
NRC Publications Archive
Archives des publications du CNRC

Calculation of root stress and tip growth generated by rotation of a
linearly tapered blade
Chappell, M.S.

 
For the publisher’s version, please access the DOI link below./ Pour consulter la version de l’éditeur, utilisez le lien
DOI ci-dessous.

Publisher’s version  /   Version de l'éditeur: 
https://doi.org/10.4224/40004045
Laboratory Memorandum (National Research Council Canada. Division of
Mechanical Engineering. Engine Laboratory); no. NRC-ENG-56, 1967-05

NRC Publications Archive Record / Notice des Archives des publications du CNRC :
https://nrc-publications.canada.ca/eng/view/object/?id=fceec290-2af9-419f-bd76-f72e7146e846
https://publications-cnrc.canada.ca/fra/voir/objet/?id=fceec290-2af9-419f-bd76-f72e7146e846

Access and use of this website and the material on it  are subject to the Terms and Conditions set forth at
https://nrc-publications.canada.ca/eng/copyright
READ THESE TERMS AND CONDITIONS CAREFULLY BEFORE USING THIS WEBSITE. 

L’accès à ce site Web et l’utilisation de son contenu sont assujettis aux conditions présentées dans le site
https://publications-cnrc.canada.ca/fra/droits
LISEZ CES CONDITIONS ATTENTIVEMENT AVANT D’UTILISER CE SITE WEB.

Questions? Contact the NRC Publications Archive team at
PublicationsArchive-ArchivesPublications@nrc-cnrc.gc.ca. If you wish to email the authors directly, please see the
first page of the publication for their contact information.

Vous avez des questions? Nous pouvons vous aider. Pour communiquer directement avec un auteur, consultez
la première page de la revue dans laquelle son article a été publié afin de trouver ses coordonnées. Si vous
n’arrivez pas à les repérer, communiquez avec nous à PublicationsArchive-ArchivesPublications@nrc-cnrc.gc.ca.

https://doi.org/10.4224/40004045
https://nrc-publications.canada.ca/eng/view/object/?id=fceec290-2af9-419f-bd76-f72e7146e846
https://publications-cnrc.canada.ca/fra/voir/objet/?id=fceec290-2af9-419f-bd76-f72e7146e846
https://nrc-publications.canada.ca/eng/copyright
https://publications-cnrc.canada.ca/fra/droits


L.o ...17446-A ............

FiLE....CM2-17-13aF-12Tl

PREPARED B Y..M e-S o-Ce .........

CHECKED BY.Eo .Po  C o &W.  Ge·

NATIONAL RESEARCH COUNCIL

DIVISION OF MECHANICAL ENGINEERING
OTTAWA, CANADA

LABORATORY MEMORANDUM

SECTION....Engine.Laboratory..............

No._NRC-ENG-56.................

PAGE .......1...........OF ......11.........

COPY NO .......3.../...............

DATE .....May...19.67................

SECURITY  CLASSIF ICAT ION Ρ.ΡθΠ

SUBJECT Calculation of Root Stress and Tip Growth generated by
Rotation of a Linearly Tapered Blade.

PREPARED BY M.S. Chappell

ISSUED TO

THIS  MEMORANDUM IS ISSUED TO FURNISH INFORMATION

IN ADVANCE OF A REPORT.  IT  IS PREL I  Μ I NAR Y IN  CHARACTER,

HAS NOT RECEIVED THE CAREFUL EDIT ING OF  A REPORT.  AND

IS SUBJECT TO REVIEW.



NATIONAL RESEARCH COUNCIL
DIV IS ION OF MECHANICAL  ENGINEERING

LABORATORY MEMORANDUM Page 2

Summary

A method is presented whereby the effect of linear taper
on the root stress and tip growth due to centrifugal loading on
a rotating blade can be assessed. Relations for both parameters
are derived for blades with constant cross-sectional area from
root to tip, and for blades whose cross-sectional area varies
linearly with radius from root to tip. Non-dimensional factors
are then defined to relate results for the tapered case to those
for the untapered case. These factors are expressed in terms of
the hub-tip ratio and taper-ratio and plots are included for wide
ranges of both these geometric parameters. Thus root stress and
tip growth of linearly tapered blades can be obtained using factors
read from the graphs to modify results for untapered blades as
evaluated from the simple relations pertaining to the latter case.



NATIONAL  RESEARCH COUNCIL

DIV IS ION OF MECHANICAL  ENGINEERING

LABORATORY MEMORANDUM Page 3

Table of Contents

Page

Summary 2

List of Symbols 4

1.0 Introduction 5

2.0 Relations for Untapered Blade 5

2.1 Stress 5

2» 2 Growth

3.0 Relations for Linearly Tapered Blade 7

3.1 Stress 7

3» 2 Growth g

4.0 Non-dimensional Factors to account for Taper 8

4.1 Stress φ

4.2 Growth g

5.0 Concluding Remarks

6.0 References

Figures

Figure 1 Nomenclature for Untapered Blade

2 Nomenclature for Linearly Tapered Blade

3 (as per fig.)

4 ( as per fig.)

5 (as per fig.)

6 ( as per fig.)



NATIONAL  RESEARCH COUNCIL

DIV IS ION OF MECHANICAL ENGINEERING

LABORATORY MEMORANDUM Page 4

List of Symbols

A Cross sectional area of blade

E Modulus of elasticity for blade material

F Tensile force
LINEARLY

G Tip growth factor for taper ( (q = — TApewxp— )

g o Dimensional constant vuNTAPiiw

H Hub;tip ratio ( Η ΞΞ

Κχ Parameter used in defining blade taper (See Fig. 2)

K2 Parameter used in defining blade taper (See Fig. 2)

m mass

lbf/in
2

lb f

386 lb /lb.in/sec2
m f '

in

R Radius << Y) UN  EARLY

S Root Stress factor for taper ( S — ---TAPSREo

T Taper Ratio Μ )νΝΤΑΡεβεε>
\ Aw )

U Blade speed

O Growth

Density of blade material

C Strain

<5 Stress

O Rotational speed

in

in/sec

in

lb /in2
m

in/in

lbf/in2

rad/sec

Subscripts

H Hub or root

T Tip
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1.0 INTRODUCTION

Procedures for obtaining preliminary estimates of root stress
and tip growth caused by rotation of turbomachinery blading often
ignore the effects of taper. In this note, a method is presented
whereby these effects can be accounted for using factors to modify
the results derived for the simpler case of the untapered blade.

2.0 UNTAPERED BLADE

2.1 Stress

Consider a chordal element at some radius R as shown in
Figure 1.

From Newton's Second Law:

d F = d ( (Rco2) [la]

Thus the force F on the blade cross-section at radius R is given by:

and at the blade root section the stress is

Introducing the non-dimensional parameter Hub:Tip Ratio

H - " »
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and nocing that  ÜR . — U , ( the blade t ip  speed)

=- - (1 -  ) [1]

2.2 Growth
The loca l  s t r a in  at any r ad ius  is ob ta ined  by d iv id ing  the

loca l  s t r e s s  by the modulus of e l a s t i c i t y  (E) for the blade
ma te r i a l  .

6 / 2 2 \  Γ Λ '
£ = £ ~ 2c|oE ( ~ ) L2a

In t eg ra t i ng  from hub to t ip  y i e ld s  the t o t a l  growth of the blade
t ip ,  thus :

Again i n t roduc ing  the parameters  H and Up
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3.0 LINEARLY TAPERED BLADE

3.1 Stress

Following the method of Section 2.1, and using the variables
as defined in Figure 2, one gets:

2

dF = + K 2) RdR [3a_

which, after integration, defines the force F on the blade cross-
section at radius R to be:

F - )+ KZ (R Î -R 2)] [3b

and the stress at the blade root section to be:

< = = Γ ---  ------- ΊΓ 2 Ki /p3_ -&3 λ , iy (p 2-R 2 3c
° H A « 2 9« L(K,RH+ K 2)JL 3 \ Κτ  KH ' z \ k ’ K H/J L J

Introducing H, U , and the taper ratio T =-r—---, yields:
AH

(T - l ) + (hH) ( l -TH) ]  [3 ;
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3.2 Growth

As in Section 2.2, the local strain at any radius R is given
by the local stress divided by E, thus:

[4a]

Integrating from hub to tip gives the total tip growth which may
then be expressed in terms of U , H and T as:

( <?R-rUr2 Γ( l-H)( I -TH)2 ( I -  H Xl -TH) 2 / , f 2 ( l-TH) , ( l -Tn f l
d T=2 iX  L 3 (  I -Th + 6 ( I -T )  ( l -T )  + 3(Ι-Τ)3Ρ Γ

w

Note: The technique employed in the above integration does not
apply for the singular case of T = 0.

4.0 NON-DIMENSIONAL FACTORS TO ACCOUNT FOR TAPER

Equations (3) and (4) may be used to compute root stress and
tip growth for tapered blades. However, the expressions are too
awkward to give, by observation, an indication of the quantitative
effect of taper ratio on stress and growth. Repetitive evaluation
is tedious. An alternative approach is to compare the performance
of a tapered blade with an otherwise identical untapered blade,
and to apply a factor to account for the effects of taper.
Thus:

όΏ  = S
/LINEARLY / UNTAPERED

TAPERED

and

Ώ Ξ G *τ)
Ύ / LINEARLY ’ ' UNTAPERED

TAPERED
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where values for the untapered blade are evaluated from the simple
relation of equations (1) and (2). This approach also has the
feature of making the effects of taper on stress and growth readily
observable.

In the following two subsections, expressions are derived for
S and G in terms of the non-dimensional geometric ratios H and T.

4,1 Stress

From Equation (5)

LINEARLY
TAPERED

UNTAPE  REXi

Subsisting Equations (3) and (1) for numerator and denominator
respectively yields:

. /

This expression is shown graphically in Figure 3 for both H
and T ranging from 0 to 1.0. Figure 4 depicts the stress factor
for taper (S) as a function of hub:tip ratio (H) for a taper
ratio (T) of zero. This extreme case implies a blade tapered
to zero cross-sectional area at the tip and represents the
maximum possible stress reduction due to taper at any given
hubstip ratio.

4.2 Growth

From Equation (6)

LINEARLY
TAFEREi

S ”T ) ‘"7/ UNTAPERSD
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Substituting Equations (4) and (2) for numerator and denominator
respectively yields:

0-H) ( l -TH)2 . O -H 2) ( I -TH)  2 / .  w 3 \ ,  Γ2 (I  -TH) . ( l ~TH) 3 | hT
3 ( i -T>  ' Γ β 'Γΐ-τΓ ~y  U ~ H; ' ~ΓΓ-~Τ) + 3 ( I -T )3  J 1

Evaluation of this expression for H and T ranging from 0 to 1.0
gives the plot shown in Figure 5. As in the case of root stress
in the preceding section, the maximum possible reduction in tip
growth due to taper is achieved at a taper ratio (T) of zero.
This case is illustrated in Figure 6.

5.0 CONCLUDING REMARKS

The root stress due to rotation of a linearly tapered blade
can be obtained from equation (5) by multiplying the root stress
for an untapered blade evaluated from equation (1) by the stress
factor read from Figure 3.

Similarily, the tip growth due to rotation of a linearly
tapered blade can be obtained from equations (6) and (2) by
incorporating the tip growth factor read from Figure 5.
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