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Photonic multipartite entanglement in discrete variables without arbitrary unitaries
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We present an approach for designing sources of postselected multipartite states based on photon-pair sources.
Our approach can be applied to arbitrary target states in different encoding schemes and physical platforms. It
also allows one to limit the types of components to be used in the device, such that lossy or difficult-to-implement
optical elements can be avoided. As an example, we apply this strategy to design a passive integrated source of
frequency-bin-encoded high-dimensional GHZ states with a 10-kHz on-chip generation rate for picojoule pump

pulses.

DOLI: 10.1103/PhysRevResearch.7.013060

I. INTRODUCTION

Entangled states are necessary for tests of fundamen-
tal physics, and for many applications under the umbrella
of “quantum technologies” [1]. A simple example is the
class of bipartite entangled states consisting of two parti-
cles entangled in a discrete degree of freedom. A much
broader class of resources includes multipartite entangled
states, which consist of three or more particles entangled in
a manner that cannot be reproduced by ensembles of bipar-
tite states. These multipartite states are important resources
in practical applications including multipartite secret shar-
ing, measurement-based quantum computation, and photonic
quantum repeaters [2-5]. In many contexts, using entangled
states of light in particular has a number of advantages; our
focus here is on the generation of photonic multipartite entan-
gled states.

While entangled pairs of photons can be generated directly
by processes such as spontaneous four-wave mixing (SFWM)
or spontaneous parametric down-conversion (SPDC), the gen-
eration of multipartite states is more challenging. Usually, this
is done by multiplexing many photon-pair sources, employing
linear components in the device, and implementing postselec-
tion. Such devices require indistinguishability over the entire
structure, and stability over the longest possible time scales.
Integrated photonic circuits are a particularly promising plat-
form for the implementation of these devices, because of their
stability, scalability, tunability, and efficiency [6,7].

There are many encoding schemes from which one can
choose. Here, we focus on frequency bin encoding, a type
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of energy encoding scheme in which the logical states are
sufficiently close in frequency that they can be modulated
with commercial electro-optic modulators (EOMs) [8]. This
encoding scheme is robust, high dimensional, and it is
compatible with integrated photonic devices. Furthermore, a
frequency bin encoding scheme is scalable in the sense that
the dimensionality of the photonic state can be increased with-
out necessarily increasing the physical size of a device, unlike
approaches based on path encoding. Frequency bin encoding
also has practical advantages in the context of networking and
communications, since it is a resilient degree of freedom. For
these reasons, frequency bin encoding in integrated structures
seems to be a promising approach for the generation of entan-
gled states in discrete variables. The generation of Bell states
and higher-dimensional bipartite states has been demonstrated
with high fidelity using integrated structures [9-11], and the
generation of multipartite states is now being explored [12].

Progress in this direction would benefit from a method for
designing sources of multipartite states. One approach is to
adapt approaches that have been established in other encoding
schemes; for example, strategies for generating polarization-
encoded GHZ and W states have been well established for
decades [13,14], and these have been “translated” into other
encoding schemes as well [15-17]. But the usefulness of this
approach is limited: There are many states, particularly high-
dimensional ones, for which generation schemes are not well
established. And even where this approach can be used it does
not necessarily result in the most practical device, since there
can be particular challenges and advantages associated with
the new platform. For example, a spatial beamsplitter is pas-
sive and relatively easy to implement, whereas the equivalent
transformation in frequency is more difficult to implement; it
requires the use of active components such as electro-optic
modulators (EOMs), or nonlinear processes such as Bragg
four-wave mixing [18,19].

Developing a more systematic approach is challenging be-
cause the generation of multipartite states from conventional
parametric sources requires measurement and postselection.

Published by the American Physical Society
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It is not trivial in general to determine the “full” state prior to
any postselection, that yields a target postselected state. Some
progress in this direction has been made for devices in which
one postselects on the simultaneous detection of at least one
photon in each of the N modes identifying the qudits of an
N-partite state [20-22]. This type of postselection is compati-
ble with applications in which the qudits of the multipartite
state need only be manipulated locally, and is relevant for
communication and secret sharing protocols. Indeed, recently
a multipartite secret sharing protocol based on a postselected
source of GHZ states was demonstrated [23].

But determining the “full” state required to generate a
target state is only part of the problem: One must translate this
into a physical device to obtain a practical source for the target
state. In this paper, we present a strategy for designing these
devices that can be applied to arbitrary encoding schemes,
and that can accommodate restrictions on the types of com-
ponents that can be implemented in practice. By combining
this with earlier study linking graph theory to quantum optics,
this amounts to a general strategy for designing sources of
postselected multipartite states. We apply this approach to the
design of an efficient source of qutrit GHZ states, motivated
by recent study on multipartite secret sharing, and anticipating
a practical advantage with higher-dimensional systems for
multipartite communication [24]. In Sec. II we introduce our
notation, and we outline our approach for designing a source
of the weakly squeezed state to which postselection will be
applied. In Sec. III we address the problem of determining the
weakly squeezed state that corresponds to a target DV state
after postselection; we review a graph-based approach that
can be used to this end. In Sec. IV we apply this graph-based
approach to a high-dimensional four-photon GHZ state, and
in Sec. V we discuss the design of an integrated frequency-
bin-encoded source of these states. We conclude in Sec. VL.

II. NOTATION AND UNITARY EVOLUTION

We consider devices involving photon pair sources, fol-
lowed by linear evolution and postselection, as sketched in
Fig. 1. The lines in Fig. 1 represent the M modes that the
generated photons can occupy. We assume that each photon
pair source generates photons in a single Schmidt mode. Then
the sources in the device can be collectively described by a
pair creation operator

Cjy = Z B, )

mm

provided that the sources are pumped coherently. The sub-
scripts label the modes in which photons can be generated;
these can be defined by more than one degree of freedom
(DoF); for example, path, polarization, frequency bin, etc.
When this type of device is used as a source of multipartite
DV states, each mode m encodes a logical state of a qudit,
with each group of d modes corresponding to a single qudit.
It is useful to group the DoFs into those that label the qudits,
and those that encode the logical states; we refer to these
respectively as “external” and “internal” DoFs, extending no-
tation introduced by Krenn et al. [21]. For example, in the first
experiments involving GHZ states, path and polarization were
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FIG. 1. A sketch of the devices we consider. The box on the left
represents a set of photon pair sources that collectively generate a
multimode squeezed state; the different modes are represented by
the black lines, and are labeled following the notation in Eq. (1).
The labeling of the modes is the same after the linear unitary circuit
that is represented by the box labeled “U”. The box on the right
represents measurement and postselection on the state, which results
in a postselected state |1),,q. We characterize the squeezed states
before and after U in terms of the adjacency matrices /_3 and B.

the external and internal DoFs [25]. Note that this distinction
does not rely on the internal and external DoFs being phys-
ically different, but depends only on the encoding scheme.
For example, in an encoding scheme that involves only one
physical DoF (such as path encoding), internal and external
DoFs can still be identified by assigning to each mode two
labels that index the qudits and the logical states. We will
also refer to “external” (“internal”’) modes, by which we mean
the set of modes defined by a fixed setting of the external
(internal) DoFs.

The a{* are bosonic creation operators for the mode m,
and Em,m, is an amplitude associated with the creation of a
photon pair in modes m and m’. These amplitudes can be un-
derstood as the elements of a M x M symmetric matrix f that
describes the correlations between all the pairs of modes. We
define [B|> =Y, |Bw|* in the limit |8 < 1, this can
be understood as the probability per pump pulse of generating
a photon pair.

The “input” state to the subsequent unitary circuit can be
written as [26]

W) = S vac) )

neglecting time ordering effects. The generated photons then
propagate through a linear unitary circuit. This can be de-
scribed in a standard input-output picture [27] as

(Out) Z U ma in) (3)

where we have defined a set of bosonic “output” operators
a'®, and the elements of the unitary are labeled U,,. Since
the unitary is linear, the state at the output of the unitary has
the form of Eq. (2), now with

Chr =Y Bum

m, m

T(oul) T(Ollt) 4)

The output state is characterized by another matrix B, related
to B by

B=UBU", )
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which can be found by writing Eq. (6) in terms of output mode
operators using Eq. (3), and comparing to Eq. (4).

If the target state at the output of the unitary is defined—
that is, if B is specified—one can solve Eq. (5) to determine a
B and U that yield the desired B (recall Fig. 1). Since 8 and
U respectively correspond to a set of photon pair sources and
a unitary circuit, a solution to Eq. (5) is sufficient to design a
source for the output state characterized by B.

If one allows for an arbitrary unitary, a solution can be
identified by taking the Takagi decomposition of 8 [28], which
yields a diagonal 8, such that 8, ,, = B,,L,n/(Sm,mr in Eq. (1).
This corresponds to a device with the simplest possible con-
figuration for the photon-pair sources: One only needs sources
that generate photon pairs that are identical in all DoFs. For
example, in a path encoding scheme, a diagonal 8 would be
implemented with photon pair sources that emit both indistin-
guishable photons into the same path. The unitary resulting
from the Takagi decomposition would be implemented by
decomposing it into a mesh of beamsplitters [29,30].

Physically implementing the solution given by the Tak-
agi decomposition generally requires that one be able to
implement an arbitrary unitary transformation. In certain
cases—especially those in which an arbitrary unitary involves
different types of transformations [31]—one may wish to put
restrictions on the form of the unitary; for example, to avoid
the use of difficult-to-implement or inefficient operations. One
can seek solutions to Eq. (5) subject to restrictions on the form
of U, at the cost of requiring a more general form for 8 than
the diagonal matrix resulting from a Takagi decomposition.
Accommodating this added complexity in B requires sources
that can generate photon pairs in two different sets of DoFs
[i.e., m # m’ in Eq. (1)], which is relatively straightforward in
many situations.

A less trivial task, and yet more interesting, is solving
Eq. (5) subject to the restriction that the unitary should involve
no transformations of a subset of the relevant DoFs defining
the modes m. For example, in Sec. V we will avoid frequency
transformations in order to avoid the use of active compo-
nents. We explicitly label the different DoFs that define the
modes in Eq. (1), writing

N N
T i f(in) f(in)
C = § 2 Bant wln Gy 6)

n.n' mn

The barred and unbarred indices refer to DoFs that can and
cannot be manipulated, respectively. By N and N we denote
the dimensionality of the two DoFs, and NN = M. Even if
the modes are labeled by more than two DoFs, these DoFs can
still be grouped according to whether they can be manipulated
by U or not. In this case the barred and/or unbarred indices
in Eq. (6) would in turn be defined by more than one DoF, but
the form of Eq. (6) and the following discussion still apply.
We partition U as

Un Up - Uw
U: . . . . (7)

UNl UN2 UNN

such that the M x M matrix is partitioned into N? blocks.
Each block is a N x N matrix with the form

Uln;ln’ Uln;Zn’ Ul n;Nn'
Un,n’ = : : .. . (8)

Uﬁn; 1n’ UNn;Zn/ Uﬁn Nn'

Since the unbarred indices refer to DoFs that cannot be manip-
ulated by the unitary, we require Uz, = Uz Sn; that is,
U must be block diagonal. Applying this restriction in Eq. (5)
one finds the modified condition

n T
Bij = UiBiU jj, ©

where B;; and B, ; are blocks of the matrices defined in Sec. I,
partitioned in the same way as U in Eq. (7). The right-hand
side of Eq. (9) is a matrix product, and no summation over
the indices is implied. One approach for finding a solution to
Eq. (9) is the following:

(1) For the blocks B;; that are zero, the corresponding B; ;
can be taken to be zero. The corresponding U ;; and U ;; remain
unspecified.

(2) For diagonal nonzero blocks (i = j), do the Takagi
decomposition. This determines $;; and the unitary U ;;.

(3) For off-diagonal nonzero blocks (i # j) there are a few
possibilities:

(i) TherelevantU;; and U j; are both determined by the di-
agonal blocks. Then Bi ; is obtained by matrix multiplication.

(ii)) One of U;; or Uj; is determined, but the other is
undefined. In this case, one possibility might be to use the
polar decomposition. For example, if U; is known, then we
have U j'iﬂij = B;;U jTj The matrix on the left-hand side can
be calculated numerically and the polar decomposition can be
done numerically.

(iii) Neither U;; nor U ;; are determined. In this case a
singular value decomposition can be used.

In this way, one can find the U and B that need to be
implemented to produce the state represented by B, subject
to restrictions on the form of U.

With this approach, it is relatively straightforward to design
the device once one determines the weakly squeezed state—
characterized by B—that yields the desired postselected state
[Vrpost) - It is simple (at least in principle) to determine the post-
selected state |1/p05) resulting from a specified B, for example,
by formally describing the effect of photon detection on the
state [32]. But doing the reverse—in particular, determining
the B that results in a target |y/pos)—is more challenging. In
general, the solution to the problem is not unique, and it is not
even guaranteed that such a B exists for an arbitrary |pos)
[22].

When the postselection involves detecting photons in each
external mode [see Fig. 2, and recall the discussion below
Eq. (1)], this link can be made using the representation of
weakly squeezed vacuum states as colored weighted graphs:
In this case, the postselected state corresponds to the perfect
matchings of the graph that represents the state characterized
by B [20-22]; this will be discussed in the following section.
We focus on this type of postselection because this map-
ping between the postselected state and the weakly squeezed
state is established, and also because it is compatible with
near-term applications such as quantum secret sharing [23].

013060-3
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FIG. 2. The postselection scheme we assume in the remainder
of this paper involves conditioning on detecting photons in each of
the external modes, labeled by ¥; in the sketch this is represented
by all the modes labeled by a particular value of ¥ leading to a
single photon detector. The various modes leading to a single SPD
are distinguished by the values of the internal DoF, which is labeled
by the unbarred y. The labeling of the modes is the same at the input
of the unitary.

One can envision more general scenarios with other postse-
lection schemes, including those where only a subset of the
external modes are measured, such that heralded DV states
can be generated. These extensions would require establishing
different ways to determine a B corresponding to |¥pos), but
the discussion in Sec. II applies very generally.

III. GRAPH REPRESENTATION

We now review the graph representation of the state de-
scribed by Eq. (2) with Eq. (4). We first disentangle the
squeezing operator [26] to rewrite Eq. (2) as

W) = Nexp( 3 wawal®™ ™ | ey, (10)

m,m’

where N is a normalization constant [26]. Here again we
identify the coefficients in Eq. (10) as the elements of a
symmetric M x M matrix. In the low-gain regime, where
me, |Bm.m|? < 1, the matrices w and B are approximately
equivalent; more generally, the two are related as described by
Ma and Rhodes [26].

The state in Eq. (10) can be represented as a colored,
weighted graph with T vertices, and with the edges taking
on I" possible colors [20]. The vertices represent the degrees
of freedom used to label the different qudits [external DoFs;
recall the discussion below Eq. (1)], while the colors represent
the degrees of freedom that encode the qudits’ logical state
(internal DoFs). It is useful to explicitly label each mode
m with two indices, which refer to the external and internal
DoFs, as discussed below Eq. (1). We write

T(out) F(out)
Z Wyyy' vy G

vV

[v) = Nexp [vac), (11)

where the barred and unbarred indices label the external and
internal DoFs, respectively. This notation is similar to Eq. (6),
and indeed the idea is the same—namely, to divide the DoFs

O—0@ olo
‘>
0-
) g ®

S o— TP ¢

FIG. 3. A graph representing a weakly squeezed multimode state
(left), and its three perfect matchings (right). The perfect matchings
correspond to a qutrit GHZ state [22].

defining each mode into two groups, and to explicitly label
these. However, the purpose of the grouping is different here
than in Eq. (6): Here, it relates to the encoding scheme, where
both logical states and different qudits need to be identified,
whereas in Eq. (6), the DoFs are grouped according to re-
strictions placed on the unitary implemented by the circuit,
independent of the encoding scheme.

The weights of the edges of the graph representing |1/) are
given by the entries of the adjacency matrix w; the element
Wy, gives the weight of the edge connecting the vertices
¥ and y’, with the colors y and y’. We will arrange the entries
in the adjacency matrix as

Woo  Woi Wor
Wi Wi - Wir

w=| . . ) 0 (12)
Wro Wrp --- Wrr

where each w,, in Eq. (12)isa T’ x T block of the matrix for
a fixed pair of internal mode labels. That is,

Wly:1y’ Wly:2y’ wly;ﬁy’
Woy:1y’ w32y :2y te Wy, . Ty
; ; yiLy
Wyy' = : : .. : : (13)
DFyi1yr Py Wry:Ty’

From Eq. (11) one sees that an edge on the graph can be under-
stood as representing an amplitude associated with generated
photon pairs being distributed in the modes {¥, ¥} and {7, ¥’}
[20,22].

Equation (11) can be written as the expansion

o (oun i (out)
) = <1+ Z Wy 7y Gy G

vy

+_ Z Wy iy .y Ws 5.5 5

7,1/ VY
5,8,8,8
F(out) T(out) I(out) [(out)
Xy, Ay ds 5 Ay + .. )lvac), (14)

which is a superposition of vacuum, two-photon terms,
four-photon terms, and so on. We assume a regime where
wy .5, <K 1, such that one can neglect terms beyond a
certain order to good approximation. The order to which we
expand depends on the number of “external modes” T we
consider; for example, we will see that for the GHZ example
(Fig. 3)—where T’ = 4 and the graph has four vertices—it is
sufficient to work up to the four-photon terms (order w?).

013060-4
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One can think of the postselection as eliminating certain
terms in the full state, while leaving those that correspond
to some target state. By postselecting on coincidences across
all the external modes, we effectively generate a state propor-
tional to the terms of Eq. (14) in which all the external mode
labels appear at least once (see Appendix A). The lowest-order
terms appearing in the postselected state can be understood in
terms of the perfect matchings of the graph [20]—that is, the
sets of edges such that each vertex in the graph is connected
to exactly one edge.

Therefore, if one has target DV state to generate with
postselection, a source can be designed by finding a graph
with perfect matchings corresponding to the terms in this
target state. This can be done using methods that have been
developed by others [21,22]. Once this graph is known, the
weights of the edges can be used to find the form of B, which
characterizes the state before postselection [recall Eq. (4)].
With this and Eq. (5) one can find the necessary configuration
for the unitary and photon pair sources; with this, a source for
the target state is fully specified.

IV. EXAMPLE: HIGH-DIMENSIONAL GHZ STATE

We take our target state to be a high-dimensional four-
photon GHZ state, with the from

1
—=(/0000) + [1111) + [2222)). 15
ﬁ(l ) 4 [1111) +[2222)) 15)

GHZ states are resources in many applications, including
some that are compatible with postselection on all the photons
[2,33,34]. For example, a multipartite secret sharing protocol
was recently demonstrated using single-photon sources and
postselection [23]. The generation of postselected qubit GHZ
states has been discussed extensively [13,16,35-37], but the
generation of photonic qudit GHZ states is less well under-
stood; we address this example as an extension on this earlier
work. These types of sources are also motivated by expected
improvements to the efficiency of communication protocols
when when implemented with high-dimensional states [24].
The graph with the relevant perfect matchings is given in
Fig. 3. We point out that the graph for a qubit GHZ state can be
obtained from this by setting the weights of the green edges to
zero, leaving only two perfect matchings corresponding to the
two terms in the qubit GHZ state. We also point out that a four-
photon GHZ state with higher dimensionality than the one we
consider here requires the use of ancilla photons; the addi-
tional perfect matchings that would be required to increased
the dimensionality of the state cannot be accommodated with
a four-vertex graph, without introducing unwanted crossterms
[22]. We restrict ourselves to the four-photon case here; the
approach for designing sources of states with a higher number
of qudits is the same, but the implementation of these larger
devices is more challenging.
The graph’s adjacency matrix can be written as

V) =

Woo Wo1 W2
w=|wyop w; wp|, (16)
Wy W31 W2

with
[ 0 wlqo;z,o 0 0 ]
w020 0 0 0
Woo = 0 O 0 W3,0:4.0 5 (17)
0 0 W3,0:4,0 0
o 0 0 Wi 14 |
0 0 w2 13,1 0
wi = 0 w2’1;3’1 0 0 ) (18)
W1, 14,1 0 0 0
i 0 0 w1,2;3,2 0 i
_ 0 0 0 W2 2:4.2
W = Wi 232 O O O s (19)
0 W2,2:4,2 0 0
where we have used wy 5, = Wy, 5,. All the off-

diagonal blocks in Eq. (16) are zero, since the graph features
no two-colored edges. The adjacency matrix is specified by
six unique weights, representing the graph’s six edges.

So far we have left the weights of the edges unspecified;
the relative magnitudes and phases of the terms in Eq. (15)
can be modified by adjusting the elements of w. For the
“balanced” state written in Eq. (15), the weights should all
be set equal. One can define the weights relative to any
constant (for example, unity tends to be convenient) when
doing the decomposition required to solve Eq. (5); in practice,
the weights should be much smaller than unity to satisfy the
assumption of a low-gain regime. The § resulting from the
matrix decomposition can be rescaled by a constant factor to
ensure this.

Once the weights are specified, Eq. (5) can be solved
numerically. The simplest approach is to interpret Eq. (5) as
the Takagi decomposition of the matrix B. A physical imple-
mentation for the resulting U can be found by decomposing
it into a product of two-mode unitaries [29,30]. This mesh of
two-mode unitaries can then be implemented using whatever
components are relevant for the encoding scheme and physical
devices with which one chooses to work [31,38,39].

V. IMPLEMENTATION IN FREQUENCY BIN ENCODING
ON A PASSIVE CHIP

We now outline some details about the implementation
of photon pair sources and unitary transformations in a fre-
quency bin encoding scheme in integrated devices.

A. Sources of frequency-bin-entangled photon pairs

Frequency-bin-entangled photon pairs can be generated
through spontaneous four-wave mixing (SFWM) in microring
resonators. This can be done by generating photon pairs across
a comb of resonances, as sketched in Fig. 4. These types of
sources can be implemented using a single low-FSR resonator,
or using several microrings driven coherently, such that the
resonances in the comb belong to different physical compo-
nents. We focus on the latter approach, which can be more
efficient than the former by avoiding tradeoffs that arise for a
single ring [40]. Moreover, this approach is more flexible; one
can independently tune the resonances and modulate the pump
fields for each ring. This tunability is particularly important if
one aims to design passive sources.

013060-5
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FIG. 4. A source of frequency-bin-encoded photon pairs (a), and
a possible configuration for the pump and generated photons (b).
Pairs of photons can be generated in different pairs of ring res-
onances, labeled SO, S1, S2, 10, I1, I2. Different resonances in
(b) belong to physically different rings in (a), as indicated by the
highlights.

We adopt an encoding scheme that involves the photons’
paths and frequencies. Each resonance frequency (see Fig. 4)
has two labels associated with it: One refers to its “frequency
range” (S or I), and the other refers to the frequency bin
(labelled 0,1,, and so on). The frequency bin is defined with
respect to some reference frequency—in this case, the central
pump frequency—regardless of whether it is red- or blue-
detuned from this reference frequency (see Fig. 4). Here, the
path (labelled by lowercase letters a, b, ...) and “frequency
range” (labelled S or /) are the external DoFs, which are
represented by barred indices in Eq. (11); the “frequency bin”
is the internal DoF [unbarred indices in Eq. (11)].

One approach to designing a source of postselected
frequency-bin-encoded states would be to use the Takagi de-
composition of the matrix B for the target state (as discussed
in Sec. IT). The resulting diagonal § would be implemented by
having a photon pair source at the input of each path, gener-
ating photon pairs in the relevant frequency bins as sketched
in Fig. 4. The corresponding U could be implemented using
a mesh of EOMs and passive linear components, such as
directional couplers (DCs) and add-drop microrings [29,39].
In this way one could construct a device that can implement
an arbitrary 8, similar to work that has been done in path
encoding.

But EOMs can be lossy and challenging to integrate, espe-
cially compared to passive components. Although they would
be necessary to implement an arbitrary unitary, analogous
to implementations in path encoding [6,29,30], they are not
necessarily needed in sources of particular classes of states.
In some cases, the requirement for EOMs can be relaxed by
configuring the sources appropriately, as discussed in Sec. II.
For example, this can entail having sources that generate

nondegenerate photon pairs, which is a straightforward gen-
eralization for the types of sources on which we focus [10].

B. GHZ state

As mentioned above, we adopt an encoding scheme in
which the four external modes—indexing the four qutrits of
the GHZ state—are labeled by a path (a or b) and a frequency
range (S or I). We take the vertices numbered in Fig. 3 to be
labeled by these two DoFs as follows:

1 — aS, (20)
2 — al, (21
3 - bs, (22)
4 bl. (23)

The logical state is determined by the frequency bin (0, 1, or
2). If we restrict the form of U to involve no manipulation of
frequency, then we partition the matrices into 36 blocks. For
example, we write

0 0 0 By O 0
0 0 0 R
_| 0 0 Bso.s2 0 0 0
B=1Bps 0 0 0 0 0o |
0 Bug O 0 0 0
0 0 0 0 0 B

(24)

where we have identified the blocks that are zero based on
the graph in Fig. 3. Each B, ;» is the block of B is a 2 x 2
containing the amplitudes associated with photon pairs being
generated with one photon in the ith frequency bin within the
frequency range J, and the other in bin i’ within the frequency
range J'. With reference to Fig. 3—and the corresponding
adjacency matrix given in Egs. (16) to (19)—we can identify

0
Bso.no = [’3 o } =Boso (25

Boso,bio
Bsin = |:,3b5(1),a11 'Bas(l)’b“] = Blisi> (26)
Bsr.so = |: ﬂbs(z),asz ﬂas(z), bsz], (27)
B = |:5b13a12 ﬁa18b12:|' (28)

For a balanced GHZ state, all the amplitudes above should
have equal magnitude. We will take the relative phases to be
zero, so we set all the nonzero amplitudes in Egs. (25)—(28) to
unity,

1 0
Ban=[y 1| =Fow 9)
0 1
ﬁSl,Il = |:1 O] = ﬂITLSl = ﬁsz,sz = .312,12- (30)
The Takagi decomposition for the diagonal blocks gives
U =U L I (€20)
s2,52 =Upn = Gl 1]
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FIG. 5. Sketch of a passive integrated source of postselected
qutrit GHZ states (a). The arrows indicate the input pump fields, and
the detectors indicate output ports. The sources are highlighted in
orange; the configurations of these are indicated in panel (b). The
linear components are highlighted in yellow, blue, and green.

The singular value decomposition of B, ;; yields

Usis1=1 (32)

Unn= |:(1) (1):| (33)

and since Eq. (29) is already diagonal we have Ugg g0 =
U o.70 = 1. From these decompositions we also have

ﬂso,lo = ﬂlo,so = ﬁsu] = ﬁ]].Sl = ﬂsz,sz = ﬂlz,lz =1
(34)

The photonic device implementing this U and B is sketched in
Fig. 5.

The microrings highlighted in orange are the sources tuned
to generate the weak multimode squeezed state characterized
by B, as specified by Eq. (34). Figure 5(b) illustrates the pump
and resonance configurations for the sources. Here, the blocks
of B are all diagonal, so the ring resonances and pump fields
are tuned to generate photon pairs in the same frequency bin,
but more general configurations can easily be implemented
when necessary [10]—an example of a source that requires
this is given in Appendix B.

The DC highlighted in yellow implements the unitaries in
Eq. (31), when properly tuned [29]. The microrings labeled
S2 and 2 are add-drop rings with resonance frequencies at
S2 and I2 respectively, and no other relevant frequency; their
purpose is to route the photons into the output ports (such that
the path we label @’ and b’ are effectively the same as paths a
and b). Similarly, the microring labeled /1 is an add-drop ring

resonant only with the frequency /1, but its role is to imple-
ment Eq. (33) with no effect on the other frequencies. Finally,
the rings labeled SO, S1, S2 before each set of output ports are
add-drop rings acting as demultiplexers; the demultiplexing
could be done off-chip instead.

The GHZ generation rates for this source are the same as
we expect for a similar source of qubit GHZ states. As in our
earlier study [12], we envision the source in Fig. 5 to be a
pair of silicon microring resonators. The generation of nearly
uncorrelated photon pairs with |8|> &~ 0.1 has been demon-
strated in these sources, driven by picojoule pump pulses with
~10 ps durations, and a 10-MHz repetition rate [41]. For these
sources and pumping scheme, we expect an on-chip GHZ
generation rate of 10*—10° Hz [12].

VI. CONCLUSIONS

We have described a strategy for designing sources of post-
selected multipartite states. The strategy has two steps: First,
the state just prior to the postselection is determined given a
target state and postselection scheme. Second, the necessary
configuration sources and linear components needed in the
device is determined by solving Eq. (5), with the option of
imposing constraints on the form of the circuit. The approach
we lay out for the second step is completely general, but
our approach for the first step is not; we use the results of a
graph-based approach that applies to the postselection scheme
in which all the qudits are measured.

We use this approach to design an integrated source of
frequency-bin-encoded high-dimensional GHZ states. We do
all this without reference to any existing schemes, and taking
into account the challenges in this specific platform. In partic-
ular, we set as a constraint that the device should avoid the use
of electro-optic modulators; the resulting passive device result
in an on-chip GHZ generation rate on the order of 10 kHz for
picojoule pump pulses.

Our approach can be applied directly to other
resources—regardless of the encoding scheme and physical
implementation—for applications that are compatible
with this postselection scheme. Furthermore, graph-based
solutions for heralded Bell states and GHZ states have
been identified [21]; sources of these heralded states could
easily be designed using our approach, although the practical
implementation of these sources would be more difficult
because of the relatively many ancilla photons and detectors
required. An obvious direction for future work is to explore
other types of postselection more rigorously, and to seek
strategies to reduce the experimental resources required to
generate heralded states.
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APPENDIX A: UNDERSTANDING THE POSTSELECTED
STATE IN TERMS OF PERFECT MATCHINGS

Here, we elaborate on the link between the state produced
by applying measurement and postselection on the weakly
squeezed state represented by the adjacency matrix w, and the
perfect matchings of the graph represented by that adjacency
matrix.

In Eq. (14) (see Sec. III) we write the multimode squeezed
state as an expansion in powers of the weights w,, ,». The
terms in the expansion can be understood with reference to the
graph that corresponds to 8. For example, each two-photon
term in Eq. (14) corresponds to an individual edge of the
graph, where the term describes the generation of a photon
in the modes represented by the colors of the edge, and the
vertices it connects (c.f. Sec. III). Similarly, each four-photon
term can be understood in terms of a pair of edges in the full
graph.

J

FIG. 6. A simple graph that corresponds to a source of postse-
lected GHZ states [20].

As an example, consider the state represented by the graph
in Fig. 6 and the corresponding adjacency matrix, which has
four unique nonzero elements, namely wjg 20, W30.40, W21,31>
and wyy ;. For this state, the generation expansion given in
Eq. (14) is

|1//2> = (1 + 2/31();2()&];0&;0 + 2,321;3161;](1;] + 2/330;40&20&20 + 2,341;11611](1?]
+ 2(B10:20)2(a} )2 (aly)? + 2(Baran)2(ad )2 (ad ) + 2(B30.40)> (@l (aly)? + 2(Bara1)(a), ) (al )

R vt T T Tt T
+ 4B10,20B821,31a, 9005, A3y + 4B10,20B41,110100y0a,41a1; + 4B21,31 830,400, A3, O304

vt
+ 4B30.40Ba1 11 @@l al |+ 4Ba1 31 Bar1ah, a5 ah,aly + 4B10.20B30.40a @by alaly + - -) Ivac) .

The sets of edges associated with each term are represented in
Fig. 7.

The measurement and postselection applied to the state can
be understood as picking out a subset of the terms in Eq. (A1).
Postselecting on at least one photon being detected in each
of the external modes (i.e., fourfold coincidences) eliminates
all the terms in Eq. (Al) except for the last two; the other
terms describe distributions of photons that leave at least one
of the four external modes unoccupied. The postselected terms
are associated with the sets of edges such that each vertex
in the graph is connected to exactly one edge; by definition,
these are the perfect matchings of the graph.

To lowest order, the terms in the postselected state corre-
spond to the perfect matchings of the graph that represents the
multimode squeezed state prior to postselection. The postse-
lected state also contains higher-order terms, but we take these
to be negligible in the low-gain regime to which we restrict our
discussion.

APPENDIX B: SOURCE OF FREQUENCY-BIN-ENCODED
L,s STATES

Here, we apply the approach described in Secs. II and III
to design a source of qubit L,4 states, a class of entangled
four-qubit states inequivalent to the four-photon GHZ and W
states [42]. We choose this state as a second example, partly
to illustrate the ease with which two-colored edges can be
implemented in an integrated frequency-bin platform.

We take as our target the state

|Lsa) = 1 |0001) + a2 |0110) + o3 [1000) , B1)

where normalization requires that |or|> + |a]? + || = 1.
A graph with perfect matchings corresponding to this post-
selected state is given in Fig. 8, and the adjacency matrix

¥

(AD)
[
corresponding to this graph can be written as
w = Wopo  Woi (B2)
wp Wi |
with
0 0 0 0
10 0 w30 0
Woo = 0 @20:30 0 ol (B3)
0 0 0 0
0 1021 0 W10:41
0 0 0 0
Wo = 0 0 0 0 ) (B4)
W40:11 0 ®40:31 0
wip = Wy, (B5)
Wi = Osxs, (B6)

where we use the notation of Sec. III. The coefficients in
Eq. (B1) are given by

ay = 4wio41W20305 B7
ay = 4wio01W4031, (B3)
a3 = 4w4o,11W20:305 (B9)

where the factors of 4 appear owing to the symmetry of w.
We put

1 — a, (B10)
2 - bl, (B11)
3 - bs, (B12)
4 al, (B13)
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FIG. 7. The sets of edges that correspond to each term in Eq. (A1). The terms are represented in the order in which they are written in

Ox2 022 Bsoro  Bsonn
022 Oxx2 Bsip0 O2x2
Bioso Brosi Oz O
Briso Oz Oxa Oz
g [0 0
SOI010 Bosobro |
_ | Basoart  Basoprt
ﬂSO,Il - 0 0 ’
8 _ |Bastaro 0
SLI0 Bostaro 0]
ﬂn,n’ = (ﬂn’,n)T'

We seek solutions to

n T
ﬂij :UiiﬂijUjj»

(B14)

(B15)

(B16)

B17)

(B18)

(B19)

OO OO

O ®

©
O,
©
O,

for the nonzero blocks of B;;. Since By ;o is diagonal, we can
take

Uso.so =Ujo,10 = 1ax2, (B20)
— 0 0
= s B21
Bso.o [0 ﬂbso;bm] (B21)
and so
Bso.1 = Bso.nUl11n» (B22)
Bsi.i0 = Usi.s1Bs1.10- (B23)

At this point one can set the relative amplitudes of the ele-
ments of B, and solve Egs. (B22) and (B23) numerically with
a polar decomposition. On the other hand, one can seek an
analytic solution to determine the most general form required
for the circuit. We place a further restriction on B: we seek a

solution where the 2 x 2 blocks B, are all diagonal, meaning

nn
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FIG. 8. Graph with perfect matchings that correspond to a posts-
elected L4 state.

the photon pair sources need to be coupled to only one output
waveguide. We have

— BaSO,all 0 Uall,all
ﬂSO,Il - 0

B Ubii,an
IBbSO,bll Uall,bll

Ubi1,b1

I:Uall,alléaso,all

B UbIl,aIlEasO,aIli| (B24)
Uai1.,b11Bbso b1 ’

Ubr1,b11Bbso b1
and

8 _ | Uast,as1
1,10 =
51,10 Ups1,as1

UaS].bSl:II:BaSI,aIO 0 :|

Ubs1,bs1 0 Bos1 b0

[Uas1,as1éam,alo

_ UaSl,bSlEbSl,b10i|' (B25)
Ubs1.as1Basi a0

Ubs1.bs1Bbs1,b10
Comparing with Egs. (B16) and (B17), we have

Baso.art = Uart.ar1 Baso.art» (B26)
Baso.ort = Ubi1.ar1 Baso.arn» (B27)
Bast.aio = Uast,as1Bast.aios (B28)
Bos1,a10 = Ubs1,as1Bas1.ar0- (B29)
and
Bosobrt = Bosipro =0 (B30)

With this we have the general form that is required for
the sources and linear components; the device is sketched in
Fig. 9.

.ob 010 :
@ 0 ©® O
e
- R

e ® ® .

el0
b~ bl
L (a)
A
ol ||
S1 S0 10 11 S0 10
(b)

FIG. 9. Sketch of a passive integrated source of postselected L
states (a). The arrows indicate the input pump fields, and the detec-
tors indicate output ports. The sources are highlighted in orange;
the configurations of these are indicated in panel (b). The linear
components are highlighted in yellow and green.

The photon pair sources indicated in Fig. 9 are config-
ured as described by the diagonal blocks of B appearing in
Egs. (B21), (B24), and (B25). The sections highlighted in
yellow act as frequency-dependent DCs; only photons at the
microrings’ resonant frequencies [labelled on the rings in
Fig. 9(a)] propagate through the DC. The reflection and trans-
mission coefficients depend on the values of the amplitudes in
Egs. (B26)-(B29). For example, the DCs should act as 50-50
beamsplitters to generate an L state with |o;| = |az| = |a3] in
Eq. (B1). A numerical polar decomposition yields the same
results.
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