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EFFECTS. OP COMPRESSIBILITY TN WING- IMMERSED

LIFTING FANS FOR VTOL AIRCRAFT

1.0  INTRODUCTION

In r e f e r ence  1 a r a the r  s imp l i f i ed  theory of ax i a l -
f low wing-  immersed l i f t i ng  f ans  for VTOL a i r c r a f t  was p r e sen t ed
for the purpose of p r e l imina ry  des ign  and s i ze  and we igh t
e s t ima t ion  .

_At the t ime of wr i t i ng  d i sc  l oad ings  of about  200-
1)00 Ib / f t  were cons ide red ,  and i t  was f e l t  t ha t  the e f f ec t s
of compres s ib i l i t y  on the des ign  of the f ans  could be neg l ec t ed .

Re fe rence  2 i nves t i ga t ed  the e f f ec t s  of fan d i s c
loading on the we igh t  and cos t  of VTOL powerp lan t s  with g ros s
d i sc  loading varying from 200 to 1000 lb/f t  . The r e su l t i ng
curves  of we igh t  and cos t  were lowes t  but ra ther  f l a t  in the
500-1000  lb/ft  ? r eg ion ,  showing opt ima lying be tween  E00 and
750 l b / f t ? ,  depend ing  upon the c r i t e r i a  of e i t he r  we igh t  or
cos t  .

In view of t he se  conc lus ions ,  demons t r a t i ng  the
des i r ab i l i t y  of u s ing  the h igher  d i s c  l oad ings ,  i t  was f e l t
appropr ia te  to  In t roduce  some ques t i ons  of compres s ib i l i t y .
The p re sen t  memorandum i s  in tended  p r imar i ly  as  a r eco rd  of
some not  very r ecen t  work on that  sub j ec t .

Two main e f f ec t s  of compres s ib i l i t y  a re  apparen t ,
the one dea l ing  wi th  the geomet ry  of the fan and i t s  i n f luence
on d i s c  l oad ing  l im i t s ,  the other  with the e f f i c i ency  of the
fan ,  as  a f f ec t i ng  the d r ive  power r equ i r emen t s .

The memorandum he re  dea l s  only wi th  a pa r t i cu l a r  type
of f an ,  neces sa r i l y  very shal low for wing- lmmers i  on , in which
the pr ime ob j ec t  i s  to a cce l e r a t e  as  e f f i c i en t ly  as  pos s ib l e  a
la rge  mass f low of a i r  to high ve loc i ty  in the sho r t e s t  pos s ib l e
d i s t ance .  This  p r ec ludes  the mu l t i -  s t ag ing  of compress ion  wi th
a f i na l  expans ion  through a nozz l e ,  such as  in e f f ec t  i s  done
in t u rbo j e t  eng ines .

2.0 GENERAL RELATIONSHIPS

Cons ide r ing  the fan as  an a i r  a cce l e r a t i ng  dev ice ,
producing thrust  as  a r e su l t  of i t s  ex i t  ax i a l  ve loc i ty
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V f t / s ec ,  a f t e r  a change from 0 to  V in the In t e r io r ,  the
genera l  form of the r e l a t i onsh ip  be tween  the th rus t ,  power ,
and e f f i c i ency ,  r ema ins  subs t an t i a l l y  the same, whether
compres s ib i l i t y  i s  t aken  in to  accoun t  or no t .

This  i s  demons t ra ted  be low,  for  as  in r e f e r ence  1,
neg l ec t i ng  any p re s su re  t e rms  on the ou t l e t  f ace s ,  the thrust
X produced by the fan

X = WV = f AV2 l b .
ε g

Where W = mass f low of a i r  through the f an ,  l b / s ec .

/ 3 = dens i t y  of the a i r  a t  ou t l e t ,  l b / f t \

A = net  c ro s s - sec t i ona l  a r ea ,  or the ac t i ve  or b l ade -
swept a r ea  of the fan a t  ou t l e t ,  f t  .

lhe k ine t i c  energy of the fan d i s cha rge

= /?AV 3 f t .  l b .  / s ec .
2g~

and i f  the overa l l  e f f i c i ency  of the fan , then

/?AV 3 = η Y
2g '

I
where Y = input power to d r ive  the f an ,  f t .  l b .  / s ec .

By de r iva t i on  from the above r e l a t i ons

X and

e l imina t ed  g ive

= iL·
g(xA)’2

which when V i s

X
7Γ
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This 1 s an exp re s s ion  fo r  the ne t  d i s c  l oad ing  X/A
in t e rms  of the power l oad ing  Χ/Υ, the e f f i c i ency  , and the
a i r  dens i t y  p .

The only  d i f f e r ence  in t h i s  from r e f e r ence  1 i s  t ha t
the dens i t y  P and a rea  A are  spec i f i ca l l y  to be t aken  as be ing
at  the ou t l e t  of the f an .

If compres s ib i l i t y  i s  neg l ec t ed ,  P and A are cons t an t
through the f an ,  but  if  i t  i s  t aken  in to  accoun t ,  the dens i t y
va r i e s ,  thus a l so  a f f ec t i ng  the a rea  and the i n t e rna l  geome t ry
of the f an .

As the d i s c  l oad ing  r i s e s  so does the va r i a t i on  in
dens i t y ,  and a l so  the ax i a l  ve loc i ty  V of the a i r  i nc rea se s
un t i l ,  in  combina t ion  wi th  the pe r iphe ra l  ve loc i ty  of the fan
b l ades ,  a r e l a t i ve  ve loc i ty  i s  r eached  which f a l l s  i n to  the
t r anson ic  r eg ion ,  wi th  a consequen t  d rag  r i s e  of the  fan b l ades
ae ro fo i l s ,  and l o s s  in fan e f f i c i ency  y a

I t  i s  t he se  two e f f ec t s  of compres s ib i l i t y  t ha t  are
d i s cus sed  in the fo l l owing  sec t i ons  of the memorandum.

3.0  FAN GECTETRY.

For the pu rpose  of the p r e sen t  ana lys i s  the fan may
be sp l i t  up i n to  two d i s t i nc t  pa r t s ,  as shown in  f i gu re  1 .

a) The Bel lmouth  in which the a i r  i s  a cce l e r a t ed
from a s t a t i c  cond i t i on  to an ax i a l  ve loc i ty  V
at  the expense  of a p r e s su re  drop ΔΡ.

b) The fan  ro to r  in  which the  p r e s su re  drop ΔΡ i s
r ega ined  at  the expense  of the d r ive  power Y.

Also neces sa ry  fo r  any f an  wi th  a s i ng l e  ro to r  are
s t a to r  gu ide  vanes  to co r r ec t  fo r  sw i r l  at  the ou t l e t .  These
vanes  may be p l aced  e i t he r  a t  the i n l e t  or the ou t l e t  of the
ro to r ,  and with two coun te r -moving  ro to r s  t he re  i s  in f ac t  no
need fo r  them because  the two ro to r s  may be used to co r r ec t
each o the r .  In any case  cond i t i ons  of f low th rough  the vanes
are such tha t  no l a rge  d i f f e r ences  of p r e s su re  occu r ,  thus
pe rmi t t i ng  omis s ion  of them from any fur ther  d i s cus s ion  in
th i s  memorandum.
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3 a1 Cons t an t  Area Rotor  .

The more obv ious  type of fan ro to r  i s  l oca t ed  in
a pa ra l l e l  duct  f o l l owing  the Be l lmou th ,  and i s  t he re fo re  ca l l ed
a cons t an t  a rea  ro to r .  Re fe r r i ng  to f i gu re  1 ,  wi th  subsc r ip t s
0,  1 and 2 deno t ing  the ambien t  s t a t i c ,  ro to r  i n l e t ,  and ro to r
ou t l e t  cond i t i ons ,  the fo l l owing  idea l  ( r eve r s ib l e  ad i aba t i c )
r e l a t i ons  are e s t ab l i shed  if  compres s ib i l i t y  i s  t aken  i n to
accoun t :  -

Th rus t  X = 2 A 2V 22
—— ------ and A_ = A, = A cons t an t ,

g 2 1
a rea  ANet d i s c  l oad ing  based  on the  ac t i ve  or b l ade - swep t

X

By con t inu i ty  P±\  - P2 2 " ' 2 ~ V1

and ~ P,

There fo re

ί = 2PA 0

2
1

P0

and

P0V1
0

There  i s  a l im i t i ng  net  d i s c  l oad ing  when the Be l l -
mouth t h roa t  chokes  and Ρ , /Ρθ  r e aches  the c r i t i c a l  va lue  of 0 .53 .

2
With Ρθ = s t anda rd  a tmosphe re ,  14 .7  l b .  / i n .

γ = 1 .4  and γ -1 /γ  = 0 .2S6

The l im i t i ng  d i sc  l oad ing

0.286 x ( 0 · ) (033
X 2x14 . 7xl4U x
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and =

In an ac tua l  case  where the ad i aba t i c  compres s ion
e f f i c i ency  of the ro to r  may be say 85 , the co r r e spond ing
f igu re s  are  not too d i f f e r en t ,  w i th

X/A = 1000 lb .  / f t .  2 , ν χ /ν  2 =1 .56

Cond i t i ons  at  the  l im i t  are  i l l u s t r a t ed  in f i gu re  1

Thus i t  is  seen  t ha t  in  a cons t an t  a rea  ro to r ,  2
bes ides  the l im i t i ng  net  d i s c  l oad ing  of about  1000 lb .  / f t .  ,
t he re  is  an undes i r ab l e  exces s  of ax i a l  a i r  a cce l e r a t i on  be fo re
the rd to r  with a dece l e r - a t l  on in the ro to r  i t s e l f ,  a cond i t i on
qu i t e  p robab ly  p re jud i c i a l  to e f f i c i ency .  Also ,  in  an ac tua l
ca se ,  with a hub occupy ing  pa r t  of the g ros s  d i s c  a r ea ,  and
in l e t  gu ide  vanes  pe rhaps  p reced ing  the ro to r  s t age ,  the
g ros s  d i s c  l oad ing  l im i t  would be below the above net  f i gu re ,
and t he re fo re  Inadequa t e  o fu l f i l l  the r equ i r ed  top l im i t  of
r e f e r ence  2 (1000 lb .  / f t . " ) .

3 . 2 Cons t an t  Ve loc i ty  Ro to r .

ho l lowing  up the conc lus ions  of the  p r ev ious  s ec t i on ,
i t  i s  f u r the r  obv ious  t ha t  a r o to r  with a t  l e a s t  cons t an t  ax i a l
ve loc i ty  would be p r e f e r ab l e .

Assuming t he re fo re  tha t  = = V cons t an t ,  the
idea l  r e l a t i ons  come out  as be low:  -

/ >2A 2 2 V 2Thrus t  X =

X
Net d i s c  l oad ing  based  on l a rges t  a c t i ve  ro to r  a r ea  = -r-*-

1

* A 2

T-TAl so V
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There fo re

P0

and

The l im i t i ng  d i sc  l oad ing  in a s t anda rd  a tmosphe re ,
when the  be l lmouth  t h roa t  chokes  and Γ /Ρθ  ~ Ο·53,

07586 - ° · «  Γ<π753’°· 286 - Ϊ ]  = «éOT- = 2 x 11;. 7 x 114-1; x
A1

A 2and -r— = 0 .63b
1

In an ac tua l  ca se ,  wi th  ro to r  ad i aba t i c  compres s ion
e f f i c i ency  = 85$,  the l im i t i ng  d i sc  l oad ing  i s  the  same 1560
lb .  / f t .  , but the a rea  r a t i o  i s  s l i gh t ly  d i f f e r en t ,  wi th
A 2/  A = 0 .655 .

At the above l im i t i ng  d i sc  l oad ing  the ro to r  becomes
a l l  supe r son ic ,  s i nce  the ax i a l  ve loc i ty  i s  exac t ly  son i c ,
and the  r e l a t i ve  ve loc i ty  the re fo re  supe r son ic»

Under and app roach ing  such c i r cums tances  ope ra t i on
is  l i ke ly  to be very  uns t ab l e ,  wi th  e f f i c i en t  pe r fo rmance
only  a t  the de s ign  po in t  (Re fe rence  3) .

However ,  as po in t ed  out l a t e r  in the memorandum,
ope ra t i on  i s  l i ke ly  to be s a t i s f ac to ry  a t  the  g ros s  d i s c  l oad ing
of 1000 lb .  / f t .  2, which i s  the ho r i zon  of the p r e sen t  s t udy .
Cond i t i ons  at  t h i s  l oad ing  are  i l l u s t r a t ed  in F igu re  1 .

The cons t an t  ve loc i ty  ro to r  t he re fo re  p robab ly
cove r s  any g ros s  d i s c  l oad ing  tha t  may at  p r e sen t  be fo r e seen

as p r ac t i cab l e .  The neces sa ry  a r ea  r a t i o  i s  p lo t t ed ,
aga ins t  ne t  d i s c  l oad ing ,  in F igu re  2, u s ing  an as sumed  com-
p re s s ion  e f f i c i ency  of 85%.



NATIONAL  RESEARCH COUNCIL

DIV IS ION Or MECHANICAL  ENGINEERING NPC-ENG-2U
Page - 7

LABORATORY MEMORANDUM

U.O FAN EFFICIENCY.

The f an  ove ra l l  e f f i c i ency  in  t he  gene ra l  r e l a t i on -
sh ip

i s  p robab ly  bes t  ob t a inab l e  f rom expe r imen ta l  t e s t s ,  s i nce
i t  cove r s  a l l  t he  l o s se s  in  the  be l lmou th  and s t a to r  gu ide
vanes ,  e t c . ,  as  we l l  as  t he  l o s se s  in  the  ro to r  i t s e l f .

Howeve r ,  rough  compara t i ve  va lues  may pe rhaps  be
use fu l ly  de r ived  f rom the  ro to r  e f f i c i ency ,  wh ich  i s  i t s e l f
t r aceab le  to  the ba s i c  ro to r  b l ade  ae ro fo i l  cha rac t e r i s t i c s
of l i f t  and d rag ,  as  shown in  Re fe rence  1 .

The ro to r  e f f i c i ency  /7) , though r e l a t ed  to ,  i s  no t

of cou r se  to be con fused  wi th  t he  ad i aba t i c  compres s ion  e f f i c -
i ency  of t he  p r ev ious  s ec t i ons .

From r e f e r ence  l i -
1 - — 2φ----- ------

_ D 2 1 + (6> ) 2
1 L 1 + £

Where L/D = ae ro fo i l  l i f t / d r ag  r a t i o

φ - ax i a l / t i p  ve loc i ty  r a t i o

= hub / t i p  r ad ius  (or  d i ame te r )  r a t i o

Refe rence  1 and subsequen t  ana lys i s  a l so  e s t ab l i shed
tha t  app rox ima te ly  · = K< , whe re  K = 0 .68  fo r  s i ng l e  ro to r
f ans ,  and 0 .38  fo r  coun te r -mov ing  f ans .  These  l im i t s  of the
hub / t i p  r a t i o  <9- a r e  ba sed  on the  f ac t  t ha t  the  hub i s  the
mos t  c r i t i c a l  pa r t  of t he  f an  b l ade  des ign .  Here  the  r e l a t i ve
a i r  ve loc i ty  i s  a t  i t s  minimum a long  the  b l ade  l eng th ,  due to
the r educed  pe r iphe ra l  speed ,  so t ha t  t he  l i f t  coe f f i c i en t  0
i s  s t r a ined  to t he  l im i t  in  o rde r  to  mee t  t he  r equ i r ed  p re s su re
r i s e  th rough  the  fan  ro to r .  The va lues  of 0 .68  and 0 .38  fo r
(51 have  been  ca l cu l a t ed  on the  ba s i s  of C T =1 .4  as  the l im i t
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fo r  an I so l a t ed  ae ro fo i l ,  which i s  then cons ide red  in a row
or ca scade  of o the r  ae ro fo i l s ,  and co r r ec t ed  acco rd ing ly .

There  is  a l a rge  amount of l i t e r a tu re  on ae ro fo i l
cha rac t e r i s t i c s .  Re fe rences  I4. and 5 were pa r t i cu l a r ly  chosen
as app l i cab l e  to the  p r e sen t  s t udy .  The i r  l i f t / d r ag  r a t i o s
ve r sus  Mach number for  6$ two d imens iona l  a e ro fo i l s  are com-
bined  in  F igu re  3·

Tak ing  as example  the cons t an t  ve loc i ty  ro to r ,  i t  i s
f i r s t  neces sa ry  to f i nd  an exp re s s ion  connec t ing  the ax i a l  a i r
ve loc i ty  and the fan  t i p  speed wi th  the d i s c  l oad ing ,  in  o rde r
to r e l a t e  d i s c  l oad ing  to the  ro to r  e f f i c i ency  #

Gross  d i s c  l oad ing ,  based on the whole fan a r ea ,  as
in r e f e r ence  2, i s  of pr ime i n t e r e s t .  Deno t ing  t h i s  as Z,

X
πτ 2Z

the ro to r  i n l e t .
the po in t  where the hub r e l a t i on
swept a rea  a t  the  i n l e t

where τ = fan t i p  r ad ius  a t
Assuming the  ro to r  i n l e t  as

= K app l i e s ,  the  b l ade

= it £τ  2 - ( £ τ )  = β -(9- j

The re fo re

* = — 2 -------2
1 - (Ki)

the cons t an t  ve loc i ty  ro to r
• x _ Av  2

* ' \ - —

With r e f e r ence , t o  the s ec t i on  on
_ /Ά  ν „X = ~ -- “ ------------ and

8 r~ 2ΊThere fo re  Z = —— 1 - ( 1 )

Now V = /2gRTo — Γ1 - (Ll· )7 γ - l  L Po
P P Y - 1

and f i = /ζ  / ( pT ) Y
0 1

from both of which
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’ V 20
1
γ - l

g

In t roduc ing  the fan most su i t ab l e  for  high d i s c  l oad ing ,  with
coun te r - ro t a t i on ,  when K = C .38 ,  g ives

where if = fan t i p  speed .

I t  f o l l ows  tha t  ro to r  e f f i c i ency /  /? may be ob t a ined
in te rms  of the d i s c  l oad ing  Z and t i p  spee'd U, s i nce  Z g ives
V from the above exp re s s ion ,  and V and U in  turn give  56 and
hence  Q .

Values  of L/D in the exp re s s ion  for /*? /?  are ob t a inab l e
from F igu re  3, s i nce  the Mach numbers  of the r e l a t i ve  a i r  ve l -
oc i t i e s  from hub to t i p  may be de r ived  from U and V. Re l a t i ve
ve loc i ty  at  the t i p

= /6?’u2 + v 2and a t  the hub

F igu re  U has been de r ived  in  t h i s  manne r ,  a s suming
tha t  the Mach numbers  of the  r e l a t i ve  a i r  ve loc i t i e s  are
r e f e r r ed  to the t empera tu re  T .

The use of maximum, r a the r  than ac tua l  work ing ,  L/D
va lues  is  j u s t i f i ed  on the g rounds  tha t  app rox ima te  r e l a t i ve ,
not abso lu t e ,  e f f i c i enc i e s  have been sough t .  Un l ike  in a i r -
c r a f t  w ings ,  an a spec t  r a t i o  of i n f in i t y  may be assumed fo r
the fan b l ades ,  s i nce  end l o s se s  must be neg l ig ib l e ,  thus
r e su l t i ng  in  some of the r a the r  h igh  L/D va lues  which are
shown.

F igu re  I4. shows the va r i a t i on  of r e l a t i ve  ro to r  e f f i c -
i ency  rf/i with g ros s  d i s c  l oad ing  Z, a t  t h ree  d i f f e r en t  t i p
speeds /  The range of g ros s  d i s c  l oad ing  cove red  i s  from near
zero to the  l im i t  Imposed by the chok ing  of the fan be l lmou th
th roa t .  At a t i p  speed of 1000 f t .  / s ec .  t h i s  l im i t  i s  1326
lb . / f t .  ? , equ iva l en t  to the  net  d i s c  l oad ing  of l£60 l b . / f t .
p r ev ious ly  found .
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If i t  i s  assumed tha t  the ove ra l l  fan  e f f i c i ency  /y
i s  d i r ec t l y  r e l a t ed  to 'hg , then va lues  of may be de r ived ,
and are  a l so  shown in ?Zi gu re  I4. , where for  s imp l i c i t y  they
are  r e l a t ed  by a cons t an t  i nc remen t  to g ( r a the r  than
pe rhaps  the more co r r ec t  cons t an t  mu l t i p l i e r ) .  The assume-, ,
t l on  is  that '*) = 80$ at  a g ros s  d i s c  l oad ing  of 500 lb . / f t
and t i p  speed* = 800 f t .  / s ec .

The fan ef f l a t ency  _'"0 then ob t a inab l e  at  a g ros s
d i sc  l oad ing  of 1000 lb .  / f t .  and t i p  speed 800 f t .  / s ec . ,  fo r
example ,  i s  70· . At t he se  cond i t i ons ,  the co r r e spond ing  ax i a l
ve loc i ty  i s  a l so  (by co inc idence )  800 f t .  / s ec .  and ro to r  t i p
in l e t  r e l a t i ve  = 1130 f t .  / s ec .  or Mach 1 .07 .  Re fe rence  6 has
demons t r a t ed  tha t  s t ab l e  e f f i c i en t  ope ra t i on  is  pos s ib l e  over
a wide range  of speeds ,  a t  r e l i ab l e  i n l e t  Mach numbers of a t
l e a s t  1 .1  and unde r .

5.O CONCLUSIONS.

1.  In an ax ia l  f low f an ,
s t an t  c ro s s - sec t i ona l  f low area

of which the ro to r  has a con-
compres s ion  choking in the

th roa t  of the  bel lmouth i n l e t  l im i t s  the ne t  d i s c  l oad ing ,
based on the net  f low a r ea ,  to abou t  1000 lb .  / f t .  2 . The l im i t
of g ros s  d i s c  l oad ing ,  based on the g ros s  a r e s ,  i s  co r r e s -
pond ing ly  l ower ,  depend ing  upon the  a rea  occup ied  by the hub,
There  is  a l so  a dece l e r a t i on  of the ax i a l  ve loc i ty  in the
ro to r  which i s  p robab ly  p re jud i c i a l  to e f f i c i ency  at  h igh
d i sc  l oad ings .

2. In a f an ,  of which the  ro to r  has a cons t an t  ax i a l
f low-  ve loc i ty  , and co r r e spond ing ly  dec reas ing  f low a rea ,  the
l imi t  of net  d i s c  l oad ing  i s  1560 lb .  / f t .  2 . Gross  d i s c
load ing  i s  co r r e spond ing ly  lower  than t h i s  f i gu re ,  depend ing
upon the hub s i ze  but  adequa t e  to cover  the ho r i zon  of the
p re sen t  memorandum, which is  1000 lb .  / f t . "  . The r equ i r ed
flow area  r educ t ion  at  the l oad ing  l im i t  i s  abou t  35*.

3. Due to compres s ib i l i t y  e f f ec t s  as a r e su l t  of h igh
”ach  number ,  pa r t i cu l a r ly  a t  the  t i p ,  the e f f i c i ency  of a fan
dec rease s  with  d i s c  l oad ing ,  a t  d i s c  l oad ings  over about
500 Ib . / f t .  . Thus in a fan wi th  f i n i t e  hub s i ze ,  (which
i t s e l f  depends  on the  d i s c  l oad ing ) ,  and where the e f f i c i ency
might  be say at  a g ros s  d i s c  l oad ing  of 500 l b . / f t .  r; ,
t i p  speed 800 f t .  / s ec . ,  the co r r e spond  ing  e f f i c i ency  at
1000 lb .  / f t .  1 i s  e s t ima ted  to be rough ly  70$, and at  the
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l imi t s  of d i s c  l oad ing  even  l ower  ( £0 - 55$) .

L. The l o s s  i n  e f f i c i ency  a t  h igh  d i s c  l oad ing  imp l i e s
h ighe r  power  to d r ive  the  f an ,  and hence  g rea t e r  s i ze  and
we igh t  of t he  power  gene ra to r .  Mui t i -  s t ag ing  of compres s ion
in  t he  f an ,  and f i na l  expans ion  th rough  a nozz l e  may be good
fo r  e f f i c i ency ,  but  i s  ve ry  l i ke ly  no t  pos s ib l e  i n  w ing -
immers ion ,  and p robab ly  mere ly  sh i f t s  t he  bu rden  of s i ze  and
we igh t  Inc rease  f rom the  power  gene ra to r  to  the f an .
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