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Les c r s t e s  d e  press ion de  l a  g l ace  de  mer d e  prernike  ann'ee 
son t  mod'elis'ees sous forme de prismes bidimensionnels s e  
comportant se lon  l a  l o i  de MohrCoulomb. La r 6 p a r t i t i o n  des  
con t ra in te s  pass ives  e s t  obtenue e n  u t i l i s a n t  une s o l u t i o n  
s i m i l a i r e  e t  des polynomes approximatifs  de l a  va r i ab le  
ddpendante. Ces analyses  permettent  de  c a l c u l e r  l e s  f o r c e s  
hor i zon ta l e s  dans l e s  couvertures de  g lace  li 'ees a l a  formation 
de  c r L e s  de  p res s ion  f l o t t a n t e s  e t  dans c e r t a i n s  cas ,  aux amas 
de g lace  l e  long des cbtes.  
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ABSTRACT 

F i r s t -yea r  s e a  i c e  p res su re  r idges  a r e  modelled a s  
two-dimensional wedges of a Mohr-Coulomb m a t e r i a l  and 
the  pass ive  s t r e s s  d i s t r i b u t i o n  is  obta ined us ing a 
s i m i l a r i t y  s o l u t i o n  and approximate polynomial forms of 
the  dependent va r i ab le .  Analys is  g ives  t h e  h o r i z o n t a l  
f o r c e s  i n  i c e  covers  a s s o c i a t e d  w i t h  format ion of 
f l o a t i n g  p res su re  r idges  and some cases  of rubble  p i l e -  
up a g a i n s t  shores .  

INTRODUCTION 

I c e  f l o e s  d r iven  by wind and cu r ren t  o f t e n  f a i l  on 
encounter ing o t h e r  i c e  f l o e s  o r  f i x e d  o b s t a c l e s ,  by 
crushing,  f l e x u r e  o r  buckling, w i th  r e s u l t i n g  
acummulation of i c e  blocks. These masses form a 

v a r i e t y  of f e a t u r e s  such a s  p res su re  r i d g e s ,  p i l e - u p s  
on shores ,  and rubb le  f i e l d s  surrounding o f f s h o r e  
s t r u c t u r e s .  There have been ex tens ive  f i e l d ,  
l abora to ry ,  and a n a l y t i c a l  i n v e s t i g a t i o n s  of t h e  
frequency of occurrence and t h e  c h a r a c t e r i s t i c s  of such 
r i d g e s  and p i l e u p s ,  and of a s s o c i a t e d  loads.  Kovacs 
and Sodhi (1) presented a comprehensive review of t h e  
l i t e r a t u r e  on i c e  rubb le  p i l e u p s ;  and a number of 
r ecen t  s t u d i e s  were included i n  t h e  Proceedings of t h e  
Workshop on Sea I c e  Ridging and P i l e u p  (2). Early  
i n v e s t i g a t i o n s  of i c e  rubble  f e a t u r e s  and geometr ica l  
models of r i d g e s  were r epor t ed  by Zubov (1); r e c e n t  
i n v e s t i g a t i o n  of f i r s t - y e a r  p res su re  r i d g e s  i n  t h e  
Beaufor t  Sea have been p resen ted  by Tucker and 
Govoni (4). 

An a n a l y t i c a l  model of t h e  k inemat ics  of p re s su re  
r idge  formation was developed by Parmerter and 
Coon (5). who obta ined lower bounds f o r  t h e  a s s o c i a t e d  
f o r c e s  by equat ing the  work done by the  advancing i c e  
s h e e t  t o  t h e  i n c r e a s e  i n  t h e  p o t e n t i a l  energy of t h e  

r idge.  This  approach has  been adopted i n  a l l  
subsequent s t u d i e s  t h a t  e s t i m a t e  r i d g i n g  o r  p i l e u p  
fo rces .  Some au thor s  have used semi-empirical formulas  
of s o i l  mechanics t o  inc lude  f r i c t i o n a l  f o r c e s  a s  wel l .  
K r y  (5) discussed i c e  f a i l u r e  modes a s soc ia t ed  wi th  
rubb le  format ion and t h e  r e s u l t i n g  f o r c e s  on wide 
o f f shore  s t r u c t u r e s .  Mellor (2) t r e a t e d  brash i c e  a s  a 

Mohr-Coulomb m a t e r i a l  and considered some simple cases  
r e l a t e d  t o  p res su re  ,r idging. 

Laboratory experiments on model i c e  rubb le  
performed by Keinonen and Nyman (8) and by 
Prodanovic (9) suggest  t h a t  t h e  bulk rubble  obeys t h e  
MohrCoulomb y i e l d  c r i t e r i o n .  I n  o t h e r  exper iments  by 
Ta t inc laux  and Cheng (10) t he  r a t e  e f f e c t  on s h e a r  
r e s i s t a n c e  was examined. The p resen t  s tudy i s  
concerned wi th  t h e  development of s o l u t i o n s  f o r  s t r e s s  
d i s t r i b u t i o n s  i n  f i r s t - y e a r  p res su re  r i d g e s  and some 
cases  of rubble  p i l e -up .  

GOVERNING EQUATIONS 

Deformation of bulk rubble  dur ing r i d g e  b u i l d i n g  
o r  rubb le  p i l i n g  i s  u s u a l l y  comprised of r e l a t i v e  
motion and rearrangement of t he  b locks ,  i n  a d d i t i o n  t o  
f a i l u r e  of i n d i v i d u a l  blocks.  Th i s  mode of deformation 
i s  s i m i l a r  t o  the  behaviour of g ranu la r  m a t e r i a l s  and 
s o i l s .  Both obse rva t ion  and exper imenta l  evidence 
suggest  t h a t  i n  s i t u a t i o n s  of p re sen t  i n t e r e s t  t h e  
rubb le  may obey t h e  MohrCoulomb y i e l d  c r i t e r i o n .  In  
t h e  fo l lowing a n a l y s i s  bulk rubble  is  considered t o  be  
a r i g i d - p l a s t i c  continuum undergoing q u a s i - s t a t i c ,  two- 
dimensional deformation; t h e r e  a r e  no exper imenta l  d a t a  
o r  f i e l d  obse rva t ions  of p o s s i b l e  volume changes du r ing  
deformation. A pressure-voids r e l a t i o n  would be 
r equ i red  i f  compress ib l i t y  were t o  be considered. The 
i c e  block concen t ra t ion  ( o r  voids r a t i o )  is t h e r e f o r e  
assumed t o  be constant .  A s  r u b b l e p i l i n g  even t s  
u s u a l l y  occur over  s h o r t  pe r iods  (L), temperature and 
i t s  e f f e c t  on t h e  deformation p rocess  a r e  ignored. 

The equat ions  of equ i l ib r ium a r e  

a u 
a T r + + 1 + 2 2 = -  y s i n  e 

ar r a0 (2 )  r 

where y i s  t h e  u n i t  weight ( o r  buoyancy of submerged 
rubble)  and or, og and r re  a r e  normal and s h e a r  s t r e s s  
components, a s  shown i n  Fig. 1. Compressive s t r e s s e s  
a r e  considered p o s i t i v e  throughout t h e  p resen t  
a n a l y s i s .  





A t  t h e  s i d e  s lope  S = 0 and 9  = - 6. Equation (13) 

g ives  two va lues  of correspondfng t o  t h e  a c t i v e  and 
pass ive  s t a t e s .  For t h e  pass ive  s t a t e  

Approximate So lu t ion  

Analysis is  s i m p l i f i e d  by consider ing t h e  s t r e s s  

angle ,  6, t o  be a  l i n e a r  func t ion  of 8. This  
assumption was used by Nadai (14) f o r  the a c t i v e  s t a t e ,  
and is i n  reasonable  agreement wi th  t h e  numerical 
s o l u t i o n s  of Sokolovski (11) and Marais (13). The 
pass ive  s t a t e  may be somewhat d i f f e r e n t ,  but t h e  l i n e a r  
d i s t r i b u t i o n  s t i l l  ag rees  wi th  t h e  exac t  s o l u t i o n  f o r  
the  l i m i t i n g  case  of h o r i z o n t a l  s i d e s  (apex angle  = n) 

o r  an i n f i n i t e  s l o p e  of any i n c l i n a t i o n .  Thus, t h e  
s t r e s s  angle  is  given by 

where and $; a r e  t h e  values  of J, a t  t h e  s i d e  s lopes .  
These could be determined from Eq. (12) and (141, and 
a1 and a;! a r e  t h e  ang les  between the  s i d e  s lopes  and 
t h e  v e r t i c a l  d i r e c t i o n .  For symmetrical wedges, only 
ha l f  the  wedge need be s tud ied  and the  value  of $  a t  
t h e  c e n t r e l i n e  w i l l  be R . Equation (15) then  reduces 

2  
t 0 

The s t r e s s  func t ion ,  S, is  approximated by a  
polynomial form 

The c o e f f i c i e n t s  So, S1, . . . a r e  determined by 
s a t i s f y i n g  t h e  boundary cond i t ions  and t h e  equi l ibr ium 
of f o r c e s  on s e c t o r s  of the  wedge. Terms of o rde r  
g r e a t e r  than e2 a r e  neglected.  A s  S = 0 a t  t h e  
boundaries,  Eq. (17) may be w r i t t e n  a s  

For symmetrical wedges ( a l  = a 2 ) ,  S  is  an even func t ion  
of 8  and Eq. (18) reduces t o  

The unknown c o e f f i c i e n t ,  So, may be obta ined from t h e  
balance of v e r t i c a l  f o r c e s  a c t i n g  on a  s e c t o r  of t h e  
wedge of r a d i u s  r. This  cond i t ion  i s  

S u b s t i t u t i n g  Eq. (15) and (18) i n  (8 )  and (3 ) ,  t h e  
cond i t ion  given by Eq. (20) ,  g ives  So. The i n t e g r a t i o n  
i n  Eq. (20) can be obta ined i n  a  c losed form, a l b e i t  a  

very lengthy one. It is  s imple r  and more p r a c t i c a l  t o  

eva lua te  it numerically.  
The a d d i t i o n a l  term s3e3 was included i n  a n  

extension of Eq. (18) t o  t e s t  t h e  convergence of t h e  
p resen t  s o l u t i o n  f o r  asymmetrical wedges. The 

a d d i t i o n a l  cond i t ion  was t h e  equi l ibr ium of h o r i z o n t a l  
f o r c e s  on a  s e c t o r  of t h e  wedge. The r e s u l t s ,  i n  t h i s  

case,  were alm s t  i d e n t i c a l  t o  those obta ined by 
9 

neg lec t ing  S38 . 
The p resen t  s o l u t i o n  approximates t h e  exac t  

s o l u t i o n  by power s e r i e s  expansion. It impl ies  t h a t  
t h e  y i e l d  c r i t e r i o n  and s i m i l a r i t y  cond i t ion  a r e  
s a t i s f i e d  everywhere. The equ i l ib r ium of f o r c e s ,  
however, is  only s a t i s f i e d  i n  a n  average sense  over t h e  
wedge. It could be s a t i s f i e d  over any a r b i t r a r y  number 
of sma l l e r  s e c t o r s  of t h e  wedge by inc lud ing  more terms 
i n  the  power s e r i e s  of Eq. (17). 

RESULTS 

Values of So a r e  presented i n  Fig. 2  f o r  
symmetrical wedges and i n  Fig. 3 f o r  asymmetrical 
wedges wi th  one h o r i z o n t a l  s i d e ,  62 = 0,  S t r e s s  
d i s t r i b u t i o n s  i n  wedges of any s i d e  s lope  can be 
obta ined,  a s  we l l ,  from t h e  p resen t  ana lys i s .  A s  
expected, s t r e s s e s  i n c r e a s e  wi th  i n c r e a s i n g  equ iva len t  
anglee  of i n t e r n a l  f r i c t i o n ,  $ ' ,  and w i t h  dec reas ing  
s i d e  s lope ,  6. The ca lcu la ted  values  of So a r e  less, 
by 3 x ,  than Lp exact values  f o r  a h o r i z o n t a l  s u r f a c e  
(11 - s i n + ' ]  ) owing to  approximation of t h e  e x a c t  
s o l u t i o n  cosine  func t ion  by a parabola. The e r r o r  i s  
expected t o  decrease  f o r  sma l l e r  apex ang les  
( l a r g e r  6). When t h e  a n a l y s i s  was extended t o  t h e  
a c t i v e  s t a t e  t o  examine i t s  accuracy, t h e  r e s u l t s  were 

i n  good agreement wi th  Marais '  numerical va lues  (13). 
The maximum e r r o r  was 3% f o r  h o r i z o n t a l  s u r f a c e s  and 
decreased f o r  l a r g e r  va lues  of 6. 

The h o r i z o n t a l  f o r c e  i n  t h e  i c e  s h e e t  ad jacen t  t o  
a  symmetrical rubble  wedge ( s a i l  o r  k e e l )  may be 
determined by i n t e g r a t i n g  t h e  normal s t r e s s  a long t h e  
v e r t i c a l  a x i s  ( 8 = O), 

From Eq. ( 3  t o  8, 19 )  

where H is height  of wedge (from apex t o  base, s e e  
F igure  4a) and t h e  angle ,  to, is  1 . The o r d e r  of 

2  
these  f o r c e s  may be i l l u s t r a t e d  by consider ing a n  
example of t y p i c a l  va lues  f o r  a  f i r s t - y e a r  pressuze 
r idge  of a  symmetrical t i angu la r  s a i l  (6 '  = 60°, 5 
6 = 25" and y = 6200 N/m ). The f o r c e  a s soc ia ted  wi th  
k e e l  formation may be taken a s  approximately equa l  t o  
t h a t  a s soc ia ted  wi th  t h e  s a i l  ( s ince  weight of t h e  s a i l  
equa l s  buoyancy of t h e  kee l ) .  Thus, f o r  a  s a i l  he igh t  
of 3  m t h e  f o r c e  i t h e  i c e  shee t  dur ing r i d g e  bu i ld ing  
would be 2.34 x 10' N/m. 

ksymmetrical rubble  f e a t u r e s ,  a s  shown i n  Fig. 4b, 
may have s a i l  and k e e l  apexes a t  d i f f e r e n t  v e r t i c a l  

*This i s  the  value  of $' f o r  an i n t e r n a l  f r i c t i o n  
angle ,  6  = 50" and a  cohesion c o e f f i c i e n t ,  k  = 0.15. 
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Figure  2  S t r e s s  c o e f f i c i e n t ,  So, f o r  symmetrical 
wedges 

planes.  The h o r i z o n t a l  f o r c e  i n  t h e  i c e  shee t  should  
be e s t ima ted  by inc lud ing  t h e  shea r  s t r e s s e s  on p a r t  of 

t he  h o r i z o n t a l  base of t h e  wedges i n  a d d i t i o n  t o  t h e  
normal s t r e s s e s  on t h e  v e r t i c a l  p lanes  through t h e  

apexes. Note t h a t  JI can be determined from t h e  
boundary values  and f i n e a r  d i s t r i b u t i o n  of J, given by 
Eq. (14) and (15). Normal and s h e a r  s t r e s s e s  on t h e  
ho r i zon ta l  base of t he  wedge a r e  given by 

'Jx 
= [ l  2 s i n + '  cos2($ + e ) ]  (23) 

cose  

T = YSH s i n $ '  s i n Z ( ~ ,  + 8) 
cose  

(24) 

The s t r e s s e s  on t h e  base of t h e  s a i l  of a  r idge  would 
n o t  be i n  equ i l ib r ium w i t h  those  on t h e  base  of t h e  
k e e l  i f  both s a i l  and k e e l  had a  common plane boundary 
a t  t h e  water  l eve l .  In s t ead ,  a t  water  l e v e l  a  l a y e r  of 
rubble  o r  an i c e  shee t  must e x i s t  t h a t  has  s t r e s s e s  
from t h e  s a i l  and k e e l  a c t i n g  on d i f f e r e n t  s i d e s .  
I n t e g r a t i o n  of t h e  shea r  s t r e s s e s  a long t h i s  l a y e r  
g i v e s  t h e  same t o t a l  h o r i z o n t a l  f o r c e  i n  t h e  i c e  cover  
a s  t h a t  p red ic t ed  by Eq. (22).  

The f o r c e  obta ined from t h e  p o t e n t i a l  energy 
approach f o r  a  symmetrical wedge is (Kovacs and 
Sodhi (1)). 

where yi and t a r e  t h e  u n i t  weight and th i ckness  of i c e  
b locks ,  r e spec t ive ly .  The r a t i o  of t h e  f o r c e s  
p red ic t ed  from t h e  p resen t  a n a l y s i s  t o  those  from t h e  
p o t e n t i a l  energy approach i s  

Typical  values  of the  v a r i a b l e s  i n  Eq. (26) g ive  r a t i o s  
of t h e  o rde r  of 20. 

The preceding a n a l y s i s  a p p l i e s  t o  newly formed, 
f l o a t i n g  rubble  wi th  a  wedge-shaped s a i l  o r  k e e l  and 
two plane,  s t r e s s - f r e e  s i d e s .  Grounded rubble ,  on t h e  
o t h e r  hand, would have d i f f e r e n t  boundary condi t ions .  

0 10 20 30 40  50 60 

S I D E  S L O P E ,  6 ( d e g r e e s )  

Figure  3 S t r e s s  c o e f f i c i e n t ,  So, f o r  a symet r i ca l  
wedges wi th  one h o r i z o n t a l  s i d e  (62  = 0 )  

The s i m i l a r i t y  s o l u t i o n  could be extended t o  t r e a t  such 
cases  only i f  t h e  grounding s t r e s s  on t h e  k e e l  s i d e  
were p ropor t iona l  t o  the  d i s t a n c e  from t h e  apex. 

Shore pile-ups occur r ing  above wa te r  l e v e l  may 
correspond t o  t h e  above a n a l y s i s  i f  t h e  rubble  is  
pressed  a g a i n s t  a n  o b s t a c l e  i n  such a  way t h a t  a  
pas s ive  stress s t a t e  e x i s t s .  An i c e  s h e e t  o r  a l a y e r  
of rubb le  advancing on t h e  shore  would be sub jec ted  t o  
r e s i s t a n c e  due t o  rubble  on i t s  top  s u r f a c e  ( o r  t h e  
base  of rubb le  wedge) and t o  t h e  r e s i s t a n c e  of 
grounding on i t s  bottom su r face .  Rubble f o r c e s  can be 
e s t ima ted  a s  f o r  f l o a t i n g  ice .  Ground r e s i s t a n c e  may 
be assumed t o  be equa l  t o  the  normal f o r c e  from t h e  
rubb le  wedge m l t i p l i e d  by a  f r i c t i o n  c o e f f i c i e n t  
between t h e  s o i l  and i ce .  Note t h a t  t h e  shea r  s t r e s s e s  
from t h e  ground and t h e  rubb le  wedge a r e  n o t  i n  
equ i l ib r ium and a c t  i n  a  d i r e c t i o n  oppos i t e  t o  t h e  
movement of t h e  advancing i c e  shee t .  Other pile-up 
s i t u a t i o n s  (no t  considered he re )  may occur where t h e r e  
a r e  no v e r t i c a l  o b s t a c l e s  e x e r t i n g  h o r i z o n t a l  f o r c e  on 
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Figure  4 I c e  rubble  f e a t u r e s  
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