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Theoretical Estimation of Floating Ice Sheet Deflection 
Caused by the Motion of a Submerged Object 

Executive Summary 

The vertical deflection of floating ice sheets subjected to the movements of an underwater object is the subject 

of the present theoretical study. Steady deflections are estimated based on theories of small deformation of thin 

plates and potential flow using Fourier and Laplace transform techniques and complex analysis. Deformations 

are computed for different combinations of object shape, speed, depth, and ice thickness. Depending on the 

problem condition, deflection extremes range between a few millimeters to tens of centimeters. Ice vertical 

deflections are reduced by an increase in object depth and ice thickness and with a decrease in object speed. 

Flexural-gravity waves, resembling a Kelvin wake pattern, are formed when the speed of the object is more 

than a critical speed. Below this speed, deflections resemble a Bernoulli hump seen in openwater conditions. 

The report presents a summary and recommendations for future work. 

1. Introduction 

Freeze-over of natural bodies of water in cold regions is an annual occurrence.  Floating ice can interfere with 

human activities including offshore transportation and offshore fishing. When strong (thick), this ice can bear 

loads and is occasionally used as roads and construction platforms. Regardless of whether the existence of ice 

is beneficial, floating ice is deformed when loaded laterally. Examples of this load are the weight of a truck 

moving or parked on an ice road or pressure loads caused by swimming of an arviq (bowhead whale) under 

ice. Interestingly, the feasibility of non-contact ice-breaking by fast submarines, in contrast to conventional ice-

breaking applications of vessels, is being considered (Economist, 2017).  

Measurement and theoretical estimation of ice roads deformations by moving vehicles have been the subject of 

several past studies. For a list of relevant publications see (Squire et al., 1996). The deformation of ice roads 

caused by moving trucks has been recently observed from space (van der Sanden & Short, 2017). Whether 

this is also possible when the moving object is submerged mainly depends on associated deformation 

magnitudes. The number of studies of ice deformations caused by submerged moving objects is much less 

than that of over-ice moving vehicles. Examples of relevant studies include (Kozin & Pogorelova, 2008; Părău 

& Vanden-Broeck, 2011; Kozin & Zemlyak, 2011; Pogorelova et al., 2012). The present report is on the 

estimation of deformations of a floating ice sheet loaded by the motion of a submerged moving object. The 

purpose of this estimation is the generation of information needed for identification of the relationship between 

the deformation magnitude, its pattern and dependence on the shape and speed of the object and its depth. 

This estimation is through the solution of equations governing the fluid flow and the bending of the ice sheet 

subject to relevant boundary conditions forming a complete boundary value problem. The present work 

combines the developments by Kozin & Pogorelova (2008), Pogorelova (2011) and Pogorelova et al. (2012). 

The report proceeds with a section on assumptions, modelling and solution details, followed by a results and 

discussion section and ends with a section on conclusions and suggestions for future work.   

2. Modelling Details 

This section briefly describes the details of the problem and summarizes the modelling assumptions, equations, 

and solution procedure. The problem is the computation of vertical deflection of an ice sheet with a uniform 

thickness of	ℎ, loaded by the motion of an object with length of 2� and a radius of	�, moving horizontally with a 

uniform speed of � at a depth of	�. Figure 1 shows relevant problem parameters. Note that horizontal 
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coordinates are x and y, and respectively parallel and perpendicular to the object path. The xy plane coincides 

with the underside of the ice, where the vertical coordinate, z, equals 0. Consult Figure 1 for a diagram.   

We tackle this fluid-ice interaction problem by the establishment of a relevant boundary value problem 

describing the coupled motion of the fluid and the ice sheet caused by the motion of the submerged object. The 

modelling details of fluid and solid mechanics of the problem are explained separately in this section. 

 
 

Figure 1. Parameters and geometry of the problem. 

 

Motion of the ice sheet 

Small deformation, thin plate theory of plates (Timoshenko & Woinowsky-Krieger, 1959) is adopted for 

describing the motion of the ice. Conditions for the validity of this theory are as follows: 

• The (ice) plate deflection and its derivatives are small. Particularly, the deflection (along z direction) is 

smaller than the thickness.  

• The plate thickness is very small relative to its other two dimensions. This condition is easily satisfied 

for large continuous ice sheets.  

• The middle plane of the plate does not experience any stress. The middle plane is then neutral which 

means in-plane external loads can be neglected. 

• Planes originally normal to the neutral plane remain normal to it after the deformation, which means 

the resulting shear deflections of the ice plate can be neglected. 

• Normal stresses along the thickness are negligible relative to in-plane stresses which means the three-

dimensionality of the problem can be neglected. This allows simplification into a two-dimensional 

problem, i.e., the deflection of ice is only a function of x and y. 

In addition to the above, the ice is homogenous, isotropic and geometrical, and material nonlinearities are 

neglected, i.e., strains are small and the ice behavior is linearly elastic. Answering to the question of how the 

violation of any of the above conditions impact the estimated ice deflection is extremely difficult since this 

impact is problem specific. As an example, for a simply supported laterally loaded plate, the deflections are 

overestimated as they approach and exceed the plate thickness (Melliere, 1969). Note that disregarding of any 

of above validity conditions leads to problem complexities beyond the scope of this study.   

Ice sheet 

Moving object 
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Motion of the fluid 

The ice is deflected because of the motion of the object. To calculate this deflection, the fluid pressure and 

velocity field created by this motion is needed. The flow away from the immediate vicinity of the object is not 

highly frictional and rotational. Flows of this nature can be modelled by the potential flow theory (White, 1979). 

The velocity field of a potential flow is the gradient of a scalar function named the potential function. 

Additionally, the pressure field in a potential flow can be estimated by the Bernoulli equation. The potential flow 

theory is not suitable for the estimation of frictional and rotational flows, which is the case in the thin boundary 

layer around the moving object; vortices and flow separation, usually associated with non-“streamlined” objects, 

are not captured either.  

Governing equations, boundary conditions and solution procedure 

In a Cartesian coordinate system moving with the object, steady-state governing equations and boundary 

conditions, considering the above assumptions and conditions, are: 

�∇
� −  + ℎ���� ���
��� = 0                                                                                                                              (1a) 

 = −���� + ��� ��
��                                                                                                                                       (1b) 

��
�� ���� = −� ��

��                                                                                                                                                (1c) 

in which �� , "# and $� , ", %# are respectively, the vertical deflection of the ice mid-surface and the flow 

potential function,  is the pressure acting on the underside of the ice and positive when acting upward, � is the 

density and subscripts & and ' denote ice and water, ( denotes partial derivation, � is the gravitational 

acceleration and � is the flexural rigidity of the ice plate which is equal to 
)*+

,��,-.�# with / and 0 being Young’s 

modulus and Poisson’s ratio of ice. 

Equation (1a) governs the motion of the plate subjected to  being the flow pressure on the underside of the 

ice. Equation (1b) is the linearized version of Bernoulli equation, relating the pressure to the deflection and 

velocity (the gradient of the potential function is the velocity). The main boundary condition of the problem is 

equality of the vertical speed of the ice and that of the fluid at the interface. Equation (1c) is imposing this 

boundary condition in a linearized form. If the problem is only propagation of surface water waves in the 

absence of ice, this linearization requires that the ratio of wavelength to wave amplitude to be more than 7 

(Techet, 2005). Note that since the ice is assumed to be very large in x and y directions, if the ice deflections at 

“infinity” is finite, the boundary condition on the vertical cross sections of the ice at “infinity” has an insignificant 

effect on the deflection of the ice in the region of interest. This condition is implicitly satisfied in the solution 

procedure. Additionally, we are not imposing any velocity boundary condition at any finite depth in the fluid 

domain. The infinite depth of the domain and equality of the vertical component of the flow velocity at the 

bottom to zero are both imposed implicitly in the solution procedure.  

Kozin & Pogorelova (2008) solved Eqs. (1) for a horizontally moving source-sink system in which the strength 

of the source is equal to the strength of the sink. The source is at % = −� and the sink at	% = �. The solution 

provided therein, is mainly based on the Fourier and Laplace transform techniques and reduces to the following 

double improper integral: 

�, = 12
3� 4 4 5-67�829,:

;2
:
�

<=>?�2@82�-;2�A
B82C-82�D82D;2� E9, cos�I,",#EI,                                                                                   (2)    

in which non-dimensional parameters of �,, J,, K,  ,, ",, and L are respectively � M
N�,	J M�

NC (J is the strength of the 

source with volume/time dimension), 
N

OMP (Froude number),  M
N� , " M

N� , and 
QM+
RSNT. Note that in the derivations 

leading to Eq. (2) the inertia of the ice is assumed to be negligible. This assumption is valid when	L ≫ V = RW*M
RSN�. 
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According to Schulkes & Sneyd (1988) work on the modelling of ice roads, neglecting inertia is justifiable when 

the wavelength of ice deflection is much larger than the ice thickness, in which case the mass of the moving 

fluid is much more than that of ice (Squire et al., 1996). 

It can be mathematically shown that the behaviour of the integrand associated with the integral of Eq. (2) highly 

depends on whether the object speed is more or less than a value named the critical speed, XYZ�[. This value for 

deep basins is	XYZ�[ = 2\ QM+
�]RS^

2
T
. When the speed of the object is less than the critical speed, the integral is not 

singular within the integration range, however, when the object speed is more than the critical speed, the 

integral is singular over curves within the integration. The singularity of the problem is treated via complex 

analysis and Cauchy's residue theorem. When the integral is singular and it is evaluated for a location in front 

of the source ( _ 0), the integral can be significantly simplified. However, when	 ` 0, an additional step in the 

treatment of singularity is required. Kozin & Pogorelova (2008) briefly explains the integration procedure. In the 

present work, the integral is evaluated using a combination of MATLAB built-in capability and an in-house 

developed code in MATLAB using Gauss-Legendre integration technique with 512 integration nodes. Local and 

global tolerances of integration were set to	10-b.  
Generation of the shape of the object 

The sink-source pair that was used by Kozin & Pogorelova (2008) to represent the moving object has two main 

limitations: (1) It cannot reproduce an oval object shape shown in Fig. 1, and (2) a realistic value of	J that leads 

to correct representation of the object is unknown. Additionally, the flow does not intersect with the free surface 

in reality, but with the present source-sink system, it flows from the source to the sink. The horizontal speed at 

the interface is however correctly imposed and is equal to	�. To depict the first limitation, an online potential 

flow viewer for two-dimensional flows (Potential Flow simulator, 2019) was used. Figure 2 shows streamlines of 

a 2D sink-source system when	J = 1000	c+
d ,	� = 20	e, and � = 10	cd . As seen, the streamlines are not 

representative of what is expected by the oval object shown in Fig. 1. 

 
Figure 2. Streamlines of a sink-source system cannot acceptably represent the oval object shown in Fig. 1. The 

figure is for 2D system associated with	J = 1000	c+
d ,	� = 20	e, and � = 10	cd . The horizontal axis is the x 

coordinate and numerical value in the figure are in meter. 

To lift the two limitations given above, Pogorelova et al. (2012) proposed a new system with two sink-source 

pairs shown in Figure 3. Approximate object length (2�), and radius (�) are imposed by the strength of the 

sources, which is equal to the strength of sinks, based on the following equation: 
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  J = �J�                                                                                                                                                        (3a) 

J� f g�� ?1 + Z�
� \1 − ,

�
h�D,#2.C^A                                                                                                                   (3b) 

 

 
Figure 3. Double sink-source system used in the present report for the representation of the oval shown in Fig. 1. 

 

in which j = 	 kl and m = P
l . The horizontal distance between the sink and the source is given by the following 

equation: 

2�1 = 2� − 2n                                                                                                                                               (4a) 

n f k
� ?1 + Z�


 \]b − ,
�
h�D,#2.C + ,

b�h�D,#2.C^A                                                                                                        (4b) 

This approach significantly improves the generation of the oval object. Figure 3 shows the streamlines for a 2D 

case for conditions similar to the condition associated with Fig. 2 for an object that is 50 m long with a diameter 

of 5 m. Note that for this example, according to Eqs. (3) and (4), J and n are 197.1851 
c+
d  and 1.2525 e. 

 
Figure 4. Significant improvement in the generation of the oval shape of the moving object by the two sink-source 

pair system. The figure shows streamlines of a 2D system associated with	J = 197.186	c+
d ,	� = 20	e, and � =

10	cd , 2� = 50	e, and � = 2.5	e. The horizontal axis is the x coordinate and numerical value in the figure are in 

meter. 

Generation of an oval representing the moving object 
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As seen in Fig. 4, this double sink-source approach can acceptably generate the shape of the object. This 

generation is a close approximation if three conditions are met: (1)	j ` 0.3 (the object is slender), (2)	m _ j 

(object radius is less than its depth), and (3)	 1P� ≪ � (to minimize flow from sources to sinks) (Pogorelova et al., 

2012). For the above example, these conditions are met:	j = 0.1 ` 0.3 ,	m = 0.8 _ j, and 
1
P� = 0.493 ≪ � = 10. 

Considering the above approach, the vertical deflection of ice, 	�,wxwyz, is found by the superposition of the 

solution of two (single) sink-source systems located at  = 0 and  = 2�1 by the following equation: 

�,wxwyz = �,� , "# − �,{ − 2�1, "|                                                                                                                      (5) 

in which �, is given by Eq. (2). This superposition approach is possible because of the linearity of the governing 

equations of fluid flow and ice deflection, as modelled in the present study. 

 

3. Test Matrix and Select Modelling Results 

Vertical deflection of ice was computed for a total of 56 cases consisting of different combinations of object 

geometry (two objects) and speed, moving depth and ice thickness. Results of the computations were delivered 

to the client of the study, AstroCom Associates Inc. The test matrix of the computations is given in Table 1. 

Table 1. Modelled 56 cases. 

Object (length, 
diameter) ,	�}~, }�#, 

pair, � 

Object depth,	�, � Object speed, �, 
�
�  

 

Ice thickness, �, � 

Object 1: (170, 13) 
Object 2: (110, 13.5) 

30, 40, 65 2.572, 5.144, 10.289  0.25∗, 0.5, 1 

With two additional runs:	� = 60	e,	� = 15.433	e/�	, ℎ = 1	e for each object pair. 

∗ This thickness is associated with the critical speed,	�����, of	9.451�
� .  

  

Numerical values of material properties are:	/ = 559	��, 0 = ,
� 	 , �� = 1030 �M

c+. Gravitational acceleration,	�, is 

9.81 c
d�. Note that since we are neglecting the inertia of the ice plate, the results do not depend on the density of 

the ice,	��. 
The impact of ice thickness and object depth, speed, and geometry on the deflection of the ice was briefly 

investigated.  

When the thickness of ice is increased, its deflection is reduced. Figure 5 shows deflections on " = 0 for Object 

1, of Table 1, when the object depth is 30 e and its speed is 5.144	cd .  
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Figure 5. The ice deflection is reduced with an increase in the ice thickness. The above curves are for " = 0 and 

Object 1of Table 1 when the depth is 30 e and its speed is 5.144		cd .  

 

When the object depth is increased, deflections are reduced. This is shown in Fig. 6 for Object 1 moving with 

the speed of 10.289	cd . 

 
Figure 6. As expected, an increase in the object depth reduces the deflections. This figure is for Object 1 moving 

at 10.289 
c
d  under an ice sheet of 0.5 e thick. The above curves are for	" = 0. 

 

Figure 7 shows the significance of object speed on the deflection pattern of ice. For subcritical speeds,	� `
XYZ�[, the deflection of the ice is concentrated in a region close to the object and no steady wave exists in ice. 

For openwater conditions this deflection pattern is occasionally named Bernoulli Hump (Chen, 2005). This is 

seen is Figs (5) and (6) above where the speeds are subcritical. However, for supercritical speeds,	� _ XYZ�[, 
flexural-gravity waves, with restoring forces of the flexion of ice and gravity, are formed. This wave pattern 

resembles Kelvin wake pattern behind an object moving at the interface of two different fluids. When ice 

thickness is 0.25	e, for the present ice and water properties, the critical speed is 9.451	�� . Figure 7 is for this ice 

thickness and for Object 1 moving at a depth of 40	e.  
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Figure 7. Formation of flexural-gravity waves in ice for supercritical speeds. This figure is for Object 1 moving to 
the right under a 0.25 e thick ice at a depth of 40	e. The above curves are for	" = 0. For this condition, 

approximate wavelength associated with the speed of 10.289 
c
d  is 62	e.  

   

Figure 8 shows the two-dimensional ice surface deflection for the same ice, object and depth of Fig. 7 for 

subcritical and supercritical speeds of 5.144 
�
�  and 10.289	��  (Figs. 8a and 8b, respectively). 

This section ends with a comparison of ice deflection produced by two different objects, Object 1 and Object 2. 

Figure 9 depicts the effect of object shape for two different object speeds: a subcritical and a supercritical case. 

Regardless of the speed of the object, the absolute value of deflections extremes caused by Object 2 is larger 

than that of Object 1. Note that the difference between Object 1 and Object 2 is mainly their length, former 

being 170 m and latter being 110 m long. The major difference between deflections caused by the motion of 

Object 1 and Object 2 is on the deflection troughs. The response to the object length strongly depends on the 

deflection caused by single sink-source pair and the superposition of this deflection with the second single sink-

source, see Fig. 2. Depending on the deflection distribution of a single source-sink pair and the spacing 

between this pair with the second pair, the superimposed deflection of different object could differ. It is 

expected that deflection extremes generated by objects longer than Object 1 will be very similar to those 

caused by Object 1.   
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Figure 8. Two-dimensional vertical ice deflection associated with Fig. 7 for two object speeds of (a) 5.144 m/s, and 
(b) 10.289 m/s. Bernoulli hump and Kelvin wake patters are seen depending on the object speed. The former for 
subcritical case, Fig. 8a, and the latter for the supercritical case, Fig. 8b.  

 

b 
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Figure 9. Object 2 generates larger deflections than Object 1. Object 2 is approximately 35% shorter and 4% wider 
than Object 1.  

4. Conclusions and Recommended Future Work 

The motion of a submerged object under a floating ice sheet deflects ice if the moving object is close to it. 

Computation of these deflections is the subject of the present study. Theories of small deformation of thin 

plates and potential flow are employed in the derivation of governing equations which are solved by Fourier and 

Laplace transform techniques and complex analyses. The object shape is an oval and is generated by the 

superposition of two moving sink-source pairs whose spacing and strength is imposed by the object shape and 

speed. Deflections caused by different conditions including object shape, speed and depth, and ice thickness 

are computed. Thicker ice, deeper and slower object generate smaller deformations. Flexural-gravity waves 

form when the object is moving faster than a critical speed which is a function of flexural rigidity of ice and 

density of the fluid for deep basins.    

The present study is expected to capture the main physics involved, and is a reliable first approximation of 

deflections produced by the motion of submerged object. The present study is however, not applicable when: 

(1) Object velocity changes. This is the case for turning, accelerating and decelerating objects. 

(2) The basin is shallow which is expected to produce larger ice deformations. 

(3) Ice thickness is non-uniform and ice floe size is not very large compared with its thickness and the size 

of the object. 

(4) Ice deflections are large compared with the thickness of ice. 

(5) Object is very fast under thin ice. 

(6) Object shape is complex and the flow separation and rotation are dominant. 

Future developments could include the extension of the present model, and/or development of new models, to 

provide solutions applicable to the above conditions. 
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