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Given a state of light, how do its properties change when only some of the constituent photons are observed and
the rest are neglected (traced out)? By developing formulas for mode-agnostic removal of photons from a beam, we
show how the expectation value of any operator changes when only g photons are inspected from a beam, ignoring
the rest. We use this to re-express expectation values of operators in terms of the state obtained by randomly
selecting ¢ photons. Remarkably, this only equals the true expectation value for a unique value of ¢: expressing
the operator as a monomial in normally ordered form, ¢ must be equal to the number of photons annihilated by
the operator. A useful corollary is that the coefficients of any g-photon state chosen at random from an arbitrary
state are exactly the gth-order correlations of the original state; one can inspect the intensity moments to learn
what any random photon will be doing and, conversely, one need only look at the n-photon subspace to discern
what all of the nth-order correlation functions are. The astute reader will be pleased to find no surprises here,
only mathematical justification for intuition. Our results hold for any completely symmetric state of any type of
particle with any combination of numbers of particles and can be used wherever bosonic correlations are found.
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1. INTRODUCTION

Photodetection and photon statistics have been the backbone
of quantum optics since its inception [1-14]. For both single-
and multi-mode states, correlation functions are routinely used
to characterize the quantum or nonclassical nature of the field
[15-32], fundamentally requiring simultaneous detection of
multiple photons.

Photons, like all bosons, are totally symmetric under particle
exchange, so a photodetector should be agnostic as to which
photons it perceives. Still, a detector seldom registers all of
the photons in a beam, especially since beams tend to possess
photon-number uncertainty, making the properties of subsets
of photons from a beam crucial to its characterization. How
do relevant quantities such as photon correlations change when
some number of photons are removed from a beam [answered in
Eq. (9)] or when only a certain number of photons from the beam
are detected [Eq. (15)]? How many photons must be registered
to learn about particular properties of the beam [Eqgs. (16) and
(18)]? Do the measured properties differ when different numbers
of photons are detected [Eq. (17)]? All of these questions have
intuitive answers that follow directly from the framework we
detail here.

A familiar starting point for our investigation is the corre-
spondence between the Poincaré and Bloch spheres. Classically,
a quasi-monochromatic beam of light is represented by the
“Stokes vector” pointing somewhere within the unit sphere
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named after Poincaré, while a qubit state such as a single pho-
ton’s polarization state is represented by a “Bloch vector” lying
within Bloch’s sphere. Intuition says that a single photon chosen
at random from a classical beam of light should have its Bloch
vector correspond to the Stokes vector of the entire beam, and
this is indeed the case [33]. What happens when more than one
photon is selected, especially in the case of quantum polarization
where there is more polarization information encoded beyond
the Stokes vector [34-36]? How does this intuition generalize
when there are more than two polarization modes available to
the photons, such as spatial or spectral modes? Not only are all
of these questions answered here, they also do not depend on
whether or not the beam of light has a determinate number of
photons to begin with.

The polarization case also exemplifies the crucial role of cor-
relations in quantum optics: the Stokes vector and the beam’s
intensity are in one-to-one correspondence with the set of first-
order correlations between the two polarization modes. These
are the first-order degrees of coherence g that are relevant for
any pair of modes and are fundamental to experiments as basic as
Young’s double slit [37]. Since the correspondence implies that
single photons inspected from a beam are sufficient for revealing
g functions, how many photons are required for measuring an
arbitrary g™ function? Could any ¢ photons be inspected to learn
the g functions? Our simple yet rigorous framework uniquely
answers all of these questions in one fell swoop.
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Beyond intuition and mathematical completeness, the for-
mulas we develop are useful for tasks such as quantifying
quantumness in optical or other bosonic systems. Knowing how
states behave after removing a certain number of photons is
crucial to finding optimal quantum rotosensors [38—41] and to
studies of photon loss in multimode systems such as boson sam-
pling devices [42]. These tools can be added to the quantum
optician’s arsenal for a variety of applications.

Nomenclatural preliminaries are required. The removal of
photons from a beam of light in different contexts give rise to
the terms “loss” and “photon subtraction” that typically describe
scenarios different from the present one. Photon subtraction, for
example, is the result of acting on a state with an annihila-
tion operator, which has a significant history [43-59] including
experimental demonstrations that conditionally split off a single
photon from a state at a weakly reflective beam splitter [47]. That
action may indeed leave the overall state intensity unchanged,
or even increased, to appear as though no photons have been
“subtracted.” Loss is the result of light coupling linearly with
another mode that is later inaccessible; modelled using a beam
splitter transformation, it predictably reduces the intensity of
input beams yet requires probabilistic combinations to handle
situations in which definite numbers of photons have partial
loss. Here, in contrast, we deal with beams that have an exact
number of photons removed or that remove all photons until an
exact number remain, which may be the result of “discarding” or
“ignoring” or “neglecting” photons, or “inspecting” or “focusing
on” a subset of photons, mathematically described by “tracing
out” particles in a first-quantized picture. In the framework of
states with a fixed number of photons, our scenario has actually
been described as “particle loss” [60,61] and as a “fixed-loss
model” [62], terms we avoid due to their conflict with standard
descriptions of optical loss. We thus re-emphasize: photons are
indeed lost from our states and the resulting number of photons
is indeed subtracted from the initial number, yet we refer to
removal of photons from a beam in order to distance ourselves
from the typical outcomes of loss or photon subtraction.

2. REMOVING PHOTONS FROM A BEAM

We begin by considering a generic state py that contains exactly
N photons and asking what happens when one is removed. Con-
sidering each photon to potentially belong to one of d modes,
such a state is typically expanded in the Fock basis as

px= ). pualm)nl. (1)
Imj=In|=N
The basis is comprised of states
am] &Tm N n,,
In) = = [vac) (2

Vv

with n| = Z?:, n;, where the creation operators satisfy the usual
bosonic commutation relations [4;, &/] = ¢0;;. To discuss removal
of a photon, we must rewrite each basis state in a first-quantized
picture, with a completely symmetric sum over having n; of the
photons being in state |i):

In) = Z D" ®[2)* @

pelmutatmm

-® |d)®.  (3)

All of the photons are in a symmetric state, so we fiducially
choose to remove the first one. With this equivalence, we can

immediately see that projecting the first photon onto some state
|7) just lowers the index n; by one in the second-quantized
notation:

R _ n;
(il ® 1°¥)n) = \’Nlnl’nz’---,ni—lsni - Lng,....ng)

= m)
W
4)

By linearity, any pure state gets projected to ((i| ® 1V ")|y) =
%W) It immediately follows that tracing out the first photon
from a state leads to a convex combination of such operations
and, since the first photon is equivalent to the rest, we find the
generic relation

1 < .
Trl(ﬁN) = N Z &iﬁN&i" (5)

i=1

Removing another photon repeats the procedure with N — N —
1, so we employ the notation Tr,(p) to denote the removal of
k photons from a state p (i.e., a state Try_,(fy) has ¢ photons
remaining and is the result of inspecting only ¢ photons from
the beam).

Going beyond a fixed N, the above relationships can be sup-
planted by (iln) = &,ﬁm), where N = Z;":] &,T&, is the total

photon-number operator. For an arbitrary state, it then follows

that
d
1
Tr (ﬁ) = &I_ alﬁ&
1 ; \/_ Z VN +1 VN + 1

which offers a unique way of removing photons even from super-
position states that carry terms of the form |m){(n| with jm| # |n]|.
This quantity is unchanged via mode transformations and repar-
titionings of Hilbert space a; — Z,il Uja; for unitary matrices
U, as expected for a mode-agnostic description of removing
photons.

Equation 6 properly describes how to treat a beam of
light that has exactly one photon removed; beyond provid-
ing a mathematical language for discussing such situations,
do the latter arise physically? One can argue that they occur
pervasively in nature: when imaging a beam of light with
a camera or one’s eye, not all of the photons are always
recorded, even if no photons are lost on the way and the
detector is perfectly efficient. This occurs, for example, in
coincidence detection, when one records events in which two
photons from a generic beam of light together impinge on
any detector. In that case, one is inspecting a beam that effec-
tively had photons removed according to our formalism. One
could consider simulating Eq. 6 using mode-agnostic “photon
subtraction” [58] to enact each operation p — &,-p&j and then
normalizing the resultant state using a complicated photon-
number-dependent operation that acts on all states as |¢) —
——|y), but this is physically a bit forced and is better con-
Vst

sidered using the simple photon-subset physical scenario just
described.

One can also imagine applying the same formula Eq. 6 to
fermionic or anyonic states, but one loses some of the rich-
ness upon noticing that a single fermionic mode can only be
annihilated once before vanishing.
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3. HOW CORRELATIONS CHANGE WITH PHOTON
REMOVAL

Given an observable quantity, we expect a reasonable relation-
ship between the quantity measured for the entire state and
the quantity measured for the state with one or more pho-
tons removed. We start with a simple first-order correlation
within one mode or between two modes, (&z&,), and ask how the
expectation value changes when taken with respect to py versus
Tr,(pw)- By linearity, these expressions will tell us how any gen-
erator of the group SU(d) changes when one d-level particle is
removed from an N-particle symmetric state.

It is easy to compute, using the bosonic commutation
relations,

i S I T
<aZaI>Tr|(ﬁN) = Tr(aZa,N Z a; Naj)

=1

1 ¢ 7

- LS Taj@aj-soa N
i=1

= < THaja(l - 1)py] =

Since this can be repeated for removing more photons, this
means that the ratios between all of the first-order correlations
for a state py are unchanged by removing any number of pho-
tons. As well, since the first-order correlations set the value of
(N), the normalization of all of the first-order correlations can
be known directly from the total number of photons measured.
For the example of the Stokes vector, we see that the classi-
cal polarization properties of a beam with a fixed number of
photons are unchanged when only a subset of the photons are
measured.

There are two immediate directions to generalize this calcula-
tion: to more general operators than first-order correlations and
to more general states without fixed photon numbers.

A generic operator can always be expressed in normally
ordered form [63,64] with components

Ow=a"a}>---allaray - al. (8)
Note that each a; acts on mode i such that many of these oper-
ators in the product commute with each other. Then, the same
calculation as Eq. 7 but using the more general relationship
[a,a]] = La'™" dictates that

> |l|
<Okl >Tr| VN) —

——(Oupy- 9)
For this expression to be nonzero, we also require |k| = |1|. This
reinforces that one requires at least |I| photons to observe a
correlation that has |l| annihilation or creation operators; after
removing one photon at a time until N = |l|, removing one more
photon causes these correlations to all vanish from the resulting
state.

Convex combinations of the above results suffice to explain
how the expectation values of all operators change upon removal
of photons from states of the form )’ py Oy and of operators with
|k| = [1] for all states. What about expectation values of opera-
tors with |k| # |1] for states with coherences between different
photon-number sectors? We simply refrain from the substitu-
tion N — N in the derivation of Eq. 7 to find many equivalent
expressions:
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<0kl>Tr1 ®) =Tr 0

p

N VR

-1
Okl | | ) Tr

W R
. ok.\/ —|1|A\/ ~ k]
(10)

One can choose which one of the formulas to apply, such as
Nl ~ 1

f- m
—= p—= to the state or Okl to the operator, to see how

1 N—|k|)

the correlations change upon removal of a photon. To apply this
formula, we take every term in p of the form |m){n| with |m| —
[I| = |n| — |K| that contributed to (Oy) and scale its contribution

AmlL Note that the correlations do not simply get multiplied

Y A/Imiinf”

by the same factor, unlike the case for gy, such that the ratios
of the correlations change upon removal of photons from a state
and thereby the correlations change significantly when one only
observes a subset of photons from a state.

The correlations with |k| # |1| slightly complicated all of the
expressions. This seems to imply that measuring a quadrature
operator such as a; + &* requires more careful calculation than an
intensity correlation like 2 ala; + a a;. However, it behooves one
to recall that homodyne measurements that purport to measure
quadrature operators on mode i are actually measuring an inten-
sity correlation between that mode and a field mode j, where
the latter is taken to be in a coherent state with large amplitude.
All routine measurements thus tend to fundamentally be made
from operators that annihilate as many photons as they create,
such that the simple expressions <Okl>Tr]([>) =2y pNN#W@kl}ﬁN
can typically be used.

A different sort of correlations was inspected in Refs. [60,61],
where states with fixed N were inspected for their entanglement
properties when one or more photons are removed or ignored
using the same mechanism as the present one. It is likely that
various combinations of the correlations (Oy) can be used to
witness entanglement, but different combinations will be nec-
essary as witnesses for different scenarios and so we leave that
investigation for future study.

4. OBSERVING Q PHOTONS AT A TIME

We argue here that there is only one possible integer number of
photons ¢ that should be inspected at a time in order to measure
any particular correlation (Oy) (see Fig. 1):

g =l = [Kl. (11)

For operators with |k| # |l|, we simply assume they are
homodyne-type operators whose reference modes should be
reintroduced until |k| = [I|. We give an argument for what to
do in cases where this is not possible at the end of this section
(again, see Fig. 1).

A generic state p can be rewritten in terms of components
with fixed and non-fixed photon numbers

p= ZprN+ > Pualm)nl, (12)

|m|#[n]|

where each py is a normalized density operator with N photons
and none of the terms in the latter sum contribute to expectation
values of operators with |k| = |I|. Observing ¢ photons from a
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Ikl =l = 2:

|k|—2|l|—1

N y+* D)

%)+

Fig. 1. Schematizing which photons contribute to measuring
which operators. A generic superposition state may be comprised
of multiple photons (different kets) in multiple modes (different star
icons). (a) Inspecting two photons at a time gives rise to all second-
order correlations (D) with [k| = |1] = 2, with all the relevant pairs
of photons circled by the dashed ovals; the pairs must all come from
the same ket. (b) Inspecting another set of correlations for the same
state, such as those with |k| =2 and || = 1, requires comparing
one photon from one ket and two photons from the ket with one
more total photon; we include three representative combinations in
blue circles, green squares, and orange pentagons. Generalizations
to mixed states and superpositions with different amplitudes follow
the intuition from this picture and are discussed in the text.

state Py requires computing

o(qlpw) = Terq(ﬁN) (13)

by repeatedly using the simple formula Eq. 6 from above. For the
more general state g, one must weigh each of these contributions
by the probability that the photons were taken from that sector,

P(qfromN) = ﬁq)p,\, (1;]), (14)

where N(q) = Xy pN( ) is a normalization constant equal to the
total number of expected g-photon events.

It would be nice to express the expectation value of an observ-
able in terms of the ¢ photons that are actually observed. The
former should take the form of the value of the observable for ¢
photons that came from a given N-photon subspace (O s(isy)»
i.e., the expectation value with respect to the state Try_,(0n),
multiplied by the probability that the photons came from that
subspace, all scaled by the total number of times that ¢ photons
are actually observed

<Okl>ﬁ fN(Q) Z P(q fromeOkl)@(qu)
:ZP( )q (N_|l|)< Ow),
v NU(@=pr e (19)
_ N -1\, . )
= ;PN(Q - )<0kl>pN~

This equality is correct for arbitrary states if and only if g = |1|.
We thus learn that the expectation value of a correlation operator
that annihilates ¢ photons from a variety of modes and creates
¢ photons among those modes can uniquely be reinterpreted as
the expectation value the operator takes for a randomly selected
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subset of g photons from the state. We cement this relationship
as

(Owdy = NI Y P from N Doy (16)

Immediate consequences include that all intensity moments
must be measured one photon at a time. These include the Stokes
vector, for example, and are simply scaled by the average num-
ber of photons N(1) = (N),. For a correlation function like g,
two photons must be measured at a time and, similarly, for any
g™, n photons must be inspected simultaneously.

As a corollary, we can immediately conclude what the state
of a density operator must be when ¢ photons are chosen at
random from it. The coefficients of the density operator in this
basis must be the values of the correlation functions given by
the appropriate observables,

o(qlp) = ) P(gfrom N)o(qlpx)

<Omn>ﬁ (17)
* Z \/m,!n-md!n]!n-nd!|n><m|.

|m|=[n|=¢

This is emphatically different from the projection of a state p
onto the g-photon subspace and allows us to rewrite Eq. 16 as

(Ow)s = N(IDOw)aquip- (18)

The factorial factors are necessary to cancel the values
(m|Op,|n), while the proportionality constant is the inverse

of N(q) = Ximi=y }f:l):"":;:, We give a more formal proof of this
relationship in Supplement 1, in case it is more appealing than
our intuitive arguments for some readers.

From this corollary we learn the intuitive equivalence: the
expansion coeflicients of a randomly chosen g photons from a
beam in the Fock space of the d modes tell you what the state’s
gth-order correlations are and vice versa. Inspecting another
number of photons at a time cannot tell you about other corre-
lations and inspecting other correlations cannot tell you how a
certain g photons will behave. More forcibly, this means that,
for example, should two photons be detected simultaneously
among all of the possible modes, their statistics would say noth-
ing about the intensity correlations in the beam from whence
they originated.

All of the above should suffice for operators with |k| # [1] if
appropriate reference modes are considered. We finally seek a
construction that may work in the absence of such reference
modes. There is no unambiguous meaning to tasks such as
“removing one photon from |2, 2)(1, 1|” but we can apply our Tr,
formula and see what ensues. Performing the same calculations
as above, we find the unique equivalence

(Ow)y = Z (E)\/ﬁmn(:g:)<Okl>Tr|m|_|||(|m)(n)- (19)

The expectation value for the overall state is the same as the
expectation value in the reduced state that has |k| photons
remaining in the bra and |l| photons remaining in the ket,
weighed by a sort-of probability amplitude that the photons came
from the |m|- and |n|-photon subspaces. No other terms can con-
tribute to this expectation value (notice that |n| — |k| must equal
|m| — |1]) and this is the unique weight distribution that allows
for a reinterpretation of expectation values for all states. We can
also use this to construct some sector of a density operator that
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has “g, photons in its bras and g, photons in its kets”” whose coef-
ficients would be the corresponding correlations (Oy);, should
we be willing to slightly abuse notation.

5. AGREEMENT WITH INTUITION FROM
PHOTODETECTION

The origins of the correlation functions (g;"a;’) stem from a pho-
todetection model where /; photons are absorbed by the detector
and thereby annihilated from mode i. All of the remaining cor-
relation functions to the same order can be obtained via a similar
argument among a variety of modes a; — Z_;izl Uja;, so the most
basic argument of standard photodetection is that |l| photons
must be absorbed by a detector to measure a correlation of order
[1]. In this work, we have shown a separate, equivalent, math-
ematically rigorous method for motivating the same physical
picture: the state of a beam of light that would be obtained
by randomly selecting [l| photons to be sent to a detector is
exactly the state that exclusively contains the information about
the [1|th-order correlations. Photodetection removes |1| photons
to inspect them; our work shows that the |l| photons exactly
carry the appropriate correlation information. As heralded in
the abstract, the astute quantum optician will be pleased to find
no surprises here, only justification for intuition.

Tli i

6. INCORPORATING AND COMPARING WITH
STANDARD OPTICAL LOSS

How does one deal with the situation in which g photons are
observed simultaneously, but some number of photons » were
lost prior to the detection? Should one use the state d(g + r|p)
or 9(q|p) for predicting what values the correlations will take?

There is actually no ambiguity here: one simply uses the state
p that arises from the original state having lost r photons and
inputs it into the formula for 5(¢g|p). If one uses the state before
it lost the r photons, one must be able to have access to the loss
modes. Then one would simply increase d and detect g photons
among all of the modes; given that loss modes tend to be lost,
this method will seldom work and one should instead treat the
state as having lost r photons prior to computing (g|0).

The other question is how this work relates to standard loss
channels, which enact the input—output relations

& — i, + A1 = ?b, (20)
ni

and then trace over the “vacuum modes” annihilated by b, that
begin in their vacuum states. We show in Supplement 2 that
having equal loss ; = 17 in all d modes is equivalent to a state
undergoing the transformation

R N - N
Py > Zk: (k) (1 =) "™ Try_(Pw);

(1,

) T, (VN - Te, VR i oy VR - V).

ktimes ktimes
(21)
The first transformation of Eq. 21 matches the one found in
Refs. [62,65] in the contexts of boson sampling and quantum
metrology. This provides an alternate formula for loss channels
and directly explains why equal loss on d modes commutes with

p7z
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all linear optical networks that enact &; — 3; U;a; (because the
Tr, and N operations commute with such networks).

7. EXAMPLE APPLICATIONS
7.1. Purity of Reduced State

One indicator of quantum polarization properties is how mixed
a pure state Py is after removing a certain number of photons
[66]. With our formula from Eq. 6, we can express the purity of
areduced pure state as

12

H A ~ 2
NE D lalal aa )

i1IN-g 1" IN—¢

- o

k1

()

Te{[Try-, () (DI} =

(22)
This is just a sum of the (N — g)th-order moments of the state,
as the multinomial coefficients vanish unless |k| = |l = N —gq.
For example, in the two-mode case of polarization, the purity
of a state after tracing out a single photon is determined by the
Stokes parameters because it exclusively depends on (&f&ﬁ; the
purity after tracing out two photons depends on the covariances
of the Stokes parameters; etc. We can explicitly calculate for the
Stokes parameters that the purity of the state after tracing out
a single photon is proportional to S5 + S + 53 + 53, such that it
is maximal for spin-coherent states and minimal for pure states
whose Stokes vector vanishes.

7.2. Photon-Number Projection

Our g-photon state 5(¢q|p) from Eq. 17 is not the same as the
projection of a state p onto the g-photon subspace; randomly
choosing ¢ photons is different from projecting onto g photons.
How do these two ideas compare?

Due to the relation |0)(0| =: exp(—a'a) : that uses the normal
ordering operation ::, we can express a projector onto a certain
m-photon state as

Ou- (23)

m){m| =

Z( 1)"

Evaluating the expectation value of the projector for a state
will thus require all states §(g|p) with ¢ > m. Intuitively, this
means that there is a contribution to the projection from all
components of the state from which m photons could have arisen:
we start with a contribution from the m-photon random state,
adjust for contributions that may have arisen from states that
truly had m + 1 photons out of which m were randomly chosen
by considering the m + 1-photon random state, and so on.

This result holds for multimode states as well. To project
onto the m-photon subspace of a multimode state, one needs to
account for all of the components of the state from which m-
photons may be randomly selected using our above prescription.

ciy-
Z m!(n —m)!

n=m

8. CONCLUSION

There is a unique unambiguous method for describing how a
beam of light behaves when k photons are removed from it
or when g photons are selected from it at random. We have
provided a number of simple formulas for these computations,
with the result that the gth-order correlation functions of a d-
mode state are in one-to-one correspondence with the expansion
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coeflicients in the Fock basis for ¢ photons selected at random
from the state. This closes the loop between the mathematics
and intuition of why singles counts, doubles counts, and more
are required for observing particular correlations; a detector
effectively sees a g-photon state chosen at random from the
original state. All of our work has been derived in the language
of quantum optics, but the results should find equal application in
the study of any totally symmetric d-level system across quantum
information theory. Any other construction of ignoring particles
from symmetric states would be disingenuous.
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