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Summarz

A method is presented whereby the effect of linear taper
on the root stress and tip growth due to centrifugal loading on
a rotating blade can be assessed. Relations for both parameters
are derived for blades with constant cross-sectional area from
root to tip, and for blades whose cross-sectional area varies
linearly with radius from root to tip. Non-dimensional factors
are then defined to relate results for the tapered case to those
for the untapered case. These factors are expressed in terms of
the hub-tip ratio and taper-ratio and plots are included for wide
ranges of both these geometric parameters. Thus root stress and
tip growth of linearly tapered blades can be obtained using factors
read from the graphs to modif y results for untapered blades as
evaluated from the simple relations pertaining to the latter case.




NATIONAL RESEARCH COUNCIL
DiVISION OF MECHANICAL ENGINEERING

LABORATORY MEMORANDUM

Page 3

Table of Contents

Summary

List of Symbols

1.0 Introduction

2.0 Relations for Untapered Blade
2.1 Stress
2.2 Growth

3.0 Relations for Linearly Tapered Blade
3.1 Stress
3.2 Growth

4,0 Non-dimensional Factars to.account for Taper
4.1 Stress
4.2 Growth

5.0 Concluding Remarks

6.0 References

Figures
Figure 1 Nomenclature for Untapered Blade

Nomenclature for Linearly Tapered Blade
(as per fig.)
(as per fig.)
(as per fig.)

o bW N

(as per fig.)

o
|} X N N o0 AN lg
)

= = O Y
I




NATIONAL RESEARCH COUNCIL

DIVISION OF MECHANICAL ENGINEERING

LABORATORY MEMORANDUM Page 4
List of Symbols

A Cross sectional area of blade in2
E Modulus of elasticity for blade material lbf/in2
F Tensile force 1b

éT LINEARLY f
G Tip growth factor for taper ( G= TApKhie
de Dimensional constant T)““TAP‘R“° 386 lbm/lbfm/sec2

Hub:tip ratio (M= —p)
T
Ky Parameter used in defining blade taper (See Fig. 2) in
K2 Parameter used in defining blade taper (See Fig. 2) in2
m mass lbm
R Radius GH)LINEARLY in
S Root Stress factor for taper ( S = —APERED )
T Taper Ratio (T= 2""') 6H)UNTAPERED
[

U Blade speed in/sec
é Growth in
%* Density of blade material lbm/in3
€ Strain in/in
§§ Stress lbf/in2
€. Rotational speed rad/sec

Subscripts

H
T

Hub or root

Tip




NATIONAL RESEARCH COUNCIL
DIVISION OF MECHANICAL ENGINEERING

LABORATORY MEMORANDUM Page 5

1.0 INTRODUCTION

Procedures for obtaining preliminary estimates of root stress
and tip growth caused by rotation of turbomachinery blading often
ignore the effects of taper. In this note, a method is presented
whereby these effects can be accounted for using factors to modify
the results derived for the simpler case of the untapered blade.

2.0 UNTAPERED BLADE
2.1 Stress

Consider a chordal element at some radius R as shown in
Figure 1.
From Newton's Second Law:

dF = d(52) - SASR—(re) [te]

Thus the force F on the blade cross-section at radius R is given by:

F R 2 - =
3 :/( e g_%cgf RIS = ;\% (R7-%%)  [18]
A R

and at the blade root section the stress is

6,- 5 = 35 (r2-R2) [1c]

Introducing the non-dimensional parameter Hub:Tip Ratio

RH
R
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and noting that &JRT = UT

So= SO (1-4) [1]

(the blade tip speed)

2.2 Growth

The local strain at any radius is obtained by dividing the
local stress by the modulus of elasticity (E) for the blade
material.

- & - Fx (R -%) 2]

Integrating from hub to tip yields the total growth of the blade
tip, thus:

Rer 2 3 _3
, _§% 2 _ _R;—R I:
6, =| €oR = 357 [RT(RT R,)-RegRa Zb}

Ry

Again introducing the parameters H and UT’

= S 1) U50] 2]
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3.0 LINEARLY TAPERED BLADE
3.1 Stress

Following the method of Section 2.1, and using the variables
as defined in Figure 2, one gets:

2
oF = So- (KR + K,) RdR (3]

which, after integration, defines the force F on the blade cross-
section at radius R to be:

F= i“; [st-(Rf—R")+ Kz(Ri—Rz)] E3

and the stress at the blade root section to be:
. Fu_S&[ 2Ki(p3 3) 2 2 [
O= &, = Zg, [(K.w Kz)][ 3 (RT RY)+ ke (RE-RY)| [3¢]

A
Introducing H, UTB and the taper ratio T_E-KI-—-, yields:
H

6, = %E [-g— %:—:%?(T—I) +( 1+H)(|-TH)] [3]
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3.2 Growth

As in Section 2.2, the local strain at any radius R is given
by the local stress divided by E, thus:

e=% = ZQ;‘:; [(Kl]'Q+Kz)]I:23K‘(R$—R3)+ Kz (R2 —Rz)} |44

Integrating from hub to tip gives the total tip growth which may
then be expressed in terms of UT, H and T as:

ReUZ [O=R)-T) (=H)0=TH)_2, 3y [2 _ (1=7H) (1=TH]
5T=29:é' 3(1-T7)* * 6(1-T) 9(' H)+ 3 (I-T) +3(I—T)3 InT

4]

Note: The technique employed in the above integration does not
apply for the singular case of T = Q.

4.0 NON-DIMENSIONAL FACTORS TO ACCOUNT FOR TAPER

Equations (3) and (4) may be used to compute root stress and
tip growth for tapered blades. However, the expressions are too
awkward to give, by observation, an indication of the quantitative
effect of taper ratio on stress and growth. Repetitive evaluation
1s tedious. An alternative approach is to compare the performance
of a tapered blade with an otherwise identical untapered blade,
and to apply a factor to account for the effects of taper.

Thus:
6’.H)merzx_\r = = ﬁn)uuTAPERED [5 :l

TAPERED

and

o 68

LINEARLY
TAPERED

UNTAPERED
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where values for the untapered blade are evaluated from the simple
relation of equations (1) and (2). This approach also has the
feature of making the effects of taper on stress and growth readily
observable.

In the following two subsections, expressions are derived for
S and G in terms of the non-dimensional geometric ratios H and T.

4.1 Stress
From Equation (5)

6“) LINEARLY

TAPERED

5 =

6H>UNTAPE RED

Subsituting Equations (3) and (1) for numerator and denominator
respectively yields:

(1=TH)(1+H) =5 :I';'_,a (1-7)

CTem) 7]

This expression is shown graphically in Figure 3 for both H
and T ranging from O to 1.0. Figure 4 depicts the stress factor
for taper (S) as a function of hub:tip ratio (H) for a taper
ratio (T) of zero. This extreme case implies a blade tapered
to zero cross-sectional area at the tip and represents the
maximum possible stress reduction due to taper at any given
hub:tip ratio.

4.2 Growth
From Equation (6)
éT)UNeMﬂN
TAFPERED

G

i

é"r) UNTAPERED
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Subétituting Equations (4) and (2) for numerator and denominator
respectively yields:

-WU=TH)® , (= H)(1- |-TH (1~TH)3]
Gl LT 2o+ 24 (T |

(1-H) = |—3H [8]

Evaluation of this expression for H and T ranging from 0 to 1.0
gives the plot shown in Figure 5. As in the case of root stress
in the preceding section, the maximum possible reduction in tip
growth due to taper is achieved at a taper ratio (T) of zero.
This case is illustrated in Figure 6.

5.0 CONCLUDING REMARKS

The root stress due to rotation of a linearly tapered blade
can be obtained from equation (5) by multiplying the root stress
for an untapered blade evaluated from equation (1) by the stress
factor read from Figure 3.

Similarily, the tip growth due to rotation of a linearly
tapered blade can be obtained from equations (6) and (2) by
incorporating the tip growth factor read from Figure 5.
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