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On propose une gknkra l i s a t i on  d e  l a  mkthode 3 i n t e r v a l l e s  d e  temps 
d i s c r e t s  e t  21 moindres c a r r e s  de  Zienkiewicz e t  d e  Lewis. La d t h o d e  
e s t  appliqude B un p r o b l h e  simple 21 v a l e u r s  i n i t i a l e s  pour t o u t e  une 
gamme d e  v a l e u r s  d e  p a r a d t r e s  e t  l a  performance est comparee 21 c e l l e  d e  
p l u s i e u r s  d t h o d e s  b i en  connues. On montre que l ' e x a c t i t u d e  d e  l a  
s o l u t i o n  e s t  supe r i eu re  21 celle d e  l a  d t h o d e  d e  Zienkiewicz e t  d e  Lewis 
pour d e s  i n t e r v a l l e s  d e  temps i n t e d d i a i r e s .  Pour une va l eu r  
p a r t i c u l i e r e  a s s ignee  au paramstre,  on o b t i e n t  une mkthode q u i  n ' o s c i l l e  
pas peu importe l ' i n t e ~ a l l e  de  temps cho i s i .  C e t t e  methode possede 
nkanmoins une e r r e u r  d e  t ronca t ion  presque comparable B c e l l e  de  l a  
mkthode d e  Crank-Nicholson e t  d e v r a i t  B t r e  u t i l e  pour l e  t r a i t emen t  des  
systsmes r i g ides .  

On k labore  a u s s i  une d t h o d e  21 moindres ca r rks  B t r i p l e  i n t e r v a l l e  d e  
temps e t  on l a  compare 3 d ' a u t r e s  d t h o d e s  d e  r i5solution d e s  p r o b l h e s  21 
v a l e u r s  i n i t i a l e s .  La d t h o d e  ne semble pas o f f r i r  d 'avantages  s u r  l e s  
mkthodes B double i n t e r v a l l e  d e  temps. 
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EVALUIZ'IlON OF LEAST SQUAKES 'TIME S'TEPPlNG 
PKOCEDUKES FOR TRANSIENT FIELD PKOBLEMS 

L. E. G o o d r i c h *  

A g e n e r a l i z a t i o n  o f  Z i c n k i e w i c z  a n d  L e w i s ' s  I l eas t  s q u a r e s  
t i m e  s t e p p i n g  ~ ) r o c c ~ l u r e  i s  proposr.cl.  'l'lic ~ ~ i c ~ t l ~ c l t l  is ; l l~l) l  iccl L o  

a  s i m p l e  i n i t i a l  v a l u e  p r o b l e m  f o r  a  r a n g e  o f  p a r a m e t e r  v a l u e s  
a n d  t h e  p e r f o r m a n c e  i s  compared w i t h  t h a t  o f  s e v e r a l  w e l l -  
known m e t h o d s .  I t  i s  shown t h a t  s o l u t i o n  a c c u r a c y  e v e n  
g r e a t e r  t h a n  t h a t  o f  Z i e n k i e w i c z  and L e w i s ' s  method c a n  be 
o b t a i n e d  f o r  i n t e r m e d i a t e  s t e p  l e n g t h s .  F o r  a p a r t i c u l a r  
c h o i c e  o f  p a r a m e t e r  v a l u e  a  method is o b t a i n e d  t h a t  w i l l  n o t  
o s c i l l a t e  r e g a r d l e s s  o f  s t e p  l e n g t h  c h o s e n .  T h i s  method  
n e v e r t h e l e s s  p o s s e s s e s  t r u n c a t i o n  e r r o r  n e a r l y  c o m p a r a b l e  t o  
t h a t  o f  t h e  Crank-Nic l io l son  scliemc and  s l ~ o l ~ l d  p r o v e  u s e f u l  i l l  

t r e a t i n g  s t i f f  s y s t e m s ;  

A t l ~ r c c - t i m e - l e v e l  l e a s t  sqrrcircs sclicvne is ;I 1 s o  dr.vclol)cd 
mid c o ~ ~ i p n r e d  w i t 1 1  o t l l c r  m c t h o d s  f o r  t l ~ e  i n i t i a l  v a l u c  1)rol)lcm. 
T l ~ e  method d o e s  n o t  a p p e a r  t o  o f f e r  a n y  a d v a n t a g e s  o v e r  two- 
t imc- lcve  1 m e t h o d s .  

* l ) i v i s  i o n  o f  I 5 r r i l c l i 1 i l ;  Kcseat-clr , N a t i o n a l  Kescarc l i  C o l ~ n c i l  o f  
C a ~ ~ l d a ,  Ot  t a w c ~ ,  On t a r i o  . K l A  O R 6  



INTRODUCTION 

For the least squares time stepping procedure finite 
elements in time are introduced and the square of the residual 
of the equation is minimized with respect to the vector of 
unknowns at the advanced time level. Spatial discretization 
of the heat conduction equation yields the system of ordinary 
differential equations 

where C and K are the capacitance and conductance matrices, T 
is the vector of instantaneous nodal temperatures, and the dot 
signifies time differentiation. 

Defining a to be the nodal temperature vector at local 
time level j , tien 

where Nj arc LIIC sl~ill>c l u n c t i o ~ ~ s  and k is tl~c! ;~dvi~llc.c.~l ti~l~c, 

level. 

' Assuming that the time element is divided into k - 1 
intervals At, the dimensionless local time is 

With tl~c definitions of cqllclt ions (l), (2) and (3) tl~c 
lc:,st squares time stepping procedure for the heat conduction 
equation leads to 

Asst~ming C and K constant during At, and taking linear 
shape functions 

wllerc s = t / A t ,  lends to 

which is the equation described by Zienkiewicz and Lewis (11. 



a n d  

-. . 

4 L 
A s  p o i n t e d  o u t  by Lewis  a n d  B r u c l ~  [ 2 ] ,  e q u a t i o n  ( 6 )  I ~ a s  

t r u n c a t i o n  e r r o r  a l m o s t  o ( ~ . L ~ ) ,  w l l i c l ~  is  n c : i ~ r l y  o n e  o r d e r  
b e t t e r  t h a n  t h a t  o f  t h e  C r a n k - N i c t ~ o l s o n  c e n t r a l  d i f f e r e n c e  
sc11c.m~. S i n c e  somewllat more c o m p ~ ~ t a t i o n  p c r  t i m r  s t c p  is 
rc ,clui~.cd f o r  t l ~ c  l e a s t  s q r l a r c s  s c l ~ c b ~ l ~ e  L I I ; I I I  f o r  t i l e  ( : r i~nk-  
N i c h o l s o n  s c l ~ e m c ,  t l ~ c  method i s  o n l y  p r i ~ c t i c i ~ l  i f  i t  is 
p o s s i b l e  t o  u s e  ;I l a r g e r  s tc 'p  1c11gtl1. F o r  bot11 r r~c~Ll~c~ds  ; in 
u p p e r  l i m i t  i s  i m l ~ o s e d  by t l ~ c  c s l s t c u c c  ol' ;I c r i t i c i l l  s t c S l >  
l e n g t h  beyond w l ~ i c l ~  t h e  s o l u t i o n  w i l l  o s c i l l a t e ,  r c s u l t i r ~ g  i u  
d e g r a d a t i o n  o f  a c c u r a c y .  T h i s  l i m i t  i s  o n l y  s l i g l ~ t l y  g r e a t e r  
f o r  e q u a t i o n  (6) t h a n  f o r  t h e  C r a n k - N i c h o l s o n  method .  The 
p u r p o s e  o f  t h i s  p a p e r  i s  t o  show t h a t  a  s i m p l e  g e n c r n l i z a t i o n  
o f  Z i e n k i e w i c z  a n d  L e w i s ' s  f o r n ~ ~ t l a  c a n  b c  d e v i s e d  t h a t  g i v e s  
c o m p l e t e  c o ~ ~ t r o l  o v e r  t h e  o s c i l l a t i o n  l i m i t .  11s w i t h  t h e  
well-known "0-metl~od" i t  r e s u l t s  i n  improved  a c c u r a c y  f o r  
i n t e r m e d i a t e  s t e p  l e n g t h s  a n d  i n  t h e  l i m i t  makes  i t  p o s s i b l e  t o  
e l i m i n a t e  t h e  o s c i l l a t i o n  a l t o g e t h e r .  

MODIFIED LEAST SQUARES I N  TIMI.: 

11 i ) ~ ) s s i b l c a  wily L C )  L:L*IIL~L-:I  I i ,:L- C L I I I : I L  I L ~ I I  ( 0 )  i s  t 1 1  1 ~ s . i ~ ~ .  t I I L *  
s h a p e  f u n c t i o n  u n s p e c i f i e d  e x c e p t  f o r  t h e  u s u a l  n o r m a l i z a t i o n  
r e q u i r e m e n t s ,  w h i c h  i m p l y ,  f o r  t w o - t i m e - l e v e l s  

N1 + N 2  = 1 

N1(0) = N2(1)  = 1 

N ( 1 )  = N2(0) = O 
L 

1 

a = A t 2  1 i: C I S  

0 

1 
= N 2  d s  

0 

Y = N: d s  

0  

t11e11 e q u a t i o n  ( 4 )  g i v e s  

T T 'r I - u f ;  + ---- K-K 5 + P - Y ) K  K a + fi--?+ C ~ C  C ~ K + K ~ C  
2At jnt 2*t + Y  K~.]a2 = 0 (7) 

P l a u s i b l e  s h ; ~ p e  f u n c t i o n s  i n c l u d e  d c l  t a  f r ~ u c t  i o n s  as w e l l  a s  

- 
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t h e  u s u a l  l i n e a r  function, a n d  i n  a l l  s u c h  c a s e s  u m u s t  e q u a l  
1. As w e l l ,  f3 may be set t o  4. Then e q u a t i o n  ( 7 )  r e d u c e s  t o  

To  e s t a b l i s l i  t l i c  u s e f u l  r a n g e  o f  v n l u c s  f o r  tlic ~ ) a r a m c L e r  
y i t  s u r f  i c c s  t o  c o n s i d e r  t l i c  ~ t ~ i c o u l ) l c t l  modal  cclclat i o n ,  a n d  i t  
is o i i l y  n e c e s s a r y  L O  c x a m i ~ i c  Lhe s i m p l e s t  c a s c  o b t a i n e d  by 
r e p l a c i n g  tlie m a t r i c e s  C a n d  K by ( s c n l o r )  u n i t y .  

2  2  
( 1  + A t  + yAt ) y 2  + (-1 + ( 4 - y ) ~ t  ) y l  = 0  (9) 

T h e  c o r r e s p o n d i n g  d i f f e r e n t i a l  e q u a t i o n  r e d u c e s  t o  t h e  i n i t i a l  
v a l u e  p r o b l e m  

d y / d t  = -y w i t h  y ( o )  = 1 ( 1 0 )  

S t a b i l i t y  o f  e q u a t i o n  ( 9 )  is e n s u r e d  f o r  a l l  A t  p r o v i d e d  
I A 1 < 1 w h e r e  A = y 2 /  yl  is t l i e  c l i a r a c t e r i s t i c  e q u a t i o n .  

F o r  e q u a t i o n  (9)  

1 - ( 4 - Y ) A ~  2 
A = 

1 + A t  + Y A t  
2 

I m p o s i n g  A > -1 i m p l i e s  

whicl i  is s a L i s l i c d  f o r  a l l  A L  p r o v i d e d  Ll~at 

F o r  h 0, o s c . i l l n t i o t l  w i l l  o c c u r  a n d  f r o m  e q u a t i o n  ( 1 1 )  
t h c  c r i t i c a l  s t e p  l e n g t h  beyond w h i c h  o s c i l l a t i o n  sets i n  is 

From e q u a t i o n  ( 1 4 ) ,  o s c i l l a t i o n  w i l l  be e l i m i n a t e d  f o r  a l l  
A t  i f  

SillccS t l i e  c l ~ o i c c  Y = L/3 is a l r e a d y  o p t i m a l  a s  regards 
Lrut iccl t iol l  e r r o r ,  l c s s c r  v a l u e s  o r  1 o f f e r  n o  advantage a t  a l l  
( f o r  y = a ,  e q u a t i o n  ( 9 )  r e d u c e s  e x a c t l y  t o  t h e  c e n t r a l  
d i f  r c r e n c e  f o r m u l a ) .  L t  is s u g g e s t e d ,  t h e r e f o r e ,  t h a t  t h e  b e s t  
c h o i c e  o f  y l ies  i n  t h e  r a n g e  

1 1 3  5 Y 2 1 1 2  (16) 
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t11e I ~ i ) : l ~ c * r  v a l  u c s  bc in) ;  usct l  Lo a v o l t l  osc. i l l i l t  ioli i111c1 ~ I I I I H  
m a i n t a i n  a c c u r a c y  i n  c a s c s  o f  l a r g e  s t e p  l e n g t h .  

I n  F i g u r e  1 t h e  c h a r a c t e r i s t i c  c o e f f i c i e n t  h is s l ~ o w n  a s  
a  f u n c t i o n  o f  s t e p  l e n g t h  f o r  t h e  g e n e r a l i z e d  least  s q u a r e s  
scheme o f  e q u a t i o n  ( 1 1 ) .  F o r  c o m p a r i s o n ,  t h e  c h a r a c t e r i s t i c  
c o e f f i c i e n t  

)L' = 1 - (1-@)At 
1 + O A t  

f o r  t h e  0-method is g i v e n  i n  F i g u r e  2. T l ~ e  t r u e  s o l u t i o n  
is r e p r e s e n t e d  by t h e  s o l i d  c u r v e  i n  b o t h  f i g u r e s .  

A s  e x p e c t e d ,  t h e  least s q u a r e s  s c h e m e s  p r o v i d e  a  much 
b e t t e r  r e p r e s e n t a t i o n  o f  X t h a n  d o  t h e  c o r r e s p o n d i n g  s c h e m e s  o f  
t h e  0-method. F u r t h e r m o r e ,  f o r  i n t e r m e d i a t e  s t e p  l e n g t l i s  ( s a y ,  
1 < A t  < 5 )  t h e  l e a s t  s q c l a r e s  met l~o t l  g i v c s  nrorc ;Ircnr;iLc 
r e s u l t s  i f  Y = 4 / 1 0  t h a n  i f  .Y = 1 1 3 ,  e v e n  t l l o i ~ g l ~  t l i c  1 a t t c . r  
v a l u e  c o r r e s p o n d s  t o  t h e  b c s t  L r i ~ l ~ c a t i c r n  c r r o r .  ' I ' h i s  bc l~ . iv i twr  
i s  s i m i l a r  t o  t h a t  o f  t h e  0-method,  wliere  t h e  C r a n k - N i c h o l s o n  
scheme c a n  b e  i n f e r i o r  t o  t h e  l i n e a r  G a l e r k i n  scheme (0 = 2 1 3 )  
i n  s p i t e  o f  i t s  l o w e r  t r u n c a t i o n  error. F o r  v e r y  l a r g e  s t e p  
l e n g t h s  t h e  l e a s t  s q u a r e s  scheme wit11 y = f is t h e  o n l y  o n e  
t h a t  a v o i d s  o s c i l l a t i o n .  I t  is c l e a r l y  a c o n s i d e r a b l e  improve-  
ment  o v e r  t h e  backward  d i f f e r e n c e  scheme (0  = 1 )  a n d ,  i n  f a c t ,  
r e p r e s e n t s  h w i t h  a n  a c c u r a c y  s u p e r i o r  t o  t h a t  o f  t h e  c e n t r a l  
d i f f e r e n c e  scheme (0 = f )  f o r  A t  > -0.9. 

I n  Fil:urc 3  t h e  t r u n c a t i o n  e r r o r  f a r  t l i e  1c ; l s t  scl1l;lrc.s ;i1111 

r1\11t r a  I (1 i f f c r c * ~ ~ c v  S ( . ~ I ~ * I I I ~ * : ;  i :; : ; I I O W I I  I or 1 I t ( -  i 11 i 1 I . I  I v.1 I I I ( *  
l ) r o b l ~ . n ~ ,  ec lua t io l r  (10) Tor a s ~ c p  l c i ~ g ~ l ~  A L  = I ,  a n d  w i L l ~  t h e  
s o l u t i o n  s t a r t e d  f r o m  t h e  t r u e  v a l u e  a t  t l i e  f i r s t  s t e p .  A s  
e x p c c l c d  f rom ~11c p r e c e d i n g  cxarn i~ i i i t  i o n  o f  tlie c l ~ ; ~ r ; ~ c t c r  ist ic 
e q u a t i o n ,  t h e  b e s t  r e s u l t s  a r e  o b t a i n e d  lor Y = 4 / 1 0 ,  and  f o r  
Y = 1 t l i c  t r u l l c a t i o n  e r r o r  is n o  w o r s e  t h a n  t h a t  o f  t h e  c e n t r a l  
d i f f e r e n c e  scheme.  

THREE-TZME-LEVEL LEAST SQUARES I N  TIME 

S c t t i n g  k = 3  a n d  t a k i n g  t h e  s h a p e  f u n c t i o n s  t o  b e  t h e  
L n g r a n g e  p o l y n o m i a l s  

wl~crc. s = t / 2 A ~ ,  
cclu;lt 1011 ( 4 )  g i v c s  
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-4 T + c c + - - .  2 ( C  T K-K T C )  + 
A t  

The  c h a r a c t e r i s t i c  p o l y n o m i a l  f o r  t h e  a s s o c i a t e d  i n i t i a l  
v a l u e  p r o b l e m  is  

T h e  t w o  r o o t s  o r  c q u a t i o r ~  ( 2 0 )  

arc both x c w l  a n d  positive f0r a l l  A t  > 0. T h e  p r i n c i p a l  root, 
c n r t c s p o n c l i n g  t o  thc p o s i t i v e  s i g n ,  is t h e  approximation for 
LIIC a n a l y t i c  valrtc @ - A t .  For t h e  rncthod t a  be r e l a t i v e l y  
st:~l) lc  t11c spur iw~s  root musr be smaller i n  m a g n i t u d e  t h a n  t h e  
p r i n c i p a l  root. B o t h  roots are shown i n  Figure 4. From the 
n a t u r e  o f  t h e i r  b e h n v i o u r  i t  c a n  b e  i n f e r r e d  t h a t  t h e  t h r e e -  
l e v e l - m e t h o d  w i l l  h e  u n s a t i s f a c t o r y  u n l e s s  t h e  s t e p  l c u g t t ~  is 
s l i i t n b l y  small .  A l ~ h o u g h  n o t  v i s i b l e  i n  t h e  f i g u r e ,  t h e  
n u m e r i c a l  r e s u l t s  i n d i c a t e d  t h a t  t h e  t h r e e - l e v e l - m e t h o d  is 
s r l p c r i o r  t o  Z i c n k i e w i c z  a n d  L e w i s ' s  ( 1 1  t w o - l e v e l - m e t h o d  o n l y  
i f  A t  ' 0 . 6 .  F i g u r e  5 r e p e n t s  t h e  c a l c u l a t i o n  f o r  t h c  p r o b l e m  
o f  l : i ) ; ~ ~ r c ~  3 ; ~ n t l  c.on1.i rnls L I I L ,  r c b I ; 1 L  ivc.1 y  I I I I S ; I ~  i s f ; ~ ( . L ( ~ r y  
1)c.r f orln.lnccs o f  Ll~cs L l ~ r i - c ~ -  I cbvi- I I c;lsl :;clrl.lrc-.; p r o (  c.tlr~rc-. 
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C o m p a r i s o n  o f  t r u n c a t i o n  e r r o r  f o r  
t h r e e -  t i m e - l e v e l  me thod  

CONCLUSION I 
A  s i m p l e  g e n e r a l i z a t i o n  i s  g i v e n  f o r  t h e  Z i e n k i e w i c z  a n d  

L e w i s  t w o - l e v e l  l eas t  s q u a r e s  t i m e  s t e p p i n g  s c h e m e  f o r  t h e  h e a t  
c o n d u c t  i o n  e q u a t i o n .  T l ~ e  m o d i f i e d  s c h c m e  h a s  i m p r o v e d  
o s c i  L i n t  i o n  c l ~ n r a c t e r i s t i c s .  T l ~ i s  l c a d s ,  i n  t u r n ,  t o  i m p r o v c d  
s o l r t ~ i o ~ l  a c c u r a c y  f o r  i n t e r m e d i a t e  t o  I . a r g c  s t e p  l c n g t l ~ s .  

ii L h r c e - l e v c l  l eas t  s q u a r e s  t i m c  s t e p p i n g  p r o c c t l u r e  is a l s o  
c o n s i c l c r c d .  'The m e t t ~ o d  i s  m o r e  a c c u r a t e  t h a n  t h e  t w o - l e v e l  
s c h e m e  o n l y  f o r  r c l a t i v c l y  s h o r t  s t e p  l e n g t h s .  
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