
Publisher’s version  /   Version de l'éditeur: 

Physical Review A, 62, 4, pp. 043405-1-043405-12, 2000-09-15

READ THESE TERMS AND CONDITIONS CAREFULLY BEFORE USING THIS WEBSITE. 

https://nrc-publications.canada.ca/eng/copyright

Vous avez des questions? Nous pouvons vous aider. Pour communiquer directement avec un auteur, consultez la 

première page de la revue dans laquelle son article a été publié afin de trouver ses coordonnées. Si vous n’arrivez 

pas à les repérer, communiquez avec nous à PublicationsArchive-ArchivesPublications@nrc-cnrc.gc.ca.

Questions? Contact the NRC Publications Archive team at 

PublicationsArchive-ArchivesPublications@nrc-cnrc.gc.ca. If you wish to email the authors directly, please see the 

first page of the publication for their contact information. 

NRC Publications Archive

Archives des publications du CNRC

This publication could be one of several versions: author’s original, accepted manuscript or the publisher’s version. / 

La version de cette publication peut être l’une des suivantes : la version prépublication de l’auteur, la version 

acceptée du manuscrit ou la version de l’éditeur.

For the publisher’s version, please access the DOI link below./ Pour consulter la version de l’éditeur, utilisez le lien 

DOI ci-dessous.

https://doi.org/10.1103/PhysRevA.62.043405

Access and use of this website and the material on it  are subject to the Terms and Conditions set forth at

Dark state in ruby: analysis of the feasibility
Shakhmuratov, R. N.; Szabo, Alexander; Kozyreff, G.; Coussement, R.; 
Odeurs, J.; Mandel, P.

https://publications-cnrc.canada.ca/fra/droits

L’accès à ce site Web et l’utilisation de son contenu sont assujettis aux conditions présentées dans le site

LISEZ CES CONDITIONS ATTENTIVEMENT AVANT D’UTILISER CE SITE WEB.

NRC Publications Record / Notice d'Archives des publications de CNRC:
https://nrc-publications.canada.ca/eng/view/object/?id=c6d79ef4-bdd8-4aae-b7a8-b5de58d1d32d

https://publications-cnrc.canada.ca/fra/voir/objet/?id=c6d79ef4-bdd8-4aae-b7a8-b5de58d1d32d



Dark state in ruby: Analysis of the feasibility

R. N. Shakhmuratov,1,2 A. Szabo,3 G. Kozyreff,4 R. Coussement,1 J. Odeurs,1 and Paul Mandel4
1Instituut voor Kern- en Stralingsfysica, Katholieke Universiteit Leuven, Celestijnenlaan 200 D, B-3001 Leuven, Belgium

2Kazan Physical-Technical Institute, Russian Academy of Sciences, 10/7 Sibirsky Trakt Street, Kazan 420029, Russia
3Institute for Microstructural Sciences, National Research Council of Canada, Ottawa, Ontario, Canada K1A0R6
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Bichromatic excitation of the R1 line in ruby at liquid-helium temperature is considered. The frequency

difference of the spectral components of the driving field is resonant with the energy gap between the anti-

crossed spin sublevels 11/2 and 13/2 in the ground state 4A2. The condition of the spin coherence trapping

in the nonabsorbing state is analyzed. Population trapping is revealed in the reduced spontaneous emission

from the excited state and in large spin magnetization of the ground state Cr31 precessing with the frequency

difference of the spectral components of the driving field. This magnetization can be detected by a pickup coil.

The lifetime of the induced magnetization is strongly dependent on the ratio of the lifetime of the excited state

Ē and the spin coherence decay time (T2)spin .

PACS number~s!: 42.50.Md, 42.50.Gy, 32.80.Bx, 33.80.Be

I. INTRODUCTION

While the resonant excitation of the two-level system has

been studied comprehensively, the dynamics and kinetics of

the three-level excitation are not obvious and disclose some

features that are hard to explain within the pseudospin vector

model or by the Bloch-vector model @1#. One of these ex-

amples is population trapping that was observed in sodium

vapor @2–4#. Bichromatic excitation with a frequency differ-

ence matching the hyperfine splitting of ground-state sodium

is quenched due to the accumulation of all the atoms in a

particular superposition of the ground sublevels @5,6#. This

effect takes place if two key conditions are satisfied. First,

the excitation to the upper state must start from the two dif-

ferent sublevels of the ground state, i.e., the splitting and
consequent interference of the quantum transition paths are
to be present. Second, the lifetime of the sublevels coherence
is to be longer than the lifetime of the excited state. The
former condition creates this coherence and provides its se-
lective phase-sensitive excitation. The latter condition allows
the population of the dark state by spontaneous emission
from the excited state if it is fast enough to compete with the
coherence decay rate. The dark state has a particular phase
satisfying the condition of destructive interference for the
transition paths starting from these sublevels. Therefore, this
state does not interact with the driving field.

In this paper, we analyze the possibility of creating the
dark state in solids with paramagnetic impurities. While the
transition splitting ~branching! is easy to find for many im-
purities, the condition on the lifetime of the excited state and
the relaxation time of the ground-state sublevels coherence
seems harder to satisfy. Many optical transitions of paramag-
netic impurities have long-lived excited states and strong
contributions to the coherence dephasing coming from the
crystal phonons or spin-spin interactions with the nearest
neighbors in the host crystal. The phonon contribution can be
eliminated by cooling the sample down to liquid-helium tem-
perature. The spin-spin interactions can be reduced by a
strong microwave excitation @7–9#. Laser excitation is also

capable of reducing the coherence decay. For example, ap-

preciable coherent optical pumping of the resonant transi-

tions in Pr31:LaF3 and ruby reduces the homogeneous

dephasing to the limit of the natural broadening @10–12#.
These effects are similar to the motional narrowing @13# and

one can find their explanation, for example, in @14–23# ~the

list is not exhaustive!. The crucial point of most of these

theories is that the field-driven impurity undergoes a fast

Rabi oscillation between resonant levels that averages out

the hyperfine interaction of the impurity with neighbors re-
sponsible for the coherence dephasing.

Suppression of the dephasing was studied by free-
induction decay, following a long pulse excitation @7–11#,
and by a pump-probe sequence with the probe measuring the
width of the hole burnt by the pump pulse @12#. The hole
width measured in both kinds of experiments was much nar-
rower than that predicted by the optical Bloch equations
~OBE!. This anomaly in the saturation of the absorption line
width is easy to explain by assuming that the coherence
dephasing has decreased. In fact, according to the OBE, in
the strong saturation limit (x2T1T2@1, where x is Rabi fre-
quency, T1 and T2 are the relaxation times of the population
difference and of the coherence, respectively! the half-width

at half maximum ~HWHM! of the hole is close to xAT1 /T2

@1,10#. Since the ratio T1 /T2 is usually large for solids, the
HWHM of the hole must be much larger than the Rabi fre-
quency. However, experiments show a much narrower hole
with HWHM ;x . As 1/T251/(2T1)1Genv

, where Genv
is

a contribution of the environment to the coherence dephasing
and Genv

@1/T1, one can assume that a strong excitation de-
couples the impurity from this environment and the value
Genv

tends to zero at high excitation.
In these experiments, the influence of the field noise

@24,25# and the field enhancement of the dipole-dipole inter-
action with nonresonant ions @24,26# are present. Both ef-
fects also result in the anomalous free-induction decay and
hole burning because they contribute equally to the 1/T1 and
1/T2 relaxation processes. If their contribution Gdriven is
dominant (Gdriven@1/T1,1/T2), then the hole also narrows.

PHYSICAL REVIEW A, VOLUME 62, 043405

1050-2947/2000/62~4!/043405~12!/$15.00 ©2000 The American Physical Society62 043405-1



Consequently, the motional narrowing may turn out to be a
questionable explanation of the experiments @7–12#.

From this viewpoint, new experiments sensitive to the
motional narrowing and not affected favorably by the field
noise and enhanced dipole-dipole interaction are particularly
interesting. In this context, the population trapping in the
dark state is the best way to verify the motional narrowing
hypothesis because the dark state is populated by spontane-
ous emission from the excited state and can be affected by
the field noise and the enhanced dipole-dipole interaction
only destructively in contrast to the free-induction decay and
hole burning. The negative effect of the field noise and en-
hanced dipole-dipole interaction on the population trapping
in the dark state is due to the fact that both processes con-
tribute to the decay of the coherence related to the dark-state
existence.

In Sec. II, we consider the excitation scheme of ruby ap-
propriate for the population trapping. Section III presents the
master equations for the selected scheme. Dynamical evolu-
tion of the chromium impurity under the bichromatic excita-
tion is considered in Sec. IV. The evolution of the nonreso-
nant impurities is studied in Sec. V. The calculation of the
spin magnetization induced by the bichromatic pumping is
presented in Sec. VI. The steady-state analysis providing the
condition of population trapping in the stationary state is
presented in Sec. VII. The kinetic stage of the spin coherence
evolution is discussed in Sec. VIII.

II. SPIN COHERENCE EXCITATION IN RUBY BY

OPTICAL PUMPING

We consider the R1 line in ruby related to the optical
transition from the ground state 4A2 to the excited state

Ē(2E). One can find the ruby spectrum and the state nota-
tions, for example, in Refs. @27,28#. The ground and excited
states have effective spins of 3/2 and 1/2, respectively. If a
magnetic field is applied parallel to the trigonal ~optical! axis

of the ruby crystal, the splittings of the 4A2 , Ē energy levels
are linear functions of the field, as shown Fig. 1. We follow
the Schulz-DuBois notation @28# that identifies the ground-

state energy levels by quantum number m̄ ranging from

23/2 to 13/2 in order of increasing energy. The number m̄
coincides with the quantum number m of the Zeeman Hamil-
tonian in the high-field limit.

In the ground state, the level m̄513/2 crosses the levels

m̄521/2 and m̄511/2 at 2.07 and 4.14 kG, respectively. If
the magnetic field makes a small angle u with the optical
axis, defined as the z axis for the chromium spins, these
levels mix and repulse at the crossings, then avoiding their
intersection, i.e., anticrossings take place. At the field corre-
sponding to the smallest separation between the energy lev-
els, the eigenvectors of the total Hamiltonian consist of equal
amplitudes of the unperturbed eigenvectors defined far from
the crossing with respect to the z axis. For example, at the
second crossing one has

u1&5

1

A2
~ u11/2&G2u13/2&G), ~1!

u2&5

1

A2
~ u11/2&G1u13/2&G), ~2!

where u11/2&G ,u13/2&G relate to the spin sublevels m̄

511/2 and m̄513/2 of the ground state 4A2, respectively.
The R1 transition is electric-dipole, spin and parity forbid-

den in the presence of a center of symmetry. However, due
to the crystalline field, this symmetry is broken and the tran-
sition becomes allowed @27#. In the ruby lattice, a Cr31 im-
purity substitutes an Al31. The crystal symmetry of ruby is
rhombohedral with the Cr impurity being surrounded almost
octahedrally by six nearest O22 ions producing a strong cu-
bic field. In addition to the cubic field, a small trigonal field
is present due to the distortion of the octahedron. The axis of
the trigonal field is the optic axis of ruby. The hemihedral
part of the trigonal field mixes the parity of the states, per-
mitting optical transitions that would be forbidden if the ion
were at the center of inversion symmetry. The matrix ele-
ments of the dipole transitions were calculated in @27# and
experimentally tested in @29#.

FIG. 1. Zeeman splitting of the 4A2 and Ē states of Cr31 in ruby

versus the magnetic field H, if H is parallel to the optical axis. The

zero-field splitting 2D of the ground-state spin sublevels is shown

on the left of the plot. The transition between the 4A2 and Ē states

for circularly s2 ~left! polarized light, propagating along the optical

axis, is shown by the arrow.
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If the ruby sample is cooled to the temperature of liquid

helium, a tunable laser is capable of exciting each compo-

nent of the R1 line selectively by choosing proper frequency

and polarization of the light ~see, for example, Refs. @30# and

@11,12#!. A circularly polarized laser excites the transitions
4A2(m̄563/2)→2E(m̄561/2) and 4A2(m̄561/2)

→
2E(m̄561/2) designated by s1(13/2→11/2), s2

(21/2→21/2), s3(11/2→11/2), and s4(23/2→21/2),

which is in the order of increasing energy at high magnetic

field @30#. The selection rules in some of the indicated tran-

sitions are not apparently fulfilled in respect to m̄ . This is

because the m̄ indicates only the main component of the

level. The electric dipole transition matrix element is not

zero due to the small admixture of the state with another

parity and obviously with another m̄8 components. So, one

can say that transition takes place due to the nonzero matrix

elements between m̄ and m̄8, where the latter is not shown

explicitly in the wave-vector notation.

Far from anticrossings, we can excite the transition start-

ing from only one spin sublevel of the ground state ~for

example, u11/2&G) by choosing a proper frequency and po-

larization of the laser beam. At the anticrossing of this sub-

level with another one, the induced transition splits into two

paths involving both mixed states ~for example, u1& and u2&).

Simultaneous excitation of two spin sublevels is capable of

creating the spin states coherence. For example, a laser pulse

may induce magnetization ringing at the level repulsion fre-

quency, if the spectral width of the pulse is big enough to
excite both transitions simultaneously.

Optically induced electron-spin magnetization was ob-
served already, 35 years ago @31#. Ultrashort light pulses
from a mode-locked ruby laser create a pulsed magnetization
in a ruby sample at room temperature. This magnetization
was measured by a pickup coil. Excitation by linearly polar-
ized radiation @polarized parallel to the optical axis and ex-

citing the transitions 4A2(m̄521/2)→2E(m̄511/2) and
4A2(m̄511/2)→2E(m̄521/2)# revealed a sharp enhance-
ment of the amplitude of the induced magnetization near the
level anticrossings. Pumping by a circularly polarized beam
along the optical axis near the anticrossings even allowed for
resolving the oscillation of the induced precessing magneti-
zation @32#. The precession frequency was in good agree-
ment with the level repulsion energy. Near the second anti-
crossing, the time evolution of the M x(t), M y(t), and M z(t)
components of the magnetization were examined separately
by changing the direction of the pickup coil, where the x
direction is defined by the transverse component of the mag-
netic field with respect to the optical axis ~defined as the z

direction!. Similar signals for the M z(t) component were
also observed in the vicinity of the first anticrossing point at

2.07 kG. Since the anticrossing levels in this case are m̄

513/2 and m̄521/2, so Dm̄52, detectable magnetization
in the transverse xy plane can not be expected. This was
actually the case.

In this paper, we show that cw optical excitation can also
induce a precessing magnetization. Depending on the relax-

ation parameters of the system, this precession may be per-
sistent, revealing the capture of the chromium impurities in
the dark state.

We consider the second crossing to be able to detect all
components of the induced magnetization. Below, we dis-
cuss the conditions of this excitation to choose the most ef-
fective scheme. At liquid-helium temperature, a linearly po-
larized laser beam ~polarized parallel to the optical axis! may
be tuned to induce preferentially the transition 11/2(4A2)

→21/2(Ē). However, because the transition matrix ele-
ments are larger for the excitation by means of circularly
polarized light, we choose the s3 transition @11/2(4A2)

→11/2(Ē)# , which can be also selectively excited by the
left-hand polarized beam.

It was shown @33# for another system with hyperfine level
~nuclear spin level! crossing that monochromatic excitation
starting from the anticrossed states is capable of creating
giant nuclear-spin polarization in the spin component that
cannot be excited by laser light of the chosen polarization
~dark state!. The crossing of the 21/2 and 23/2 nuclear-spin
levels were considered and excitation started from the
23/2 component.

In case of ruby, one may try to create a suitable condition
for the population trapping in the dark state in a similar way.
Choosing, for example, the excitation of the spin component
11/2(4A2) of the state vectors, Eqs. ~1! and ~2!, by a
s2-polarized laser beam, applied along the z axis, we expect
that the resonant chromium impurities will be accumulated
in the 13/2(4A2) component of the ground-state spin. The
latter cannot be excited by the applied laser beam because of
the selection rules. This component, the dark state, is the
superposition of the mixed states

u13/2&G5

1

A2
~ u2&2u1&). ~3!

The fact that this dark state cannot be excited by the laser can
be interpreted in terms of the destructive interference of the

quantum paths u1&→11/2(Ē) and u2&→11/2(Ē). It is due
to the coherence of the states u1& and u2&. This particular
coherence, Eq. ~3!, is created by a two-step process. First, the
laser excitation starting from the spin component u11/2&G

depopulates the coherent state

u11/2&G5

1

A2
~ u1&1u2&). ~4!

Second, spontaneous emission from the excited state

11/2(Ē) can be terminated at any state, u11/2&G or
u13/2&G because the direction and polarization of the emit-
ted photon are not defined and may be anything. Interplay of
both processes will lead eventually to the predominant popu-
lation of the state u13/2&G . This process is sensitive to the
level repulsion frequency v21 (\v21 is the energy interval
between the levels u2& and u1&) @33#.

To explain this point, one has to consider the spin Hamil-
tonian of Cr31 in the ground state 4A2. The spin-
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Hamiltonian concept was introduced to describe electron-
spin resonance spectra of the paramagnetic impurities @34#.
As a result of ligand field interaction with the neighboring
diamagnetic ions or atoms in a crystal, the ground state of a
paramagnetic ion consists of a group of electronic levels
whose separation is a few wave numbers or less, while all
other electronic levels lie considerably higher. The behavior
of this group can be represented by defining an effective spin
S, such that the total number of levels in the group is 2S

11, the same as in an ordinary spin multiplet. It is further
required that the matrix elements between the various states
determined by the full Hamiltonian that describes the system
shall be proportional to those of the effective spin. It is then
possible to describe the behavior of this group of levels by a
spin Hamiltonian involving just the effective spin. Therefore,
the use of the symbol S for effective spin may be sometimes
misleading. The ground-state spin Hamiltonian of Cr31 @35#
is

H5gzbHzSz1gxbHxSx2D@Sz
2
2

1
3 S~S11 !# , ~5!

where S53/2, Hz5Hcos u, and Hx5Hsin u are longitudinal
and transverse components of the magnetic field H, b is the
Bohr magneton, gz51.984, gx51.987, 2D is a zero-field
splitting (D/h55.736 GHz!. The second term of the Hamil-
tonian, Eq. ~5!, is assumed to be small ~since u!1) and we

consider it as a perturbation. As Dm̄51 for the level cross-
ing near 4.14 kG, the degeneracy of the crossed levels is
removed in first order. The solution of the secular determi-
nant yields the level repulsion energy

\v215
AD̄2

1V̄2, ~6!

where D̄5gzbHz22D and V̄5A3gxbHx . The condition

D̄50 corresponds to the closest approach of the levels when
the splitting, Eq. ~6!, is determined only by the Hx compo-
nent of the magnetic field and relevant eigenvectors are
mixed according to Eqs. ~1! and ~2!. Near the crossing, these
eigenfunctions are

u1&5cosS c

2
D u11/2&G2sinS c

2
D u13/2& , ~7!

u2&5sinS c

2
D u11/2&G1cosS c

2
D u13/2& , ~8!

where tan c5V̄/D̄ . According to the heuristic assumption
expressed in @31#, the additional change of magnetization M z

near the anticrossing is proportional to a2b2, where a

5cos c/2 and b5sin c/2 @the coefficients presented in ex-
pressions ~7! and ~8!#. In the next sections we show that even
at equal population and excitation of the ground spin sublev-
els, the induced magnetization is large and proportional to
the value a2b2.

The second anticrossing can be described within a two-
level approximation @32#. Using the model of a fictitious spin

S̃51/2, the effective Hamiltonian can be written as

He f f5 g̃xbHxS̃x1gzbH̃zS̃z , ~9!

where g̃x5A3gx is an effective g factor for this spin, H̃z

5Hz22(D/gzb) is the effective longitudinal component of

the magnetic field, and S̃x and S̃z are the x and z components
of the fictitious spin. In these notations, the value c can be
defined as the angle between the z axis and the effective field

H̃5(Hx,0,H̃z).
If v21 exceeds a certain value, the dark, nonabsorbing

state u13/2&G is depopulated by the spin rotation in the ef-

fective field H̃5(Hx,0,H̃z). At the second crossing point,
even the magnetic field of the Earth may lead to a level
repulsion frequency v21 of ;3 MHz, which is far beyond
the limit found in @33# ~where nuclear-spin states anticross-
ings are considered and this effect is negligible!. Also, hy-
perfine interaction of the chromium electron spin with the
nuclear spins of the neighboring 27Al ions creates static scat-

tering of the local field H̃z experienced by each Cr31 site @9#.
These local fields are static because the hyperfine interaction
creates a frozen core or diffusion barrier with suppressed
spin flips of nearest nuclear-spin neighbors @36,37#. Accord-

ing to @9#, the local field scattering is dH̃z56.5 G, which
results in the inhomogeneous broadening of the electron-spin
resonance line with HWHM of 18 MHz. Appreciable scat-

tering in the H̃z value spreads the anticrossings, and their
excitation by the monochromatic laser beam becomes inef-
fective.

These two hindrances for the trapping of Cr31 in the dark
state can be avoided by bichromatic excitation if the fre-
quency difference V5v12v2 of the two driving fields v1

and v2 well exceeds 18 MHz. Using a standard acousto-
optic modulator allows getting two frequencies from the la-
ser beam separated by 600 MHz. Because the induced mag-
netization will rotate with the frequency difference V of the
driving fields, the choice of 600 MHz is good from the point
of view of the spin rotation detection by the pickup coil,
since for this case we are still in the RF band. Figure 2
presents the excitation of the chromium spin by a left-hand
polarized bichromatic field. To match the frequency differ-
ence V of the driving fields to the level repulsion frequency
v21 at exact crossing, the tilting angle u of the external mag-
netic field with respect to the optic axis has to be ;1.72°,
which corresponds to the transverse component of the mag-
netic field Hx5124.5 G, while Hz is set by the condition of
the level crossing. Assuming that the nuclear spin states of
27Al do not cross at the electron-spin states crossing of Cr31,
we can neglect the contribution of the hyperfine field to the
Hx component. This is reasonable, since the transverse com-
ponents of the nuclear spins oscillate with a frequency de-
fined mostly by the Hz part of the magnetic field and their
effect is averaged to zero. The longitudinal component of the
hyperfine field is scattered over the range defined by the

value dH̃z56.5 G. The repulsion energy is described by Eq.

~6!, where the term V̄/h5600 MHz is much larger than the

scattering of the diagonal contribution duD̄/hu518 MHz.
Therefore, the resultant scattering of the repulsion frequency
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is reduced to the value dv21/2p50.27 MHz. If the Rabi
frequency exceeds this value, then we can neglect the inho-
mogeneous broadening of the level repulsion frequency.

III. MASTER EQUATIONS FOR THE SPIN

POLARIZATION

The excitation of the three-level system, shown in Fig. 2,
by two driving fields v1 and v2, is described by the master
equations ~see, for example, @38–40#!

ṙ115i~B13s312B31s13!1R11 , ~10!

ṙ225i~B23s322B32s23!1R22 , ~11!

ṙ3352i~B13s312B31s13!2i~B23s322B32s23!1R33 ,
~12!

ṡ135~ iD12G !s131iB13~r332r11!2iB23s12 , ~13!

ṡ235~ iD22G !s231iB23~r332r22!2iB13s21 , ~14!

ṡ125@ i~v212V !2GM#s121i~B13s322B32s13!, ~15!

where rnn are the density matrix elements; 1 and 2 are the
ground-state sublevels, the level 3 is the excited state;

s125r12exp(2iVt); s135r13exp(2iv1t1ik•z); s23

5r23exp(2iv2t1ik•z); k is the wave vector of the laser
beam, parallel to the c axis of the crystal; D15v312v1 and
D25v322v2 are the detuning parameters of the field com-
ponents v1 and v2, respectively; Rnn are relaxation terms
(n51,2,3) describing the spontaneous decay of the excited
state, spin-lattice relaxation of the ground sublevels, etc. The
explicit expression for the Rnn will be given in the section
where the steady-state solution is considered. The values G
and GM are the dephasing rates of the optical transition and
ground-state spin coherence, respectively; B135ad13E/\;
B235bd23E/\; d135d235d is the matrix element ~supposed
real! of the dipole transition from the states 1,2 to the state 3
~the optical transition!; E is the amplitude of the laser pump.
The coefficients a5cos c/2 and b5sin c/2 come from the
wave-function coefficients @see Eqs. ~7! and ~8!# for the tran-
sitions allowed because of level mixing. We suppose that
both frequency components of the pump have the same am-
plitude and their frequency difference V5v12v2 coincides
with the level repulsion frequency v21 .

Similar equations were applied to treat the Raman hetero-
dyne detection of nuclear magnetic resonance in solids
@40,41#.

IV. DYNAMICAL EVOLUTION OF THE SYSTEM

First we consider the dynamical evolution of the system
on a time scale much shorter than any relaxation time. In this
case, all decay terms can be omitted. Brewer and Hahn @39#
have shown that the coherent two-photon processes in the
three-level system could be described by Blochlike equations
~Bloch-vector model! in some pseudospace by introducing
new variables. We define also new variables

n125r111r22 , ~16!

u125s121s21 , ~17!

V52i~s132s31!2i~s232s32!, ~18!

which are, however, slightly different from those in @39#. We
assume that the states u1& and u2& are equally populated and
the initial condition before switching on the laser beam is
n12(0)51, r33(0)5u12(0)5V(0)50. To simplify the cal-
culation, we take the case B135B235B corresponding to
c5p/2. Then the Eqs. ~10!–~15! can be reduced to

ṅ125 u̇1252 ṙ335BV , ~19!

V̇52B~2r332n122u12!, ~20!

where we neglect all relaxation terms and imply the resonant
condition D15D250. The solution of Eqs. ~19! and ~20! is

n12~ t !512
1
4 ~12cos xt !, ~21!

r33~ t !52u12~ t !5
1
4 ~12cos xt !, ~22!

FIG. 2. Bichromatic excitation of the anticrossed states u4A2,1&
and u4A2,2&. Hi is an effective field seen by the spin 1/2 in the

excited state Ē along the z axis. H' is the transverse component of

the external magnetic field that plays a dominant role at the level

crossing.
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V~ t !52

A2

2
sin xt , ~23!

where x52A2B52dE/\ is a modified Rabi frequency for a
two-quantum excitation. The time dependence of the func-
tions ~21!–~23! is presented in Fig. 3. The coherence of the
spin states u12 appears and oscillates with the Rabi frequency
x . The value of this coherence is always negative, oscillating
between 0 and 21/2. The population of the excited state r33

rises and oscillates between 0 and 1/2. It is worth mentioning
that, in contrast to the two-level system, it is impossible to
transfer all the population of the ground state to the excited
state by pulse excitation. This means that conventional
p-pulse excitation is impossible for this kind of three-level
system. When the spin coherence u12 reaches the extremum
21/2, the optical coherence V becomes zero, although its
derivative takes a maximum value. At this point V changes
sign, so the process of the energy absorption by the three-
level system is changed into emission. The strong influence
of the spin coherence on the absorption and emission pro-
cesses of the optical quanta is caused by the interference of
the transition paths. This interference is positive and results
in absorption if the coherence is absent. During the excita-
tion, the spin coherence rises and makes the interference
negative reducing the absorption. So, we get a new resistance
channel for the excitation of the multilevel system.

The rise of the coherence between the states u1& and u2& ,
being equally populated before the pulse, appears due to the
transfer of the large population difference between the
ground-state spin sublevels and the optically excited state. It

can be shown easily that, if all three states are equally popu-
lated, r11(0)5r22(0)5r33(0)51/3, the spin coherence does
not appear since

u12~ t !5
1
4 @2r33~0 !2n12~0 !#~12cos xt ! ~24!

and the expression in square brackets equals zero at the im-
posed condition.

V. NONRESONANT EXCITATION

At liquid-helium temperature, the R1-line of ruby is inho-
mogeneously broadened with HWHM ;3 GHz. Therefore
the laser beam excites the resonant as well as nonresonant
Cr31 ions. To estimate the net excited magnetization, we
have to calculate the spin coherence for all ~resonant and
nonresonant! spectral packets.

The description of the dynamics of the nonresonant chro-
mium impurities (D1Þ0 and D2Þ0) requires a larger num-
ber of elements of the three-level system density matrix.
Aside from combinations of the density matrix elements, in-
troduced in Eqs. ~16!–~18!, other components become non-
zero. To describe them we define an extended set of the
variables:

u135s131s31 , ~25!

u235s231s32 , ~26!

v1352i~s132s31!, ~27!

v2352i~s232s32!, ~28!

v1252i~s122s21!. ~29!

The following equations now describe the three-level sys-
tem, still without any relaxation process:

ṙ115Bv13 , ~30!

ṙ225Bv23 , ~31!

ṙ3352B~v131v23!, ~32!

u̇125B~v131v23!2~D12D2!v12, ~33!

v̇1252B~u132u23!1~D12D2!u12, ~34!

u̇1352D1v131Bv12 , ~35!

u̇2352D2v232Bv12 , ~36!

v̇135D1u131B~2r3322r112u12!, ~37!

v̇235D2u231B~2r3322r222u12!. ~38!

We do not consider a solution of the total set of Eqs. ~30!–
~38!, because we are only interested in the evolution of the
spin coherences u12 and v12 . To avoid tedious calculations,

FIG. 3. The time dependences of the excited state population

r33(t) ~dashed-dotted line!, of the sum of the population of the

levels 1 and 2, n12(t)5r11(t)1r22(t) ~dashed line!, of the spin

coherence u12(t)5s12(t)1s21(t) ~thin solid line!, and of the sum

of the optical coherences V(t)52i(s132s31)2i(s232s32) ~bold

solid line!. They are calculated for the initial condition r33(0)

5u12(0)5V(0)50 and n12(0)51, if the contribution of the relax-

ation terms is negligible and both components of the driving field

are in resonance, i.e., D15D250. The Rabi frequency is taken as

x/2p52 MHz. Time scale is in microseconds.
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let us consider, for example, Eq. ~33!. If the evolution of the

v13 and v23 components is known and D15D2 ~V5v21!, the
time dependence of the u12 component can be calculated by
taking the time integral.

As it is shown in @39#, the evolution of the three-level
system, driven by a bichromatic field, can be described
within the Bloch-vector model, if D15D25D and the vari-
ables U, V and W are introduced, where V is defined in Eq.
~18! and the others are

U5u131u23 , ~39!

W5

1

A2
~2r332n122u12!. ~40!

They form the Bloch-vector components, satisfying the
Bloch equations

U̇52DV , ~41!

V̇5DU1xW , ~42!

Ẇ52xV . ~43!

The solution of the Bloch equations is well known ~see, for
example, Ref. @1#!. The components in which we are inter-
ested have the following time dependence:

v13~ t !1v23~ t !5V~ t !52

x sin~AD2
1x2t !

A2~D2
1x2!

, ~44!

where the initial condition W(0)521/A2,V(0)5U(0)50
is taken into account. Substitution of the value V(t) @Eq.
~44!# into Eq. ~33! and evaluation of the time integral gives
the result

u12~ t !5E
0

t

BV~t !dt52

x2

4~x2
1D2!

@12cos~AD2
1x2t !# .

~45!

According to this solution, the absolute value of the coher-
ence u12 decreases with the increase of the detuning D .

It can be shown by straightforward algebra that, if
r11(0)5r22(0) and D15D25D , the v12 component is still
zero during the excitation as well as the population differ-
ence of the levels 1 and 2 and the difference of the other
components defined in Eqs. ~25!–~28!, i.e.,

v12~ t !50, ~46!

r11~ t !2r22~ t !50, ~47!

u13~ t !2u23~ t !50, ~48!

v13~ t !2v23~ t !50. ~49!

At the previously mentioned conditions, these values satisfy
the independent ~closed! set of differential equations that do
not include other variables. Since the values, Eqs. ~46!–~49!,

are not related to the n12 component, the only variable that is
not zero at t50, they do not rise during the laser excitation.
This is the reason why the v12 component remains zero.

VI. CALCULATION OF THE SPIN MAGNETIZATION

INDUCED BY LASER PUMPING

The density matrix elements n125r111r22 ,s12

5r12exp(2iVt), related to the ground states 1 and 2, are
defined within the basis u1& and u2& @see Eqs. ~7! and ~8!#
where the ground-state Hamiltonian Eq. ~9!, is diagonal. One
can diagonalize this Hamiltonian by the unitary transforma-
tion

Û5exp~ icSy! ~50!

corresponding to the rotation of the reference frame around
the y axis by the angle

c5tan21S A3gxbHx

gzbHz22D
D . ~51!

In the case of gzbHz52D , we have c5p/2. This means a
rotation over p/2 and the new components of the fictitious

spin S̃51/2 are related to the former ones as follows:

S̃z8
5 S̃x , ~52!

S̃x8
52 S̃z , ~53!

S̃y8
5 S̃y , ~54!

where x8, y8, and z8 are the axes of the new reference frame.
After the transformation, the Hamiltonian Eq. ~9!, takes the
form

H̃e f f5ÛHe f f Û
†
5 g̃xbHz8

S̃z8
, ~55!

where Hz8
5Hx is a magnetic field defined in the new refer-

ence frame (x8,y8,z8). The expectation values of the opera-

tors S̃x8
, S̃y8

and S̃z8
can be calculated directly by the ex-

pression

^S̃x8,y8,z8&5Tr~ S̃x8,y8,z8
r̂ !, ~56!

where r̂ is defined in the diagonal basis of the Hamiltonian
~55!. If D15D250 and the initial condition is r11(0)
5r22(0)51/2 and u12(0)5v12(t)50, one can find that

^S̃x8&5
1
2 u12~ t !cos Vt , ~57!

^S̃y8&52
1
2 u12~ t !sin Vt , ~58!

^S̃z8&50, ~59!

where V5v12v2 is the frequency difference of the two
optical driving fields v1 and v2. Since the spin operators of
the fictitious spin in the reference frames (x ,y ,z) and
(x8,y8,z8) are related by Eqs. ~52!–~54!, the corresponding
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expectation values are related in a similar way and the mag-
netization m(t), produced by an individual impurity, is

mx~ t !52 g̃xb^S̃x~ t !&52 g̃xb^S̃z8
~ t !&, ~60!

my~ t !52 g̃xb^S̃y~ t !&52 g̃xb^S̃y8
~ t !&, ~61!

mz~ t !52gzb^S̃z~ t !&5gzb^ S̃x8
~ t !&. ~62!

We study the process of magnetization creation in ruby at
liquid-helium temperature. Because the R1 line in ruby is
inhomogeneously broadened at this temperature and its
HWHM is about 3 GHz, the laser beam excites only a small
fraction of the chromium impurities. Bichromatic excitation
induces the magnetization of the mixed states oscillating at
the frequency difference V of the spectral components v1

and v2. According to Eq. ~45!, the amplitude of the magne-

tization oscillates also at the Rabi frequency AD2
1x2. These

frequencies are different for the different spectral packets.
Therefore, the pickup coil will see an average signal. We
assume that dE/h51 MHz, so x/2p52 MHz, which is a
reasonable value @11#. The latter is still three orders of mag-
nitude smaller than the inhomogeneous HWHM. As a result,
we have a large scattering of the modulation frequency
AD2

1x2.
As was shown above, the coherence u12 is related to the

average values ^S̃x8&, ^ S̃y8& , and ^S̃z8& of the fictitious spin S̃

( S̃51/2). At exact crossing (c5p/2), we have only oscil-

lation of the ^S̃x8& and ^S̃y8& components. The contribution
of an individual impurity to the signal, detected by the

pickup coil, differs in the modulation frequency AD2
1x2 of

the amplitude and has the same carrier frequency V . Below,
we show that averaging over the inhomogeneous broadening
results in the decay of the modulation, although does not
make the average amplitude zero. This is different from a
behavior of polarization induced by the resonant field in the
ensemble of two-level particles with strong inhomogeneous
broadening. The transient oscillation and the net amplitude
of polarization averaged over the scattering of the resonant
frequencies decay rapidly to zero after the switch on the
field, which results from the averaging of the dynamical so-
lution of the Bloch equations for the polarization @1#.

In our case, the average value of the spin coherence is

^u12~ t !&D5E
2`

`

f ~D !u12~D ,t !dD , ~63!

where f (D) is a distribution function of the optical transition
frequency caused by the crystal imperfections ~inhomoge-
neous broadening! and u12(D ,t) is defined in Eq. ~45!. Be-
cause HWHM of f (D) is much larger than x , the integral is
simplified as

^u12~ t !&D52 f ~0 !
x2

4
E

2`

` 12cos~AD2
1x2t !

D2
1x2

dD , ~64!

where it is supposed that we excite the center of the inhomo-
geneous line. This integral can be calculated exactly ~see, for
example, Refs. @42,43#!:

^u12~ t !&D52 f ~0 !
p

4
xL~xt !, ~65!

where

L~xt !5E
0

xt

J0~x !dx , ~66!

and J0(x) is a zeroth-order Bessel function. L(xt) is pre-
sented in Fig. 4. One can find the analysis of the function
L(xt) in Refs. @42–44#. This function rises from 0 to 1
almost linearly for 0<xt<1. The value 1 is reached at xt

'1.108. Then the function L(xt) oscillates slightly near the
value 1 with a damped amplitude. For xt→` we have
L(xt)→1. At the same time, the average optical polarization

^v13(t)1v23(t)&D5^V(t)&D @see Eq. ~44!# decays as

FIG. 4. Time dependence of the L(xt) function, Eq. ~66!. This

function shows the evolution of the spin coherence, Eq. ~65!, aver-

aged over inhomogeneous broadening of the R1 absorption line.

The function L(xt) also represents the time evolution of the ampli-

tude of the net spin magnetization induced by the laser beam in the

sample. The Rabi frequency is taken as x/2p52 MHz. Time scale

is in microseconds.
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^V~ t !&D5E
2`

`

f ~D !V~D ,t !dD52 f ~0 !
p

A2
xJ0~xt !,

~67!

since J0(xt)→0 if xt→` . The averaged spin coherence

^u12(t)&D does not vanish with time because it is a time
integral of the optical coherence @see Eq. ~45!#.

The pickup coil will detect the signal with the following
components:

M y~ t !52

p

8
g̃xbNVf ~0 !xL~xt !sin Vt , ~68!

M z~ t !52

p

8
gzbNVf ~0 !xL~xt !cos Vt , ~69!

where the average over the inhomogeneous broadening is
taken into account. N is the concentration of the chromium
particles in the sample and V is the volume of the laser-
particles interaction. These spin components do not decay to
zero as L(xt) tends to 1 when xt→` .

VII. STEADY-STATE SOLUTION OF THE MASTER

EQUATIONS AND ANALYSIS OF THE DARK-STATE

POPULATION

In the previous section, the dynamical evolution of the
spin magnetization was calculated. The stationary value that
it tends is determined by relaxation processes. One of them is

the spontaneous emission from the excited state 11/2(Ē). It
can terminate in the ground states u1& and u2& (s1 and s2

transitions!, as well as in the state 21/2(4A2) by emitting a
linearly polarized photon. Also, spin-lattice interaction in-
duces relaxation transitions between ground-state spin sub-
levels. When all these processes are taken into account, the
number of the independent variables necessary to describe
the system will increase. Therefore, if the spontaneous emis-
sion and spin-lattice relaxation involve other levels, the di-
mension of our system increases and it cannot be described
within the three-level approximation. To simplify the prob-
lem, we lump all other ground-state sublevels by denoting
them as level u4& ~see Fig. 5!. Of course, this is an approxi-
mation. However, the result will not change qualitatively
compared to the complete consideration. The advantage of
this approximation is the possibility of deducing a clear con-
dition for the capture of the system in the dark state.

The four-level system, composed of the three-level one
~Fig. 2! plus the level u4& ~Fig. 5!, which belongs to the
ground-state manifold, is described by the master equations
~10!–~15! and equation

ṙ445R44 . ~70!

For this model the relaxation terms Rnn are

R11522wr111w~r221r44!1Wr33 , ~71!

R22522wr221w~r111r44!1Wr33 , ~72!

R33523Wr33 , ~73!

R44522wr441w~r111r22!1Wr33 , ~74!

where W is the decay rate of the excited state u3& and w is
the rate of the spin-lattice relaxation. We do not consider w
process in the excited state since even though it is faster than
the spontaneous emission, it does not change the process of
the dark-state population. The spin-lattice relaxation in the
ground state is much slower than the spontaneous emission
from the excited state (W@w). The latter inequality is sat-
isfied well since the lifetime of the excited state is 3 msec,
whereas the spin-lattice relaxation time in the ground state is
(T1)spin595615 msec for dilute ruby at liquid-helium tem-
perature @9#.

For resonant impurities (D15D250) at exact crossing
(c5p/2), the master equation is simplified as follows:

u̇1252GMu121BV , ~75!

V̇522Bu122GV22Bn1214Br33 , ~76!

ṅ125BV2wn1212Wr3312wr44 , ~77!

ṙ3352BV23Wr33 , ~78!

ṙ445wn121Wr3322wr44 . ~79!

Its stationary solution is

n̄125
2

31

GM

3w
A

, ~80!

ū1252

1

11

GM

R
1

2

3

GM

W

n̄12 , ~81!

FIG. 5. Energy diagram of the four-level system chosen to de-

scribe cw excitation of ruby by a bichromatic field. W and w are the

spontaneous decay rate of the excited state 3 and the spin-lattice

relaxation rate of the ground-state spin sublevels, respectively. Thin

arrows show the corresponding transitions induced by these pro-

cesses. Bold arrows show the bichromatic excitation by the laser

beam. The beam is split into two frequencies by the acousto-optic

modulator. The dashed line shows the induced coherence between

the states 1 and 2, decaying with the rate GM .
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r̄335

GM

W

313
GM

R
12

GM

W

n̄12 , ~82!

where R52B2/G is a pump parameter and

A5

112
w

W

11

GM

R
1

2

3

GM

W

. ~83!

If R@GM@W @w , the parameter A is small and the popu-

lation of the levels 1 and 2 becomes as small as n̄12

'4w/W. This is a result of the selective pumping of the
levels 1 and 2 and the interplay of the relaxation processes.
The spontaneous transition from the state u3& terminates in
the levels u1& , u2&, and u4& and the excitation starts only
from the levels u1& ,u2&. Eventually all the particles will be
accumulated in the level u4&, if the spontaneous decay (W)
is faster than the spin-lattice relaxation of the ground-state
spin sublevels (w). The latter is responsible for recovering
the Boltzmann distribution in the ground-state sublevels. The

coherence ū12 and the population of the excited state u3& also
become small as they are bound to the states u1& and u2& by
the laser excitation.

If we have a motional narrowing effect induced by the
strong driving field, the decay rate of the spin coherence GM

becomes as slow as the spin-lattice relaxation rate w. Then at
the conditions W@w;GM and R@GM , one can find the
population trapping in the coherent superposition of the
states u1& and u2&. The A value becomes close to 1 and the
states u1& ,u2& remain populated in spite of the strong pump:

n̄12.
2

31

GM

3w

. ~84!

According to our model of the four-level system, the mo-
tional narrowing effect will result in the relation GM5

3
2 w .

However, this relation is not correct if the spin-lattice relax-

ation inducing the transitions Dm̄561 also engages the

transitions with Dm̄562.
The level 3 is not appreciably populated according to Eq.

~82!. This becomes possible because of the large coherence

of the ground-state levels ū12. n̄12 , preventing the excitation
due to destructive interference. Figure 6 shows the depen-

dences of the values ū12 and n̄12 on the ratio GM /w . If this
ratio is big, the states 1 and 2 are depopulated and the spin
coherence becomes negligible. Population trapping in the
dark state may serve as a good mark of the motional narrow-
ing effect. Without the suppression of the ground spin
dephasing, the trapping is impossible.

VIII. KINETICS OF THE SPIN COHERENCE

We already know the dynamic evolution of the ground-
state spin coherence @see Eqs. ~22!, ~24!, and ~45!# as well as
the time dependence of the average magnetization, Eqs. ~65!
and ~68! and ~69!, at this stage. Also, we know the stationary
value of the spin coherence, Eq. ~81!, at cw excitation. The
kinetic stage of the coherence evolution is described by the
master equations ~75!–~79!. We do not present the analytical
solution of these equations as it has a complicated form.
However, we can present two plots demonstrating how the
coherence of the resonant impurity reaches the stationary
value. Figure 7 shows the evolution of the low-frequency
coherence u12(t) of the resonant impurity (D15D250) if
GM5

3
2 w . The initial condition is n12(0)52/3, r33(0)50,

and r44(0)51/3. At the first stage, one can find the decaying
Rabi oscillations. Then, at the kinetic stage of the evolution,
the value u12(t) reaches a quasistationary, nonoscillating
state with a slowly growing module. The rate of the coher-
ence growth is proportional to the spontaneous decay rate W.
The ultimate value to which u12 tends is described by Eq.
~81!. For this plot, we have taken the following parameters.
The Rabi frequency is x/2p52 MHz. The decay rates of the
population are W5(1/T1)opt and 2w5(1/T1)spin , where
(T1)opt53 msec and (T1)spin5100 msec, respectively. The
value of the spin coherence decay GM is taken such that it
corresponds to the motional narrowing limit @7–9#. As for
the optical coherence decay, we take the value G
5(1/T2)opt , where T2515 msec. This value corresponds to
the nonperturbed dephasing time. To be consistent, we also
had to assume (T2)opt→(T1)opt at the condition of the
strong excitation. However, we know that Rabi oscillations

FIG. 6. The dependence of the stationary values of the spin

coherence ū12 ~thin line! and the sum of the populations of the

levels 1 and 2, n̄12 ~bold line!, on the ratio of the spin coherence

decay rate and the spin-lattice relaxation rate, GM /w . The param-

eters of the system are R/2p510 MHz, D15D250, 2w

5(1/T1)spin , and W5(1/T1)opt , where (T1)spin5100 msec and

(T1)opt53 msec.
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decay fast due to the inhomogeneous broadening. The evalu-
ation of the signal average over the inhomogeneous broad-
ening is quite tedious and takes appreciably long computer
time. Therefore, to simulate this process, we just kept the fast
decay of the optical coherence that extinguishes the Rabi
oscillations. This procedure allows us to show the kinetic
stage of the evolution of the spin coherence. Otherwise it
would be hard to distinguish the latter from the Rabi oscil-
lations decaying with the low rate (1/T1)opt .

Figure 8 shows the time evolution of the spin coherence if
(T2)spin and (T2)opt are not affected by the driving field. The
coherence rises and decays on the time scale comparable
with relevant dephasing rates. So, the population trapping
depends strongly on the value of these decay rates.

IX. CONCLUSION

Under strong coherent excitation, the impurity, residing in
the crystal, may be decoupled from the environment ~neigh-
boring spins of the host lattice and next impurities! respon-
sible for the optical and spin coherence decay. If this process
takes place, bichromatic optical excitation together with
spontaneous emission are capable of creating and populating
a particular superposition of the ground-state spin sublevels
that does not decay. Particles trapped in this superposition
state cannot absorb the optical quanta and get to the excited
state. Being in the superposition of the spin states, they pro-
duce a flux variation of the magnetic field since the spin
coherence oscillates with the frequency related to the energy
difference of the spin states. Spin precession can be detected
by a pickup coil. If the decoupling of the impurity with the
environment does not take place, the bichromatic excitation
produces only the short-lived spin polarization oscillating
with the frequency difference of the spectral components of
the driving field. Therefore, if the experiment will show the
persistent oscillating magnetization, one can conclude that

the driving field suppresses the decay of the spin coherence.
If the magnetization decays with time even for a strong ex-
citation, then it means that the decay rate of the spin coher-
ence is faster than the spontaneous decay rate of the excited
state. So, trapping in the dark state is a good test for the
concept of the dephasing suppression by strong laser excita-
tion.
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FIG. 7. The evolution of the spin coherence u12(t) of the reso-

nant impurity (D15D250) for the motional narrowing limit (GM

5
3
2 w). The Rabi frequency is x/2p52 MHz. The initial condition

is n12(0)52/3, r33(0)50, and r44(0)51/3. Other parameters are

the same as in Fig. 6. Time scale is in milliseconds.

FIG. 8. The evolution of the spin coherence u12(t) of the reso-

nant impurity (D15D250) for the case when motional narrowing

does not occur. Decay rates of the optical coherence and spin co-

herence are taken as G5(1/T2)opt and GM5(1/T2)spin , where

(T2)opt515 msec and (T2)spin57.5 msec. Other parameters are the

same as in Fig. 7. The plot ~a! has the same time scale as in the plot

of Fig. 7. The plot ~b! has a ten times shorter time scale to present

the details of the spin coherence evolution.
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