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Abstract

Cooling channels play a critical role in various casting and molding processes, impacting both the cycle time and quality of
the product. As additive manufacturing technologies become increasingly prevalent, conventional straight-drilled channels
are being progressively substituted by intricate cooling lines that conform to the contours of the fabricated part. This
transition can lead to a significant reduction of the solidification time and temperature gradients, consequently lowering
the occurrence of part defects. However, designing such channels becomes challenging as geometric complexity and
manufacturing constraints increase. In this work, we present a density-based topology optimization approach to generate
conformal cooling channels in molds and dies inserts. To mitigate temperature variations, the objective function is penalized
using the temperature standard deviation of the insert cavity surface. A density-gradient-based constraint is further utilized
to reduce the generation of overhanging structures and promote manufacturability. In particular, the use of this constraint
leads to the generation of channels characterized by a teardrop-shaped cross section. The cooling efficiency of a selected
optimized design is confirmed through computations using a body-fitted solver. The geometry is subsequently manufactured
by Laser Powder Bed Fusion (LPBF) and experiments are conducted to compare its performance in comparison to a design
featuring straight-drilled channels. The results demonstrate that the optimized geometry significantly enhances the heat
extraction rate and further leads to a 43% reduction of the cavity temperature standard deviation.

Keywords Topology optimization - Cooling channel - Additive manufacturing - Heat management

1 Introduction

Recently, there has been a conspicuous increase in the pur-
suit of enhanced efficiency of heat exchangers. This trend
has not only impacted the heat exchanger sector but has also
extended its reach into other domains, notably influencing
the mold and die industry. A cooling channel design has a
significant impact on the efficiency of heat exchangers and
mold-die components in industrial processes (Feng et al.
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2021). Cooling channels are typically drilled in straight
lines, sometimes incorporating baffles and bubblers, but
these approaches often result in suboptimal cooling, particu-
larly in areas prone to overheating. To achieve heightened
levels of performance and sustainability, conformal cooling
channels are a promising pathway for thermal management
in temperature-dependent processes like aluminum die cast-
ing. These strategically positioned channels, however, can-
not be achieved through traditional subtractive machining
and necessitate the utilization of additive manufacturing
(AM) techniques (Feng et al. 2021; Caligkan et al. 2023).
Among the various AM processes, laser powder bed
fusion (LPBF) stands out as one of the most common
types, gaining significant attention from industries. The
LPBF process constructs 3D objects by selectively melt-
ing a specific region of powdered particles on a layer-by-
layer basis, following the design of a 3D model (Chowd-
hury et al. 2022). This unique manufacturing process makes
LPBF a versatile technique that overcomes the challenges
encountered by traditional manufacturing methods, thus
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enabling the manufacturing of complex cooling channels
geometries. Central to the LPBF endeavor is the technique
of topology optimization (TO). While TO has traditionally
found its niche within structural design, it has the potential
to spark transformative change in the realms of molds and
dies through the creation of intricate cooling channel designs
that match the shape of the mold cavity, thereby enhancing
cooling consistency and the quality of the resulting products
(Feng et al. 2021; Kanbur et al. 2020).

Currently, within the available categories of TO methods,
there are three prominent general approaches: density, level-
set, and homogenization methods. The former operates by
assigning volume fraction (or “density”) values to regions
within the design domain, translating into the presence
or absence of a certain material or phase. Intermediate
density values between 0 and 1 are commonly penalized
to encourage a more binary (i.e., toward either O or 1)
distribution of material (Sigmund and Maute 2013).
Level-set TO employs a level-set function to represent the
boundary separating the materials under consideration
within the design domain. This method offers a crisp
material transition compared to density-based methods. It
allows for the creation of intricate shapes and is particularly
well suited for shape and TO problems where complex
geometry changes are involved (Van Dijk et al. 2013).
Homogenization-based TO approaches consider both the
macroscopic and microscopic scales of the material. They
involve the analysis of how the microscale, represented by
periodic geometric patterns, affects the overall behavior of
the material and optimize its arrangement to achieve the
desired performance characteristics (Wu et al. 2021).

Due to its remarkable capacity to provide extensive design
flexibility, TO has been the subject of thorough research and
has found applications in a wide array of domains. Borrvall
and Petersson ((2003)) pioneered the study of fluid topology,
which laid the foundation for subsequent multiphysics field
coupling TO problems involving fluids. One of the early
TO investigations addressing a conjugate heat transfer
(CHT) problem (Dede 2009) proposed the design of a three-
terminal heat sink via a gradient-based optimizer. Several
CHT studies were subsequently conducted, exploring
various variants of the canonical heat exchanger problem
in two- (Koga et al. 2013; Matsumori et al. 2013; Qian
and Dede 2016; Yaji et al. 2016; Qian et al. 2022; Wang
et al. 2022) and three-dimensional (Yaji et al. 2015; Dilgen
et al. 2018; Yu et al. 2020; Wang et al. 2023) contexts,
and also natural convection problems (Alexandersen et al.
2016, 2018; Pollini et al. 2020; Li et al. 2022), among other
applications.

To attain greater design flexibility and optimize LPBF
manufacturability, additional advancements and refinements
are essential. The literature often overlooks the geometric
constraints inherent in metal additive manufacturing
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methods when it comes to designing cooling channels.
These constraints encompass aspects like build angles,
where angles typically greater than 45° can function self-
sufficiently and blend seamlessly into the design, while
angles below this threshold usually lead to overhangs,
which occur when the exposed layer exceeds the underlying
one, and pose a considerable challenge without support
material (Covarrubias and Eshraghi 2018; Garaigordobil
et al. 2019). Channel diameter is another important
consideration, as channels are typically self-supporting
up to a certain diameter (Feng et al. 2021). A number of
approaches have been employed to mitigate overhangs and
generate self-supporting structures in TO. Gaynor and Guest
(2016) proposed a formulation based on projection of design
variables to ensure that all domain features are supported
from the lower layers. Similarly, Langelaar (2017) developed
the “layer-by-layer” filter approach, relying on the principle
that material can only be placed if sufficiently supported
from the layer below. van de Ven et al. (2018) extended
the discrete layer-by-layer approach by modeling the AM
printing process through a continuous front propagation
strategy. The use of the build-plate-projection of the design
variable gradient to identify overhanging regions within the
domain was also proposed for density-based (Qian 2017) and
level-set-based (Allaire et al. 2017; Wang et al. 2018; Miki
2023) approaches. For a comprehensive review of overhang-
free methodologies, readers are directed to the work of Liu
et al. (2018); Zhu et al. (2021); Ibhadode et al. (2023).

Once the manufacturability of the optimized design is
confirmed, a logical subsequent step involves experimental
validation. To assess the performance of their design, Li
et al. (2019a, b) subjected their prototype to a heat source
while supplying a temperature-controlled fluid through the
optimized channels. The authors used thermocouples and a
thermal camera to validate their numerical simulations and
quantify their design efficiency through pumping power and
thermal resistance metrics. A similar apparatus was used
by Zhan et al. (2023) in order to assess the performance
based on the average temperature and pressure losses. The
aforementioned experimental studies and several others used
CNC-machined (Qian et al. 2022; Zhou et al. 2024) or AM
(Ozguc et al. 2023; Sun et al. 2024) geometries closed by
lids with simple planar external surfaces to replicate heat
exchanger designs.

Despite the considerable effort dedicated to the design
of heat exchangers through TO, only a limited amount of
research has focused on conformal cooling systems within
molds. Jahan et al. (2019) proposed a coupled thermal-
fluid TO algorithm for the generation of conformal cooling
channels for plastic injection molds. The design of conformal
cooling lines for injection molding was also considered by
Li et al. (2018) through the use of the channels’ diameters
and positions as design variables. However, both studies



Additively manufactured conformal cooling channels through topology optimization

Page3of19 138

utilized a simplified modeling of the three-dimensional
CHT problem. In the former, a planar CHT problem
was considered and the ensuing conceptual design was
transformed into a three-dimensional channel geometry,
whereas the latter applied a boundary element approach to
model both flow and heat transfer.

In this study, topology optimization is employed to
generate conformal cooling channels in the context of
heat management in a non-planar three-dimensional mold
cooling system. The methodology relies on a density-based
CHT approach and aims to maximize the heat extraction
of a curved surface while ensuring a uniform temperature
distribution. The latter is achieved by penalizing the
cost function with the standard deviation (STD) of the
surface temperature. As the geometry is intended to be
manufactured by LPBF, our strategy further incorporates
a modified projected-perimeter constraint (Qian 2017)
to control the amount of overhangs in the domain. The
optimized conformal cooling channel design is fabricated
using LPBF and subjected to experimental testing, where its
cooling performance is validated and compared to that of a
conventional cooling system. Our study seeks to introduce
a straightforward procedure for developing an integrated
thermal—-fluid methodology that streamlines the TO
processes for cooling channel systems, while considering the
constraints associated with LPBF additive manufacturing.

The article is structured as follows. The computational
studies are presented in Sect. 2, first in terms of the adopted
CHT modeling (Sect. 2.1) and finite element discretization
(Sect. 2.2). The formulation of the optimization problem
follows in Sect. 2.3 and results are shown in Sect. 2.4,
highlighting the impact of employing the overhang constraint
and STD penalization on the generated geometries. The
validation of a selected design against a body-fitted solver
is then presented in Sect. 2.5. Lastly, Sect. 3 exposes the
experimental methodology and results, drawing comparisons
with computational findings.

2 Computational studies
2.1 Governing equations

The methodology is developed in DFEMwork, a parallel
and fully Distributed Finite Element Solver of the National
Research Council of Canada. DFEMwork is implemented
in C++ and utilizes distributed data structures and a single-
program-multiple-data (SPMD) parallelism model with
the MPI message passing standard. For details regarding
the framework, concepts, and computational efficiency, we
suggest referring to the research conducted by Audet et al.
(2008).

The physical modeling is based on a conjugate heat
transfer (CHT) problem for incompressible laminar flow
in a pseudo-porous medium, and is governed by a set of
steady-state conservation equations of mass, momentum,
and energy. With the absence of gravitational force and
neglecting pressure surface forces and viscous stresses in
the energy conservation equation, the three equations can
be expressed as follows:

V-u=0, (1)
pu-Vu+Vp -V (u[Vu+Vu']) +C,(1 —au=0, (2)

V- (pc,uT) =V - (kVT) —q =0, (3)

where u, p, T, and g, respectively, denote the velocity vector,
pressure, temperature, and volumetric heat source and where
P, Cpy K, and a designate the density, dynamic viscosity,
heat capacity, thermal conductivity, and permeability,
respectively. The body force C, (1 — a)u, hereafter termed
the Darcy friction force, is added to the momentum
equation to model the pseudo porosity of the medium and
to enforce flow resistance in the non-fluid region (a < 1).
This term comprises the penalty parameter C,,. Note that the
cancelation of the Darcy term in (2) results in a traditional
CHT formulation, which assumes pure fluid and pure solid
regions only; the latter problem will be referred to as body-
fitted, as opposed to the porous formulation comprising the
Darcy friction force.

The porosity of the medium is accounted for via the solid
fraction, y(x), a continuous scalar field that quantifies the
local proportion of solid and varies from 0 (full fluid) to 1
(full solid). The thermal conductivity x and permeability a
are linked to the solid fraction via Rational Approximation
of Material Properties (RAMP) interpolation schemes
(Stolpe and Svanberg 2001a), expressed as

4

K 1= Kpuia T (Kgoliag — Kﬂuid)ms )
. Y
a = g+ (@ona — aﬂuid)HP—(l_y)s 5)

where the fluid and solid subscripts refer to the
corresponding state value for the thermal conductivity,
while a4 =1 and a4 =0. P, and P, are two penalty
coefficients, generally set to values greater than one in
order to penalize intermediate solid fraction values in the
optimization problem, while avoiding excessively large
penalizations to prevent a premature convergence to local
minima (Sigmund and Maute 2013). In this work, the
coefficients are assigned to P. = 4 and P, = 400 following
a preliminary comparison of the porous temperature
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and velocity solutions versus the body-fitted solver (see
Sect. 2.5). Lastly, since velocity magnitudes in the solid
regions are orders of magnitude lower than in the bulk
fluid, the density, heat capacity, and viscosity of the solid
state have a negligible influence in (2) and (3); hence, these
quantities are not interpolated, but set to the corresponding
fluid value.

2.2 Finite element formulation

The formulation employed in this study is based on a
discretization of the geometry using linear tetrahedron
elements. The governing partial differential equations (1)-(3)
are converted to variational residual formulations, R¥, with
k € [0..4], and are solved following a Galerkin/least-squares
(GLS) approach (Tezduyar et al. 1992). The mass (k = 0) and
momentum (k € [1..3]) residual equations can be found in our
previous work (Navah et al. 2024), but are also provided in the
following for completion, viz.

R’ :=/Q(,,kv.udsz+2/Q Vot -r,dQ =0, (6)
K K

Rl
R’ |:= / [(p"pu - Vu — pVe* + uve* - (Vu + Vu’)
R3 Q

+ (kaa(l - a)u] dQ + Z/ pT U -V(pkru dQ
K Qg

- / @" (u[Vu + Vu'] -n—pn)dl =0,
I'ns

)
where @f designates the test function for equation k, 7,
denotes the velocity stabilization parameter (Navah et al.
2024), n is the outward normal unit vector on I'yg, the
boundary of the domain where Neumann conditions are
applied for the Navier—Stokes equations, and where

r,=pu-Vu+Vp—-V. (,u[Vu + (Vu)’]) +C,(1-a)u

®)
is the strong residual vector of the momentum equations.
In order to enforce global energy conservation within the
system, the energy equation is solved in its conservative
form, contrary to the approach in our previous work (Navah
et al. 2022, 2024). For constant density and heat capacity,
this translates into

@ Springer

R* :=/(pk[pcp(u-VT+TV-u)—q] + VT - Vgr dQ
Q

+ Z/Q pC,Tr U - V£ [pcpu VI -V .- (xVT) - CI] dQ
K K

+ Z / pcPTuTV(pk -r,dQ
K 4

—/ ¢*kVT -ndl =0,

Iy
©))
where I'y is the boundary of the domain where Neumann
conditions are applied, 7, is the stabilization parameter of
the equation of energy (Navah et al. 2024), and the third line
of (9) contains the terms arising from the stabilization of the
velocity divergence, needed in the conservative form.
Since the main objective of this study is optimal thermal
management, it is crucial to adopt proper measures to
minimize sources of error in the heat transfer solution.
Preliminary computations revealed that neglecting the
term 7V - u in (9) can lead to heat balance errors exceeding
15% in the considered CHT problems, although the error
diminished as the mesh was refined. This can be explained
by the finite element formulation not enforcing strict local
(at the element level) mass conservation, consequently
impacting energy conservation. As the adoption of the
conservative form reduces the heat balance error by several
orders of magnitudes, it is considered to be negligible in this
work. Heat balance verification is a frequently overlooked
aspect in the literature and warrants careful consideration.

2.3 Optimization problem and methods

The topology optimization problem solved in this study is
formulated as follows:

m;n Cly,p(y),u(y), T(y)),

st. Gi(9) <0, i €[1..Ngl,
Ry, p(r), u(), T(y)), k € [0..4],
J?min S 5} S ?max’

10)

where 7, C , and G, stand for the design variable, the cost
function, and the i (out of Ng) inequality constraint,
respectively, while R* denotes the system of discrete
residual equations arising from the kth partial differential
equation of (1)—(3). All equations are solved for given solid
fraction field y, the later of which is a result of a three-field
projection of the design variable. The first step consists of a
typical density filtering scheme (Bruns and Tortorelli 2001;
Sigmund 2007), here defined as

7y =Dy, (1)
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where D;; 1= w;v;/ ZkeM ;. vy 1s a sparse matrix having
non-zero values for j € N, with \ the set of nodes within
the sphere of radius ¢ and centered on x;, w; 1= 0 — ”xi - xjH
, and v; is the nodal weight for node j (Navah et al. 2024).
The filtering step is then followed by a smoothed Heaviside
projection (Wang et al. 2011), expressed as

._ tanh(fn) + tanh(5(7 — 1))
"™ tanh(fn) + tanh(B(1 — 1))’

12)

where f is a sharpness parameter and # denotes the threshold
value. y is also commonly referred to as the “physical”
design variable in the literature, given that it is the variable
considered in the residual equations. The optimization
problem bounds are fixed to 7,,;,, = O0and 7,,,,, = 1.

2.3.1 Cost function and constraints

The objective of the proposed topology optimization
formulation is the design of cooling channels in molds, which
are to be manufactured by additive manufacturing (LPBF).
As in most heat transfer applications, maximal heat extraction
is desired, which is here formulated as the minimization of
the surface temperature of the insert cavity considering the
use of a heat flux boundary condition for the cavity surface.
Furthermore, temperature uniformity during the cooling phase
is another crucial aspect in many casting applications, as too
large temperature gradients throughout the part can lead to
higher residual stresses and part deflections (Mazur et al.
2017; Kanbur et al. 2020; Feng et al. 2021). Consequently,
a penalization on the cavity temperature standard deviation
(STD), o, is employed in this work. The latter strategy is
preferred, in our context, to other approaches such as the
minimization of the maximal temperature (through the use of
e.g., the temperature p-norm, p > 1Zhang and Liu 2008), as
the latter do not directly penalize low-temperature (or over-
cooled) regions, which are also undesirable. Finally, the cost
function is further penalized by the inlet-to-outlet pressure
drop, Ap;,_,u» 10 order to promote the generation of channels
and is thus expressed as

C ‘= Tc + ApApin—out + j’oo-m (13)

where TC denotes the surface-averaged temperature of the
cavity, while 4, and 4, stand for the pressure drop and
temperature STD penalty coefficients, respectively. The
Ap;, o and o, penalization terms are computed as

frm pdl
Jp. dr’

in

APipout 1= (14)

and

Vy

Fig. 1 Projected perimeter P,

¢ Jp dr

(16)

where I';, and I'_ , respectively, refer to the inlet and cavity
boundaries. As the outlet pressure is set to zero, Ap;, .
equals to the inlet value. One will further note that (16),
which leverages the fact that TC is an averaged value, is
favored over (15) for its computational efficiency.

Two constraints (Ng = 2) are considered in this work. The
first consists in constraining the maximal volume of fluid
and is expressed as

G i=1-y<1-7, a7)

with 7 := fQ y(x)dQ/ fQ dQ the total (same as average)
solid fraction value and ¥, a user-defined value. Because the
optimized cooling channel design is intended to be additively
manufactured, the second constraint aims at preventing the
formation of overhanging structures. The latter is formulated
as a modified version of the projected-perimeter constraint
proposed by Qian (2017), viz.

G, :=Py <Py, (18)

Vy -
P :=/H<b._~—cosé)>b-v dQ, 19
0= V7] ! 1)

where P, is the maximal allowed projected perimeter, b
designates the build direction, 6 denotes the overhang angle,
and H is an Heaviside projection, defined as

HE) 1= (1+exp(=25,8)) (20)

with f, a parameter controlling the smoothness of the
transition to 0—1 values. For f, — oo, the projection is
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non-zero for b - m > cos @; (19) thus penalizes regions

where the angle between V7 and b is lower than 6, as
exposed in Fig. 1. For the current optimization context, this
constraint can prevent the generation of channels with a flat
top surface.

In this work, the original projected-perimeter formu-
lation is modified by using the filtered design variable,
7,1n (19) instead of the physical design variable, y. This
change is motivated by the observation that, for a crisp
y distribution, the discrepancies between the y = 0.5 and
7 =~ 0.5 isosurfaces are, in general, small, except for the
much smoother definition of the latter (see Appendix A).
Consequently, the 7 field can be utilized to generate the
body-fitted mesh without causing a substantial change in
the design efficiency, which makes 7 a logical choice for
the projected-perimeter formulation. The effectiveness
of this adjustment will be demonstrated in Sect. 2.4.3.
Lastly, a value of 10 is utilized for f, (as in the original
paper Qian 2017), 8 =45 ° and b = (0,0, 1).

2.3.2 Methodology

In order to avoid premature convergence to local
minima and decrease the sensitivity to the initial design
(Sigmund and Maute 2013; Stolpe and Svanberg 2001b),
a continuation approach is employed, which consists
of progressively increasing selected hyper-parameters
through a series of optimization loops. The definition of
the strategy depends strongly on the physical problem(s)
being solved and on the parametrization utilized. To the
authors’ knowledge, there are no specific guidelines
regarding which parameter should be increased first, and
which one should be fixed. Drawing from experience, the
following strategy, comprising a total of 12 optimization
loops, is adopted:

1. Forloop iy, € [0..6], increase the Heaviside projection
coefficient, g, from 1 to 64 following f = 2", with
fixed C, = 1 x 105

2. For loop i, €[7..11], increase the
Darcy penalty factor following the list
C, €[3x10% 1x107,3x 107, 1 x 103, 3 x 108], with
fixed § = 64.

We noticed that starting with a low C, resulted in a smoother
overall convergence (see Appendix B). For all loops, the
fixed hyper-parameters are as follows: P, =4, P, = 400,
1 -7, =0.0500=0.003,7=0.5,and 4, = 1. 4, and P, are
also fixed to case-dependent values (see Sect. 2.4). Each
optimization loop is stopped if the relative cost function
difference between consecutive steps is lower than 107>, with
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a maximum of 100 optimization steps. Operations executed
within each step are as follows:

1. Projection of the design variable,y — 7 — y, using (11)
and (12);

2. Resolution of the system of residual state Egs. (6), (7),
and (9);

3. Evaluation of the cost function C and constraints G; using
(13), (17) and (18);

4. Computation of the sensitivities d— and 9 followmg an

adjoint-based approach (see Sect. 2.3. 3)
5. Update of ¢ using the Method of Moving Asymptotes
(MMA, Svanberg 1987), with a move limit of 0.05.

2.3.3 Sensitivities

As our approach is gradient-based, the cost function (and
constraints) derivative with respect to the design variable
must be provided to the optimizer. Following an adjoint-
based approach, the cost function gradient with respect to
the solid fraction can be expressed as (Navah et al. 2024)

ac @+,1N5TiNS AETE

dy oy dy dy’ @D

where ANS and AF are the adjoint variables obtained
following the successive resolutions of the two sets of
adjoint equations, viz.

() n=-(3

<0RNS >T NS < ORE >T B < aC >T
A == AT — , 23)
oUNS oUNS oUNS
where RE := R*and R™ :=[R°, R!, R%, R3], respectively,
stand for the energy and Navier—Stokes residual equations
and U™ := p, u,, uy, u.]. In this work, all jacobian
matrices are evaluated via numerical differentiation, while
dC/oT and oC/oU™S are computed analytically (see
gppendlx C) and dC/dy = 0. As the constraints sensitivities,
and =2, only depend on y (and not on the state variables

T and u) thelr analytical derivations are straightforward.

Finally, the sensitivities with respect to the design
variable 7 are evaluated via the chain rule (Sigmund 2007;
Navah et al. 2024).
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Fig.2 Left: optimization Side and top  Cavity
walls KVT-n = 10 kW/m?

domain and boundary condi- KVTm =0 w=0
tions. The blue region denotes u=0

the design domain, whereas the
gray nodes are fixed to solid

(# = 1). Right: external dimen-
sions and computational mesh

2.4 Optimization cases
2.4.1 Geometry and conditions

The computational domain and mesh considered for the
optimizations are displayed in Fig. 2, along with the
imposed boundary conditions. The cuboid domain com-
prises a hemispherical-like cavity on its top, circular inlet
and outlet of diameter d = 1 cm on either y—z side along
with a cylindrical hole (referred to as “access hole”) of
diameter 0.318cm and length 5 cm for probing access.
Small grooves are added to the cavity surface to facili-
tate visual inspection of the temperature distribution in
the experiments. Because of geometrical symmetry, only
half of the domain is considered for the computations.
The computational mesh is generated using Gmsh (Geu-
zaine and Remacle 2009) and comprises 1.67x10° nodes
(9.93%10° elements).

Water at a temperature of 60 °C! enters the domain
with a parabolic velocity profile, u, ., of maximum
velocity 0.171 m/s. The outlet is set free for u and T.
No-slip and adiabatic conditions are applied to all other
boundaries, except for the cavity, where the adiabatic
condition is replaced by a heating flux of 10 kW/m?, and
for the symmetry boundary, where the no-slip condition is
applied in the y direction only, while the other two velocity
components are set free. The initial material distribution is
y = 1, 1i.e., fully solid. The thermofluid properties correspond
to those of water and maraging steel (18Ni-300) and are set
to p = 997 kg/m?, ¢, =4200J/kg'K, u = 8.5 x 1074 N-s/m?,
Kauig = 0.6 W/m-K, and k ;4 = 16 W/m"K, corresponding
to inlet Reynolds and Prandtl numbers of 1003 and 5.95,
respectively. The Darcy number based on the inlet diameter
and final C,, value, Da = y/(Ca,made), is 2.8 x 1073, Phase
change of water, in regions where the local temperature
exceeds the boiling condition, is not considered in this
work. It is further worth noting, thanks to the linearity of
the energy conservation equation, that any changes in the

! This relatively high value is selected in accordance with industrial
practices to prevent issues such as excessive cooling, which can lead
to overly large thermal gradients and stresses.

Access hole
kVT-n =0
u=0

4.5cm

heat flux or inlet temperature value, accompanied by a
corresponding adjustment of the penalty parameters, will
result in the same optimal design being reached.

All nodes within a normal distance of 0.2 cm from the
side and top walls, cavity, and access hole boundaries were
fixed to solid (y = 1, see Fig. 2) to ensure structural integrity
and watertightness of the generated optimized channel
designs.

Computations are carried on NRC’s computer cluster
using four Xeon Gold 6126 processors, which amounts to
a total of 48 cores. For Case D, the average computational
times per optimization step for solving the states equations
and computing the sensitivities are 11.2 s and 4.3 s,
respectively. The observed times for the other cases are
within 10% of these values.

2.4.2 Results

To investigate the impact of the STD penalization and over-
hang constraint, four optimization cases are first considered,
the parameters of which are presented in Table 1: Case A is
the baseline example, where G, is deactivated and 4, = 0.
Next, Cases B and C are selected to explore the isolated
impacts of the STD penalization and overhang constraint,
while Case D considers both effects. The values of 1, = 10
and P, = 2 were chosen following a preliminary calibration
exercise, where each parameter was varied over a range of
values.

The final design for Cases A-D is shown in Fig. 3, along
with the temperature distribution of the cavity and top
surfaces. A first observation is that, as expected, the cav-
ity temperature is much more uniform for Cases B and D,
i.e., when the STD penalization is utilized. Indeed, Table 2
shows that o, is over six and ten times lower for the respec-
tive Cases B and D, in comparison to the baseline result.
The lower thermal gradients can be mostly attributed to the

Table 1 Optimization cases and

. Case AB C D E F
their hyper-parameters

As
Py - -

0 10 0 10 10 10
2 2 52 35
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Fig. 3 Final design (left), as
represented by a clipon 7 < 0.5
and mirrored along the y = 0
plane, and top view of the
temperature solution (right)

for Cases A-D. (Color figure
online)

(c) Case C — With overhang constraint

(d) Case D — With STD penalization and
overhang constraint

Table 2 Selected metrics for the

N . Case A B C D E F
final optimization designs
TC (©) 145.8 173.1 156.2 158.5 147.9 150.6
o, (C) 229 3.52 15.7 2.02 2.07 342
Apin-ou (P2) 70.7 124.9 64.4 105.1 111.7 156.5
C(©) 216.4 333.1 220.7 283.9 280.3 341.3
Discreteness (%) 2.88 3.27 2.48 2.87 3.05 3.36
1-7() 0.500 0.500 0.500 0.500 0.500 0.500
Py, Py () 7.93 9.86 2.01 2.01 5.21 3.50

The level of discreteness is computed as /Q 4y(1 —y)dQ/ /Q dQ (Sigmund 2007). Values in the bottom
line correspond to P, for Cases A-D and to P, for Cases E-F

Outlet

Inlet

Fig.4 Side view of the final design for Case D, highlighting the
streamwise variation of the channel-to-cavity distance

streamwise variation of the channel-to-cavity distance: as
depicted by Fig. 4 for Case D, this distance is larger near
the inlet, where the fluid is colder, and decreases toward the
outlet to compensate for the heating of the fluid. For Case
B (Case D), the improved uniformity comes at the cost of a
19% (8.8%) increase of the average cavity temperature and
a77% (49%) rise in Ap;, - Figure 3 further shows that
the activation of the overhang constraint (Cases C and D)
leads to channels more elongated along the build direction
(z). From the cut view of Fig. 5b, it can be seen that this
constraint tends to generate teardrop-shaped cross sections,
as also reported by the work of Behrou et al. (2022) which
employed a projection-based overhang-limiting approach.
Another consequence of the use of G, is the generation of
fewer parallel channels of larger cross section. This can be
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attributed to the conjecture that higher pressure losses are
observed in teardrop-shaped channels. To compensate for
these losses, and in order to satisfy both volume and over-
hang constraints, the optimizer is compelled to produce a
smaller number of channels with larger cross sections. It is
worth noting that this adjustment also leads to a decrease in
Ap; oue for Cases C and D when compared to Cases A and
B, respectively, although this consequence should not be
generalized and may be specific to these particular cases.
An additional interesting observation is that, despite Case
B being less constrained than Case D, it exhibits higher val-
ues for both ¢, and i. One could speculate that the spe-
cific set of chosen hyper-parameters has resulted in Case B
converging to a suboptimal local minimum. It is reasonable
to anticipate further improvements on o, and T, with finer
tuning, although this may also lead to a poorer performance
for the other cases.

In geometries with heated surfaces, topology optimized
channels tend to come in contact with the heat source as the
Reynolds number increases (Navah et al. 2024), sometimes
leading to the formation of flat or thin channel strips. While
this may be efficient for heat extraction, it can be undesirable
from a LPBF manufacturing point of view. This behavior is
particularly evident for Case A, where, as Figs. 5a and 6a show,
many channels are in contact with the cavity-side boundary
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Fig.5 Channels cross section
along the x = 0 (mid-distance
between the inlet and outlet)
plane

(a) Case A

Fig.6 Enlarged view of the
final design for Cases A and

D, along with the y = —0.025
plane colored blue for nodes
within the design domain. The
distance separating the channels
and design domain boundary is
highlighted in specific regions
with yellow markings. (Color
figure online)

(a) Case A

(b) Case D

(b) Case D

Fig. 7 Optimized design (mirrored along the y = 0 plane) and channels cross section on the x = 0 plane for Cases E (left) and F (right)

of the design domain; this also explains the jagged channel
surfaces in this region, which are a result of the mesh resolu-
tion. In contrast, when activating the overhang constraint, the
generation of channels of flat top surface is prevented. When
further including the STD penalization, channels tend to form
slightly farther away from the heated cavity to prevent over-
cooling, as observed in Fig. 6b.

2.4.3 Comparison with the original projected-perimeter
formulation

Computations are now performed using the original projected-
perimeter formulation (as proposed by Qian 2017), i.e., by
replacing 7 with y in (19), viz.

Vy
= b —— — 0)b-VydQ,
Pe /QH< /] C°s> y @4

and by further setting G, := P, < P, and 4, = 10. Two
values for P, are used: (i) 73; evaluated on the final design
of Case D and (ii) 65% of that value, corresponding to the
conditions of Cases E and F, respectively. The main results
are provided in Table 2 and Fig. 7 and can be summarized
as follows. The cost function for Case E is roughly 1% lower
than for Case D, explained mainly by a slightly lower TC,
but higher Ap;, ... However, a visual inspection of the
final design shows a higher degree of overhanging regions,
i.e., where the top wall of channels tends to be flat. Reducing
P, to 3.5 (Case F) effectively eliminates most overhangs,
but comes at the expense of a significantly higher C com-
pared to Case D. The increased cost is primarily due to a
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Fig.8 Body-fitted mesh cut
view (left) and fluid region
(right)

Table 3 Body-fitted and porous solution results

Case Nele TC (C) o (C) Apin-out (Pa)
Body-fitted 3.72 % 107 171.91 4.75 17.47
Porous 9.93 x 10° 158.51 2.02 105.10
Porous, 1 Pt P, 9.93 x 10° 164.79 5.17 19.64

Fig.9 Body-fitted (left) and
porosity (right) solvers, temper-
ature, and velocity magnitude
solutions—top and cut (along
the y = O plane) views. The
solid black lines in the cut views
correspond to the solid-to-fluid
interface (left) and 7 = 0.5
isocontour (right)

Velocity magnitude

1.5-fold rise in Ap;, ., and a 1.7-fold increase in o,. Hence,
to obtain a design with an acceptable level of overhangs,
Py has to be set to a more aggressive value, which restrains
the design space and leads to a lower final design efficiency.
We conjecture that this behavior is explained by the induced
roughness of the implicit surface representation using y (see
e.g., Fig. 17), which increases the total projected perimeter.

2 A value slightly larger than 0.5 is used to compensate for design
shrinking resulting from the filtering steps.
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Body-fitted solver

Porosity solver

4 Velocity magnitude
0.00 0.18 0.00 0.27

2.5 Validation

The central focus of this study is to develop a heat manage-
ment system for a die casting insert. Therefore, the subse-
quent analyses only consider the design from Case D, as the
latter incorporates LPBF manufacturing considerations and
minimizes temperature gradients on the cavity surface.
The body-fitted mesh for Case D is generated by first
splitting the mesh on the 7 = 0.55% isosurface using the
mmg3d library (Dapogny et al. 2014). Next, the fluid-to-
solid interface is mirrored and imported, as a STL file, into
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Fig. 10 Body-fitted vs. porosity
solvers temperature—focus on
the cavity

the Meshlab software (Cignoni et al. 2008), where it is re-
meshed with uniform-size triangles and smoothed using the
Taubin algorithm. The channels are then recombined into
the cuboid domain using Meshlab’s boolean operations,
along with the addition of inlet and outlet ports. Finally, the
whole domain is meshed with tetrahedral elements using
Gmsh; the maximum element size and element growth rate
are made smaller in the fluid region. The resulting mesh has
5.56 x 10° nodes (3.72 x 107 elements), namely more than
37 times the number of elements of the porous mesh (half
domain). The mesh density was selected following a grid
convergence study, where a twofold increase of the minimal
fluid element size (resulting in 8.43x10° elements in total)
leads to a difference of 0.3% on Ap;, .- Figure 8 provides
a cut view of the mesh and displays the smoothed chan-
nels design. The impact of the smoothing operation on the
channels and their cross section can further be visualized
in Fig. 5c.

The body-fitted mesh is next utilized to solve the
Navier—Stokes and energy conservation equations using
the body-fitted solver under the conditions of Case D. We
recall that the body-fitted formulation is equivalent to the
porous CHT problem (see Sect. 2.1) with the Darcy term
canceled out; consequently, the Navier—Stokes equations
are only solved within the fluid subdomain. As observed in
Fig. 9, the body-fitted and porous temperature distributions
exhibit fair agreement, although temperatures in the vicinity
of the cavity are slightly lower for the porous solution; Tc is
indeed about 10 degrees lower for the latter (see Table 3).

3 By effective channel diameter, we refer to the cross-section size
based on the ||u|| — O isosurface, corresponding to the extent of the
fluid boundary layer.

Porosity solver

Solid Fraction
0.00 1.00

Fig. 11 Solid fraction distributions depicted from a y-normal per-
spective (left) and a cut view (right) along the dashed line, overlaid
with the mesh elements

Furthermore, from the focused view of the cavity plotted in
Fig. 10, it can be seen that the body-fitted solution shows
more variations. In particular, the region toward the outlet is
slightly over-cooled, resulting in a cavity temperature STD
about 2.5 times higher than the corresponding porous solu-
tion value. Despite these differences, the STD value for the
body-fitted solution remains fairly low, particularly when
compared to the corresponding value for Cases A and C
(Table 2).

Table 3 also provides values of the pressure drop in
the system, Ap;, ,..» Which is about six times lower for the
body-fitted design. This considerable discrepancy is not
attributed to an insufficient mesh resolution, as refining the
mesh to a level comparable to the body-fitted mesh only
lowered Ap;, .. by a factor of 1.4. It is rather explained
by the smaller “effective” channel diameter® of the porous
design, resulting in higher velocities (as a result of mass
conservation) and pressure losses. In fact, upon examination
of the porous velocity solution in Fig. 9, one can observe
that the # = 0.5 isosurface does not accurately represent
the effective channel wall position. The observed velocity
field may also seem contradictory when considering the
solid fraction distribution of Fig. 11, where transitions
of y from zero to one predominantly occur within one or
two finite elements. The effective channel size is actually
affected by both the Darcy friction force factor, C,, and
by the permeability penalty coefficient, P,: a larger C,, (or
lower P,) results in a smaller effective channel diameter.
On the one hand, increasing C, increases the friction force
where y > 0 and, in particular, in the fluid boundary layer,
which shrinks the channel size. On the other hand, a rise
in P, drives permeability values closer to a4, resulting

@ Springer



138 Page120f19

M. Lamarche-Gagnon et al.

Fig. 12 Optimized (left) and straight (right) cooling channel designs considered in the experimental studies

in a reduction of the Darcy force contribution and a larger
effective size.

By increasing both P_and P, to 4 x 10* and solving for
the same solid fraction distribution, the obtained Ap;, TC
, and o values are now much closer to the body-fitted values,
as noted in Table 3.

Lastly, the values of P, =4 and P, = 400 used in the
optimization were selected based on a trade-off between
optimization problem stiffness reduction and accuracy of the
temperature solutions. Emphasis was placed on the accuracy
of the latter rather than on pressure losses. This prioritization
aligns with the primary focus of this work, which is cooling
channel design, and larger values of P, and P, would have
stiffened the optimization. Furthermore, the main objective
of the pressure drop penalization, within our context, is to
promote the generation of delineated channels rather than
reaching a target value. If the objective was to constrain
Ap;, o, Under some value, a different calibration approach
would have been selected for the P,., P, , and C, values,
and the continuation strategy may need to be revisited.
Therefore, there is still room for improvement regarding
hyper-parameter tuning in density-based optimizations,
especially in multiphysics applications; trade-offs on
accuracy and robustness are seemingly inevitable, as also
pointed out by previous authors (Alexandersen et al. 2016).

3 Experimental studies

The main objective of the experimental studies is to validate
the cooling channel design obtained through our topology
optimization framework. More specifically, the goal is
to verify that the generated channel configuration can be
manufactured by LPBF and that the design efficiency is
as expected. The main metrics of interest in this study are
the heat extraction rate and the uniformity of the cavity
temperature. Given the considerable challenge in imposing
a constant heat flux on the cavity surface while monitoring
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its temperature distribution, the experimental conditions are
slightly different than the computational ones. As exposed in
the following, the main difference lies in the consideration
of transient conditions in the experiments. Although the
cooling channels were designed for a steady state, we
estimated that the proposed experimental time-dependent
case is still relevant for the proof of concept objective.

3.1 Apparatus, instrumentation, and methodology

The two considered designs for validation are shown in
Fig. 12. The first one, denoted as the “optimized” channel
design, consists in the topology optimization solution for
Case D (see Sect. 2.4), for which the body-fitted geometry
was presented in Sect. 2.5. The second configuration, hereaf-
ter referred to as the “straight” channel design, is composed
of circular channels connected in series and in parallel, so as
to represent an efficient design that could be manufactured
by conventional methods, i.e., straight-drilling combined
with plugs. In particular, the flow is divided into four chan-
nels parallel to the x direction and of 6 mm (top two) and
5 mm (bottom two) diameter. The bottom channels were
made smaller in order to increase the flow restriction in these
sections, thus distributing the flow more evenly between the
top and bottom segments. The minimal channel-to-cavity
distance is about 2.5 mm (in accordance with the optimized

Fig. 13 Photograph of one of the inserts manufactured by LPBF
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Fig. 14 Schematic diagram of
the experimental apparatus
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design) and is observed at mid-distance between the inlet
and outlet. Following simulation-based design iterations and
adjustments of the plug geometries, the fluid volume frac-
tion, 1 — ¥, reached 0.044, i.e., a value comparable to the
optimized design volume fraction of 0.05. To mitigate any
potential uncertainties (on e.g., the thermal properties of the
material and the surface roughness of the channels) arising
from the use of different manufacturing technologies, both
designs are fabricated by Laser Powder Bed Fusion (LPBF),
using a EOS M 290 printer and 18Ni-300 maraging steel
powder. The result for one of the two inserts is shown in
Fig. 13.

To characterize the cooling efficiency of both designs,
the experimental apparatus shown schematically in Fig. 14
is utilized. The die insert is positioned on a laboratory hot
plate, with the cavity facing upward. The top insert surface,
including the cavity, is painted flat black in order to increase
and regularize its emissivity (estimated to € ~ 0.95). A min-
eral wool sheet is loosely tightened around the insert and
covers the four side walls. T-type thermocouples 0.318 cm in
diameter are inserted in T-junctions located upstream of the
inlet and downstream of the outlet ports. The tips are per-
pendicular to the flow streamwise direction and positioned
at the tube centerline. Another thermocouple of the same
type is inserted in the access hole (see Fig. 13) and monitors
the temperature directly below the cavity center. An Optris
Xi-400 infrared (IR) camera is placed approximately 40 cm
above the insert in order to monitor the cavity surface tem-
perature. The water circulation and thermal regulation are
provided by a chiller (Polyscience LS51MX1A110C) and

Table 4 Reference temperatures, in °C, used in (26)

Computations Experiments
T ool 22 23.6
T, 60 57.9

Experimental values are computed based on the IR camera data

the flow rate is adjusted using a rotameter equipped with a
metering valve. The thermocouples and camera signals are
acquired at a one second interval through a data acquisition
system (LabJack T7-Pro). In the context of this study, one
will note that the primary function of the thermocouples
is to qualitatively monitor the overall heating and cooling
processes and to cross-validate the temperatures recorded
by the IR camera.

The experimental procedure consists of two phases: a
first stage where the insert is heated until some quasi-steady
condition, followed by a cooling period. Phase one begins by
powering the chiller, with a temperature setpoint of 22 °C.
All valves are fully open until the setpoint is reached and
steady. The flow rate is then set to 0.41 L/min, corresponding
to Re ~ 1000. Next, the shut-off valve is closed, such that
the water is directly recirculated to the chiller through the
secondary flow loop; the hot plate is powered on and set to
a surface temperature of 60 °C* and the data acquisition is
started. Following 35 min of heating, phase two is initiated
by powering-off the hot plate and reopening the shut-off
valve, thus allowing the water to circulate into the cooling
channels. The experiment is ended after 15 min of cooling.

* Due to the absence of insulation on the top surface (intended for
visual access), a one degree Celsius variation was measured between
the bottom and top regions of the cavity at the end of phase one.
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(a) Experiments, t = 60s

(c) Computations, ¢t = 60s

Fig. 15 Dimensionless temperature of the cavity at two instants of
the cooling phase for the experiments (a—b) and computations (c—d);
t = 0 s marks the phase start. The left and right plots of each subfig-

3.2 Adjustment of the computational parameters

Additional computations are performed following slight
modifications of the optimization conditions (exposed in
Fig. 2) to align with the experiments. Only the cooling
stage, i.e., phase two, is considered in the simulations. The
heat flux on the cavity surface is replaced by an adiabatic
condition; the inlet temperature is changed to 22 °C; and the
initial temperature is set to 60 °C. For the optimized design,
the body-fitted mesh of Sect. 2.5 is used, whereas a grid of
same mesh density is utilized for the straight configuration.

For the considered Reynolds number of 1000, a steady-
state solution is reached for # and p following a few tens of
a second of simulation for the optimized channels. For the
straight design, however, the steady state is never reached,
likely attributable to the more aggressive changes in flow
direction through the 90° bends. Hence, a time step value
of 0.01 s is used for the straight channels computations
to ensure convergence, while a value of 0.1 s proved to
be adequate for the optimized design. Computations are
performed for 500 s.

Radiation and natural convection from the top and cavity
surfaces are neglected. This choice is justified due to the
relatively low temperatures involved and the high level of
convective heat transfer.
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ure represent the results for the straight and optimized design, respec-
tively. The flow is from left to right

3.3 Results and discussion

The main metric of interest to validate the designs cooling
efficiency is the surface temperature of the cavity, as this
would be the location where, in a real application, material
would be injected or formed. Comparative images of
the experimental and computational cavity temperature
distributions are shown in Fig. 15 at two instants during the
cooling phase. The experimental results were extracted from
the IR camera snapshots. Because of the slight differences
in conditions between the experiments and computations,
temperatures were made dimensionless using the following
equations:

- T.-T
T, === 25)
Ty = Teool
O
0': =—" (26)
T() - Tcool

where TO and 70001 denote the initial (# = 0) and final (steady
state) average cavity temperature, respectively, which are
provided in Table 4. The discrepancies for T, and T, are,
respectively, attributed to the observed vertical temperature
variation of the inserts in the experiments (see Sect. 3.1),
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(a) Average.

Fig. 16 Cavity temperature with time—experiments and computations

and to the relative uncertainty of the IR camera, which is
larger for temperatures close to ambient.

A first prominent observation from the figure is the
remarkable match between the results from experiments
and computations, especially for r = 60 s. The colder
and hotter spots are indeed well predicted by the simula-
tions, both in terms of location and magnitude. A sec-
ond observation is the much lower temperature variation
for the optimized design, thanks to the consideration of
the temperature STD in the optimization. In particular,
for the straight design, the cavity is much cooler close
to the inlet (leftmost region). In Fl_g* 16, the average and
STD temperatures of the cavity, T, and aj, are plotted
over time. It is observed that the maximum ¢ occurs for
t = 60 s for both the straight and optimized designs, and
that this value is 43% lower for the optimized channels in
the experiments (45% in the computations). The overall
cooling, in an average sense, is also faster with the opti-
mized design, as depicted by Fig. 16a. Indeed, throughout
the test duration, the straight channel design maintains a
higher cavity temperature. These results further validate
our topology optimization framework and demonstrate that
the generated designs can be manufactured and provide the
expected superior cooling efficiency.

4 Conclusion

In this work, a density-based topology optimization
approach for the design of additively manufactured cooling
channels is presented. The strategy includes a modified
projected-perimeter overhang constraint to ensure AM
manufacturability and a penalization on the temperature
standard deviation to promote temperature uniformity. We
show that employing the filtered design variable, as opposed

— Exp straight
\ — Exp optim

AN ---- Comp straight

Comp optim

,———

300
t[s]

0 100 200

(b) Standard deviation.

to the physical design variable, in the projected-perimeter
formulation leads to a more efficient design and necessitates
a less aggressive target value. Optimizations are performed
in a cuboid geometry featuring a heated hemispherical
cavity, with and without the overhang constraint and STD
penalization. The activation of the former promotes the
formation of channels with a teardrop-shaped cross section,
while the use of the latter mitigates both over- and under-
cooled regions through local adjustment of the channel-to-
cavity distance, which in particular inhibits channels from
forming too close to the cavity.

The optimized design obtained by considering both the
overhang constraint and STD penalization is validated
computationally and experimentally. First, a body-fitted
mesh is generated and the solutions for temperature and
velocity are obtained using a traditional conjugate heat
transfer solver. The results indicate a good match between
the porous and body-fitted temperature distributions, but
reveals a significant discrepancy on the system pressure
losses, which is explained by an inadequate tuning of the
Darcy friction force and permeability penalty parameters.
Nonetheless, within the present optimization context

Fig.17 Case D final design, as represented by the 7 < 0.5 (left) and
y < 0.5 (right) clip, respectively
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Table 5 Results for two body-fitted meshes, based on the final design
of Case D

Case T, (C) 0. (C) Apip-ou (P2)
y=05 169.2 5.02 30.8
7=05 166.9 5.34 27.4

emphasizing heat transfer efficiency, the specific pressure
loss value is not of central importance. Next, experiments
are performed in order to complete the validation of our
approach, namely to confirm both the manufacturability
of the generated design using AM and its alignment with
expected efficiency levels. Two inserts are fabricated by
LPBF: one with the optimized cooling lines, and another
with a straight-drilled channel configuration. Our demon-
stration reveals a remarkable alignment between the exper-
imental temperature field and computational results, and
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Fig. 18 Cost function evolution for Cases A-D
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that the optimized design leads to a superior heat transfer
rate, along with a 43% decrease on the temperature STD
of the cavity surface, when compared to the straight chan-
nels design.

Although optimizations and experiments were
conducted under distinct conditions (steady state and
time-dependent, respectively), it is noteworthy that
the optimized channels geometry exhibits excellent
performance. While this observation holds for the specific
problem at hand, its applicability to all conditions is
improbable; the consideration of transient conditions
within the optimization is deferred to future research.
Finally, another planned investigation involves assessing
the performance of the current optimized channels design,
initially designed for laminar flow, under turbulent
conditions.
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Appendix A: Performance comparison
of they = 0.5and y = 0.5 designs

This section investigates the effect of using the filtered
instead of the physical design variable when generating
the body-fitted mesh. Two meshes are generated using
the implicit domain meshing algorithm of the mmg3d
library (Dapogny et al. 2014), i.e., following a splitting of
the optimization mesh on y = 0.5 for the first mesh, and
on 7 = 0.5 for the second one. The y and 7 distributions
of the Case D final design are utilized for this exercise.
Then, the Navier—Stokes and energy conservation
equations are solved using the body-fitted solver on the
two meshes for the same conditions as in the optimization
case (see Sect. 2.4.1). First, one can note that, besides
the significantly higher surface roughness of the y = 0.5
design, both geometries closely resemble each other, as
illustrated in Fig. 17. The results listed in Table 5 further
show that the pressure losses and the average cavity
temperature are only 11.0 and 1.4% higher, while o, is
reduced by 6.7%, when compared to the 7 = 0.5 design.

Similar observations were noted for other cases obtained
with the proposed methodology (see Sect. 2.3.2). The good
agreement between the y = 0.5 and # = 0.5 isosurfaces can
be mainly attributed to the crispness of the y distributions.
The level of discreteness of the final design of Cases A-F
was at most 3.4%, as indicated in Table 2.

Appendix B: Cost function series for Cases
A-D

The evolution of the cost function, constraints, and penali-
zation terms can be tracked in Fig. 18 for the different
optimization cases. Let us recall that the optimizations
are spanned by 12 loops and follow the continuation strat-
egy presented in Sect. 2.3.2. One can first observe for
Case A that, within each loop, the cost function decreases
smoothly with iterations and the volume constraint tar-
get is reached. For loops 8 to 12, the observed series of
steps of the final C value is explained by the rise of C,.
When the STD penalization is used (Cases B and D), we
note the presence of oscillations on o,. Furthermore, the
optimizer does not utilize all the allowed volume of fluid
in loops 1-9. However, as C,, is increased, and thanks to
the gradual rise of the hyper-parameters, the oscillations
eventually vanish and the target fluid volume is progres-
sively reached. The exploration of alternative formula-
tions to the STD penalization, which could mitigate the
observed oscillations and improve convergence, is left for
future work.

Appendix C: Expressions of the sensitivity
analysis

The adjoint Eqs. (22) and (23), right-hand side components
are evaluated as follows:
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where ¢; is the finite element interpolation function for the
degree of freedom i and O denotes a specific boundary.
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