process for coating the optical fiber.
quired to address some of these applications. The films are
0-3 ceramic-ceramic composites and are formed by dispers-
ing ceramic PZT particles in the sol-gel solutitht® This
cﬁspersmn can be eroglted in the Same manner as CoNVelieved. Atter the final coating, the PZT coated fiber section
tional sol-gel and with this process, film thicknesses of up to o . :
. . : was heated at 650 °C & h tofully crystallize the material.
at least 20Qum can be achieved by coating multiple layers. . . .
) L : ; In the final processing stage, a top electrode was deposited
The final film is essentially a composite made of two

phases of PZT: ceramic PZT particles dispersed in a sol-geﬁn the circumference of the PZT film and piezoelectricity

. : as induced by applying an appropriate poling voltégpi-
roduced PZT matrix. These films can be modeled as O—E‘V o .
Eomposites using the theory outlined by Newnhatral2! Cally 30 kV/cm at 200 °C between the inner and outer elec-

for polvmeric PZT composites. However. an advantage 0%rodes. Figure 2 shows a cross-sectional micrograph of an
poly b ' ' 9€ 9L 500 pum PZT film coaxially deposited onto the optical fiber

the ceramic-ceramic composite films presented in this articlc?nentioned
is that both phases of the composite are highly piezoelectric '

and consequently electrical properties of the resulting film

are comparable to those of the bulk ceramic. Preliminary

analysis of the_ dielectric constant using 0-3 composite: |n_jine fiber phase modulator

theory has previously been reportéd. ) ) ) )

In order to fabricate in-line fiber optic modulators, thick ~ A Strand of optical fiber with a 10 cm long section
PZT films were coaxially deposited onto aluminum jacketcoated coaxially with a piezoactive PZT film of 2Qam
single mode optical fibers using this process. Including théhick was then used as an in-line fiber phase modulator. The
aluminum jacke{~30 um thick), the total outer diameter of schematic of the designed in-line fiber phase modulator is
the optical fiber used was 185 um. These fibers were com-
mercially obtained from Fiberguide Industri€Stirling, NJ.

In order to integrate the coated optical fiber into a fiber optic
interferometric sensor for testing, it was necessary to develop
a special coating procedure to deposit the PZT film in the
middle of a section of the fiber. Namely after cleaning the
fiber, a few drops of the dispersion was dropped onto a me-
tallic ring which supports a meniscus of the solution as
shown in Fig. 1. The ring with the PZT solution was then
hooked around the optical fiber. Ceramic PZT powd&is!
Hi-Tech BM 400, Collingwood, Ontarjowere dispersed in
the solution so that the final fired film consisted of 70%
ceramic powder by weight. The high powder loading of the
solution made it possible to deposit thick layers in a single
coat, however, it also increased the porosity of the film. Then
a computer controlled stepper motor holding the optical fiber
moved vertically through the ring at a controlled rate of 5
cm/min, for the desired length. &om thick films were depos-
ited in a single layer. After the coat_lng stagg, the fiber wa IG. 2. Cross-sectional micrograph of a200 um PZT film coaxially
moved to a furnace to dry the deposited coating. The last tW@eposited onto a metallic jacket single-mode optical fiber. 1: Optical fiber, 2:
steps were repeated until the required coating thickness was3o um Al jacket, 3:~200 um PZT film, 4: Epoxy, 5: Holder.

3324 J. Appl. Phys., Vol. 79, No. 6, 15 March 1996 Barrow et al.
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n3
An=— E(pllsﬁ‘ P12S+ P12S3), 2

Glass Fiber
El?:ttgde \
PZT-Film
A%
’ V4

Inner Al
Electrode

wherep,; andp,, are the strain-optic tensor components,
is the refractive index of the optical fiber, aig , ; are the
components of the strain tens8rinduced onto the optical
fiber. The components of the strain tensor are given with a
consideration of the principal strain§(,S,, andS;), in an
. orthogonal axes system wis along the propagation axis of
the optical fiber. Therefore, from Eg4) and(2), the optical
phase shift in the axially constrained regime, whale=0

FIG. 3. Schematic of the multilayer structure, and the cylindrical coordinateand 5083’ can be given b@l
system for displacement, stress and strain components in the structure. 2

T nd
Ap=——I5(p11S1+pP12S,). (3
Ny 2

In our case, for a radially symmetrical strain field, where
shown in Fig. 3. As is shown, an aluminum-coated single-s =s,=S, | Eq.(3) is rewritten as

mode optical fiber was used. One electric contact was the
inner aluminum jacket, and the other electric contact was a
metallic coating deposited over the PZT coating. A proper rf
signal applied across these two electrodes will induce an op- The strain in the radial directiorS, , in a cylindrical

tical phase shiftmodulation in the optical beam propagat- . rginate system, for a multilayer structure, is given by
ing inside the optical fiber via the length change effect, and 0
du’

also via the refractive index change effect. The phase change 0
can be represented as S'= dr 5

pom— 2T o @
¢ No 2 P11 P12)-

where i=1,2,3,4 represents the strain in the glass fiber
(0<r=a), inner electroded<r=<bh), PZT film (b<r=<gc),
and outer electrodec&sr <d), respectively, as shown in Fig.
3. ul" is the particle displacement’(r,6,zt) in the radial
direction.

The particle displacement and the stress in the radial

2
Agoz)\—(lAn-I—neﬁAl), (1)
0

where), is the free space optical wavelength of the lasgy,
is the effective refractive index of the optical mode guided in
the fiber, and is the length of the optical fiber inside the

PZT film. direction satisfies

IIl. THEORETICAL ANALYSIS gy du o (AuD 1 au® ul) ©
A theoretical analysis for the optical phase shift induced Prma — i T T o 12

on the light propagating inside the optical fiber coated with a4

vinylidene fluoride and trifluoroethylene copolym@rDF/ 0 0

TrFE) film has been reported in Ref. 7. A similar analysis is (i) i ou O4u"” en

presented in this section for a PZT coated fiber for the sake 7 (r)=Cy or +Ciz r € D(r.1)- 3is, @)

of completeness. The designed device is considered as an_ cctivelv. where® ¢ and o are the elastic con-
axisymmetric multilayer structure operating in a radially b Y. 11 12 p

resonant mode. This multilayer device as shown in Fig. tants and density, respectively, of #tie layer,e,, ands is

consists of an optical fiber coated with a an aluminum the piezoelectric stress constant and the permittivity, respec-

film used as the inner electrode; a PZT film as the piezoelect-'VEIy’ of the plezoelectrlg layerd(r,t) 'S, the electric d'S'
placement vector; and s is a Kronecker’s delta. The third

tric layer; and another aluminum film used as the outer elect . . .
y omponent in the right-hand side of E() represents the

trode. Figure 3 also shows the cylindrical coordinate systerﬁ. . .
for displacement, stress, and strain components in the Strug_lezoelectr_lc stress of th_e PZT fllm. .
Assuming a separation of variables type of solution for

ture. s Do .
In the theoretical model it is assumed that the device iéEq. (6) in the radial direction, i.e.,

operated in the axially constrained regirtiegh frequency, u(r,t)=u0(r)-elt, 8
where the longitudinal dimension of the devige all three . : .
layer9 is much greater than the wavelength of the exten-and substituting Eq8) into Eqs.(6) and(7) one obtains
sional elastic wave guided in the struct@fén this case, the d2u® 1du® , o
structure can be considered as an infinitely long cylinder, dr2 +F dar (
which means that the strain induced by the PZT film into the
fiber is independent of the axial position. Also, the axially and
symmetric configuration of each layer makes the elastic re- du® ui e

. . . . . . ; f : 11
sponse azimuthally independent. Using the index ellipsoid g§'>(r)=c<l'l>—+c<1'22——<—D(r)) ) (10)
formalism in an isotropic material one can find dr " & i=3

1 ()

J. Appl. Phys., Vol. 79, No. 6, 15 March 1996 Barrow et al. 3325
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TABLE I. Physical constants for the three materials used in the multilayer

structure. —~ 10°
g 105
Electrodes Optical fiber % .
PZT (aluminum (fused silica g 10
10?
Elastic constants C,;;=1.26x10" C,;;=1.10x10' C,,=7.85x10'° § 10 2
(N/m)? C,,=7.95x10'° C,,=5.81x10'° C,,=1.61x10'° =
Density = 10!
(kg/mP) p=750x10° p=2.69x10° p=2.20x1C} 00
Relative permittivity £,=1470 j:‘@ 1o
(eleg)? A~
Piezoelectricity e=23.3 107
(C/n?) 102 10° 10* 10°

3, is the permittivity of vacuum. Frequency (kHz)

Assuming that the electric displacement in the PZT film de-:;'gé 4§§Taiﬁﬂefﬁgggi‘;ﬁg%r;;ponse of the basic in-line fiber phase modu-
creases with the radial distance from the geometric center we
have
D . . .
D(r)= _0, (11) 30, 120, and 1Qum for the optical fiber, the inner electrode,

the PZT film and the outer electrode, respectively. Further
whereD, is a constant. Therefore the differenti&q. (9)] is on, the phase modulator with this particular set of parameters

satisfied provided that the particle displacement in the radial'ill P€ referred to as théasic device. Figure 4 shows the
direction is given by a combination of the first-order Besse|theoret|cal frequency response of this basic device, where the
functions as phase shift is given in a normalized urideg/V m. The

. . , , . value of the phase shift in the flat region of the cuffrem
UO(r)=A"3,(g"r)+BMY,(g"r), (120 ~100 kHz to~5.8 MH2) is A¢~382 (deg/V m), indicating
whereA® andB® are the unknown coefficients of thtn  that theoretically the device has a very high efficiency in

layer's displacement of the compressional acoustic wavesomparison with other similar devices which use PVDF and
andg® = w(pM/C{D)¥2 In order to find the coefficienw?  £nO as the piezoelectric active layer in their structtr®.

andB(®, the boundary conditions for EqeL0) and(12) are:  SPecifically, the piezoelectric constants of piezoelectric poly-
() U(r=0)=0, (b) continuity ofU and, at each interface Mers are in general two orders of magnitude lower than those
inside the multilayer structure, ar(d) orr(rzd):O. From ©f the ceramic PZT materials. Thus, typical theoretical val-

(a), B"=0, and from(b) and(c), we obtain a simultaneous Ues for the phase shifts obtained with the piezoelectric poly-

equation system written in matrix form as mer coat.ed fiber phase modulators are aIs'o about two orders
. of rr_lagmtude lower than those evaluated in the PZT coated
- a A A - - device.

1 71| A@ by In Fig. 4 each relative maximum peak of phase shift
B . corresponds to a radial resonance phenomenon of the

A® = . |, (13y ~ multilayer structure. The peaks at the relative minimum
B3 . phase shifts, correspond to a radial antiresonance phenom-
A% b, enon. At antiresonance frequencies the radial displacements

La7n - - - 877l ga| b in the optical fiber are virtually zero and do not induce any

- - phase shift into the light passing through the modulator. One
wherea;; andb; are given in the Appendix. Once EQ.3) is  can see that the first radial antiresonance happens at a lower
solved, the coefficient& and B") are known and, from frequency than the first radial resonance. However, if the
Eq. (5), the radial distribution of the strain in each layer canthickness of the PZT film is<110 um, our theoretical results

be found. Finally, the optical phase shift induced into theshow that the first radial resonance will appear before the
optical mode by the PZT film is obtained from Ed,), with radial antiresonance.

S =S"(r=0).

IV. THEORETICAL RESULTS V. EXPERIMENTAL RESULTS

To calculate the optical phase shift induced by the PZT  In-line fiber phase modulators were fabricated according
film certain physical constants for the three materials used ito the dimensions and materials defined in Sec(rBferred
the multilayer structure are required. Table | shows all datdo as the basic devigéncluding a coating length=4.8 cm,
necessary in the equations to obtain the optical phase shiftith one exception that the material of the outer electrode
induced by the PZT film. was a 10um thick conducting silver paste. Silver paste was
The theoretical behavior of the phase modulator waselected because of the simplicity to obtain a conductive
evaluated by considering the thickness of the layers as 62.8pating around the entire PZT-coated fiber section and its

3326 J. Appl. Phys., Vol. 79, No. 6, 15 March 1996 Barrow et al.
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108 £ (Nominal Piezoelectricity)
g i (1/32 of Nom. Pi¢zoelec.)
Z‘ 10 T (EXperinent)
§ 10
g 10° S
- 10% %
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= 10!
=
102 "
10% 10° 10* 10°
Frequency (kHz)

4. FIG. 7. Frequency response of the in-line fiber phase modulator imple-
mented for measuremen(olid dotg. The plot represented by the solid line
is the theoretical frequency response of the device if the piezoelectric con-

ff h £ f the desi d basi h stant of the PZT film was reduced to 1/32 of its nominal value. The plot
effects on the performance of the designed basiC phasgpresented by the dashed line is the same plot shown in Fig. 4, where the
modulator are not significant in the frequency range of interpiezoelectric constant of the PZT film is equal to its original nominal value.

est. Figure 5 shows a close view of a typical device used in
the experiments.
For evaluating the experimental behavior of the phase

modulator mentioned above, a fiber optic Mach—Zehnder ingemg of the firing temperature. It may be that organic mate-
terferometer, whose schematic is shown in Fig. 6, was set Upiy| remains trapped in the film thus reducing the piezoelec-
The pha35e shift was measured using the so-called..Js ¢ properties. The processing has to be investigated further.
method?® The data obtained from the measurements are plotsecond. an insulating oxide layer that forms in the

ted in Fig. 7 as the solid dots. As mentioned earlier, al minum/PZT interface reduces the effective voltage ap-
present, the fabricated thick PZT coating exhibits high POplied across the PZT film.

rosity due to the high PZT powder concentratitto% by In order to compare the theoretical results obtained with
weight dispersed in the solution. This high porosity leadse experimental data measured from the device in the fre-
not only to a high ultrasonic attenuation but also to a Iowerquency domain, we arbitrarily reduce the piezoelectric con-
piezoelectricity. Although our process could produce densgian; of the PZT film to 1/32 of its nominal value in the
films if the powder concentration is kept in a certain range neqretical calculation which is indicated as the solid line in
However, as the powder concentration in the film InCreasegiy 7. Clearly, we can see that there is a good agreement in
the porosity also rises because there is not enough solution {Re resonant behaviors in the frequency spectrum. The
fill in the gaps. Again, a high powder concentration was useqjzshed line in Fig. 7 is the same plot shown in Fig. 4 that
so that thick films in this work could be easily achieved. Thisrepresents the frequency response of the basic designed de-

was glso r?q“ifed due to the sur_face roughness Of the outgce where the piezoelectric constant of the PZT film was
aluminum jacket on the optical fiber. Better densities could.gnsidered equal to its original nominal value.

be achieved by reducing the powder concentration and this £ rthermore, the high dielectric constant of the PZT film
would be carried out in the future. induces a high capacitance along the long length of PZT-
N The low p|ezoglectr|C|ty actmty was caused by tvyo ad— coated fiber section. At high MHz frequency range De
ditional factors. First, the processing was not optimized in,5 e of the device decreases as its capacitance increases.
Thus the experimental resonance peaks do not respond
sharply because of the lo@ caused by the impedance mis-
o matching between the modulator and thé)s8utput imped-

Laser SMF PO anzation ance of the signal generator which drives the modulator. This
factor was not included in the theoretical considerations. The
high capacitance which is proportional to the inverse of the
thickness was also the main and critical reason that thick
PZT coatings were preferred over the thin ones for the fab-
rication of the phase modulator operated in the frequency
[ range of our interestdess than a few MHgz The remedy for
I Metal-Coated this capacitance effect may be achieved by electrically con-

ppiiwe Fiber  SMF necting multisections of PZT-coated fiber in series.
Finally, the solid dots in Fig. 8 represent the induced
FIG. 6. Schematic of the fiber optic Mach—Zehnder interferometer built tophase Shl_ft_ of the experlmental deVICe.Ver.sus the applied
measure the phase shift induced by the in-line fiber phase modulator. sMEOltage driving at 108 kHz which was arbitrarily chosen. The
(single-mode fiber BS (beamsplitter, PD (photodetectdr least-squares fit of the results is also shown in Fig. 8 as a

FIG. 5. Picture of a typical in-line fiber phase modulator implemente

J. Appl. Phys., Vol. 79, No. 6, 15 March 1996 Barrow et al. 3327
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FIG. 8. Induced phase shift vs the applied voltage driving at 108 kHz. Solid
dots are the measured results. The solid line represents the least-squares fit
of the results, and points out a linear behavior of the device within the range
of the applied voltage.

solid line which points out a linear behavior of the phase
modulator within the range of the applied voltage.

VI. CONCLUSION

In this article we introduced a sol-gel based process to
produce coaxial thick piezoelectric lead zirconate titanate
(PZT) coatings on optical fibers. PZT films of thickness up to
200 um and length up to 10 cm have been achieved. This
device was later used as an in-line fiber phase modulator.
Since PZT has high dielectric constants and the high effi-
ciency of the phase modulation at the frequency of our inter-
est desires low capacitance, thick film was then chosen. It is
well understood that the thicker the film, the lower the ca-
pacitance.

A theoretical analysis for the optical phase modulation
induced by the PZT film on the light propagating inside the
optical fiber was presented. The theory was based on an axi-
symmetrical multilayer structure operated in radially reso-
nant mode. The measured phase modulation induced by the
radial acoustic modes ranged from 100 kHz to 25 MHz. Ex-
perimental results showed that the frequency response of the
phase modulator was in good agreement with the theoretical
predictions; however, the efficiency of the device is much
lower than that obtained in the theoretical calculation. This
lower efficiency was due to fact that the thick PZT film de-
posited on the optical fiber exhibited high porosity which led
not only to a high ultrasonic attenuation but also to a lower
piezoelectricity. Further improvements in the fabrication pro-
cess, characterization of the thick PZT films and device de-
signs are needed in order to produce practical in-line fiber
devices such as phase modulators.
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The matrix elements;; andb; of Eq. (13) are

a11=[C1Yg™Jo(gMa)— Cli/adi(gVa)
5 Jlad(gWa)],

a1=—[C{79'?o(9®a) - Cii/adi(g?a)
+C%ladi(g?a)],

a15= —[C179?Yo(gPa) - Ci7/aY1(gPa)

(2)/ayl g(2)a)]
ayg=ajs=a=a;;=0,
an=Ji(gMa), axp=-1J1(g%a),
ap3=—Y1(g?a),
8p4= 8z5= 6= Ap7= 0,
ag=ags=as7=0,

a3,=[C 29 ?Js(g?b)—CZ/bJy(g?b)

+C3/bJy(g?b)],

az=[CZ9?Yo(g?b)—CF/bY,(g?b)
+C2IbY,(g?h)],

as=—[C179®3s(g®b)— C1I/b Iy (g®)
+Ci3/bJy(g¥b)],

azs= —[C1Y9®Yo(g®¥b) — C{I/bY1(g®'b)
+C3/bY,(g¥b)],

ag=age=as=0,

ap=J1(9"b), a=Y(g?b),

344:_31(9(3%)1 a45=—Y1(g(3)b),

a51= asp= as53= 0,

(A1)

(A2)

(A3)

(A4)

(A5)

(AB)

(A7)

(A8)

(A9)

(A10)

(Al1)

(A12)

(A13)

(A14)
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as=[C1Y9®J5(g¥b) - CiY/cIi(g¥c)
+C31edi(g®b)],

ass=[C179®Yo(g¥c) - CiI/cYi(g¥c)
+Ci3leYa(g¥o)],

ase=—[C179®Jo(gWe)—Ci{cIy(gWe)

+CiPIcdy(gWe)],

Ag7= — [C(4)g(4)Yo(9(4)C) C11 /CY1(9(4)C)

+Ci3/eYi(g“¥e)],
A1~ g2~ Ag3= 0,

as=J1(9¥c), aes=Y1(g%c),

age=—J1(gYc), ag=—Yi(g¥c),

a7;=ar,=arzz=az,=azs=0,
aze=[C{Y9WI(gWd)—C{P1dJ (g ¥d)
+CiP/dJ;(gWd)],

ar=[C{Y9VYo(g¥d)—CiP/d Y, (g?d)
+CIdY,(gWd)],
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(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

b11=by1=b4=be=b7,=0 (A24)
e e
bsy=— Do, bas=—Do. (A25)
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