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ABSTRACT 
Tests  have been performed on f ine-gra ined,  

columnar, f reshwater  i c e  sheets 40 t o  70 mm t h i c k  
grown i n  a r e f r i g e r a t e d  model basin. C a n t i l e v e r  
beams o f  var ious  geometries were t e s t e d  f o r  l eng ths  
rang ing from 200 t o  2 000 mm and wid ths  o f  50 t o  
250 mm. Analys is  o f  t h e  r e s u l t s  i n  terms o f  s imple 
e l a s t i c  beam theory  i n d i c a t e d  t h a t  modulus increased 
w i t h  i nc reas ing  beam l e n g t h  and decreasing beam 
width.  An a n a l y t i c a l  model f o r  beam d e f l e c t i o n  was 
developed, t a k i n g  i n t o  account t h e  e f f e c t s  o f  buoy- 
ancy, shear, and r o t a t i o n  and d e f l e c t i o n  a t  t h e  roo t .  
Th i s  model s a t i s f a c t o r i l y  exp la ined t h e  observed 
d e f l e c t i o n  behaviour and the  apparent geometry 
dependence o f  t he  modulus. F lexu ra l  s t reng th  was 
independent o f  beam length,  b u t  decreased w i t h  
i nc reas ing  beam width.  F lexu ra l  s t reng th  was indepen- 
dent o f  l o a d i n g  ra te ,  whereas modulus decreased w i t h  
increased 1 oading time. 

INTRODUCTION 
F lexu ra l  behaviour o f  i c e  covers i s  an impor tant  

f a c t o r  i n  e s t a b l i s h i n g  t h e i r  bea r i ng  capac i t y  and i c e  
l oad ing  on s t ruc tu res .  I t  has a p p l i c a t i o n  i n  s tudy ing 
na tu ra l  i c e  processes such as r i d g e  bu i l d i ng ,  r ide-up, 
p i l e -up  and ruhb l  e b u i l d i n g .  Accurate determinat ion  
o f  f l s x u r a l  p r o p e r t i e s  o f  an i c e  cover  i s  t h e r e f o r e  
essen t i a l .  Usua l l y  such determinat ions  a re  made from 
i n  s ~ t u  c a n t i l e v e r  beam tes t s .  F l e x u r a l  s t reng th  and 
apparent e l a s t i c  modulus a re  c a l c u l a t e d  by means o f  
s imple e l a s t i c  beam theory, which assumes t h a t  i c e  i s  
i s o t r o p i c  and homogeneous, t h a t  t h e  r o o t  o f  t h e  beam 
i s  r i g i d l y  clamped and t h a t  t h e r e  i s  no buoyant sup- 
p o r t  o f  t h e  beam by water. None o f  these assumptions 
i s  completely v a l i d  however. When c a n t i l e v e r  beam 
t e s t s  are  anatysed us ing  simple e l a s t i c  beam theory,  
spur ious  r e s u l t s  may be obta ined i f  t h e  length- to-  
th ickness r a t i o ,  w id th- to- th ickness r a t i o ,  and load-  
i n g  r a t e  are  n o t  taken i n t o  account. 

Some a t t e n t i o n  has a l ready been g iven t o  t h e  
i n f l u e n c e  o f  these f a c t o r s  on t h e  ana l ys i s  o f  t h e  
r e s u l t s  o f  c a n t i  l e v e r  beam tes t s .  Maattanen (1976) 
s tud ied  beam geometry and 1 oading r a t e  e f f e c t s  du r i ng  
a f i e l d  t e s t  c a r r i e d  ou t  i n  t h e  B a l t i c ,  f i n d i n g  a 
decrease i n  s t reng th  and modulus w i t h  i nc reas ing  
r a t i o  o f  beam w i d t h  t o  i c e  th ickness. Beam l e n g t h  had 
no e f f e c t  on f l e x u r a l  s t rength ,  b u t  modulus decreased 

w i t h  decreasing l eng th  un less  t h e  e f f e c t  o f  shear was 
e l iminated.  F rede rk i  ng and Hausler (1978) eva luated 
t h e  i n f l u e n c e  o f  buoyancy on s t reng th  and modulus o f  
sea- ice beams. A n a l y t i c a l  and exper imental  r e s u l t s  o f  
t h i s  i n v e s t i g a t i o n  suggested t h a t  buoyancy e f f e c t s  
cou ld  be ignored prov ided t h e  r a t i o  o f  beam leng th  t o  
i c e  th ickness was l e s s  than ten. 

When Svec and Frederk ing (1981) examined t h e  
i n f l u e n c e  o f  p l a t e  e f f e c t s  a t  t he  r o o t  o f  a c a n t i -  
l e v e r  beam they found t h a t  f o r  a length- to- th ickness 
r a t i o  o f  t e n  about 20% o f  t h e  d e f l e c t i o n  a t  t h e  t i p  
o f  t h e  beam i s  due t o  r o t a t i o n  a t  t he  root .  Moments 
i n  t he  r o o t  area a re  about 50% g rea te r  than those 
determined from simple beam theory. T a t i  n c l  aux and 
Hirayama (1982) r e c e n t l y  presented a technique f o r  
determin ing modulus from s t reng th  t e s t  data on c a n t i -  
l e v e r  beams o f  var ious  lengths .  Th i s  paper presents  
t he  r e s u l t s  o f  a s e r i e s  o f  t e s t s  on t h e  e f f e c t  o f  beam 
geometry and l oad ing  r a t e  on measured s t reng th  and 
modulus values, p l u s  an ana l ys i s  o f  t h e  r e s u l t s  i n  
terms o f  a v a i l a b l e  t heo r i es  f o r  c a n t i l e v e r  beams. 

TEST PROCEDURE 
The t e s t s  were performed on two sheets o f  f resh-  

water i c e  grown i n  a l a r g e  r e f r i g e r a t e d  tank (21  x 7 m 
i n  area and 1.2 m deep) i n  t h e  Hyd rau l i cs  Laboratory 
o f  t he  Nat iona l  Research Counci l  Canada ( P r a t t e  and 
Timco 1981). The ex ten t  o f  t h e  ice ,  about 130 m2, 
a l lowed a l a r g e  number o f  t e s t s  t o  be performed. The 
water was mixed w i t h  a i r  bubb lers  u n t i l  i t  cooled t o  
a un i fo rm temperature o f  0.l0c, and was then seeded 
us ing a f i n e  water spray a t  -18°C ambient temperature. 
Subsequent i c e  growth was a t  an a i r  temperature o f  
-12'C. Th i s  produced f i n e - g r a i  ned columnar i c e  o f  
t ype  S-2. G ra in  s i z e  va r i ed  from about 1 mn a t  t h e  t op  
t o  about 3 mm a t  t h e  bottom o f  t he  i c e  sheet, which 
was 60 mn t h i ck ;  g r a i n  s t r u c t u r e  was s i m i l a r  f o r  bo th  
sheets. The r a t i o  o f  sample w id th  t o  g r a i n  s i z e  was 
always g rea te r  than 20: 1, thereby m in im iz ing  g ra in -  
s i z e  e f f e c t .  

The beam t e s t s  were c a r r i e d  o u t  i n  s i t u  i n  t h e  
i c e  cover. Beam dimensions were l a i d  o u t  w i t h  a mark- 
i n g  pen and then c u t  w i t h  an e l e c t r i c  cha in  saw, care  
be ing taken t o  keep water o f f  t he  beam sur face du r i ng  
c u t t i n g ,  p a r t i c u l a r l y  a t  t h e  r o o t  where f i n a l  c u t t i n g  
was done by hand. Room temperature du r i ng  t h e  t e s t s  
was - 1 0 " ~ .  A thermocouple f rozen i n t o  t h e  i c e  cover  
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i n d i c a t e d  an average i c e  temperature o f  -3'C. Fo r  i c e  
sheet 1 ( s e r i e s  1 )  t he  i c e  th ickness was, on average, 
6 1  mm; f o r  se r i es  2, about 4 h l a t e r ,  i c e  th ickness 
averaged 71 mn. For  i c e  sheet 2 ( s e r i e s  3 )  t he  i c e  
th ickness was 40 nun; f o r  se r i es  4, about 18 h l a t e r ,  
t he  i c e  th ickness was about 64 mn. 

Load was app l i ed  t o  the end o f  t he  beam through 
a 1 oad c e l l  w i t h  a hand-operated rack-and-pinion 
d r i v e  clamped t o  the  s ide  o f  t he  se rv i ce  carr iage. 
The r a t e  a t  which l oad  was app l i ed  cou ld  be var ied, 
b u t  f o r  t he  m a j o r i t y  o f  t he  t e s t s  every e f f o r t  was 
made t o  achieve the  same ra te .  The t i p  displacement 
o f  t h e  beam was measured w i t h  a displacement t rans-  
ducer o f  t he  DCDT type supported on an independent 
beam spanning the  tank. Load c e l l  and displacement 
t ransducer readings were recorded on a two-pen s t r i p  
c h a r t  recorder  t o  produce records o f  l oad  t ime and 
displacement time. They were a l s o  fed  i n t o  an X-Y 
recorder  t o  produce curves o f  l oad  versus de f l ec t i on .  
A f t e r  each t e s t  t he  dimensions o f  t he  beam were 
measured. E l a s t i c  beam theory was used t o  c a l c u l a t e  
f l e x u r a l  s t rength  osb and e l a s t i c  modulus Esb: 

where P '  i s  breaking load, L i s  beam length, w i s  
width, h i s  i c e  th ickness and P/y i s  t he  s lope o f  t h e  
load-def lec t ion curve. Note t h a t  y i s  t he  ac tua l  
measured t i p  de f l ec t i on .  P/y and ESb were on l y  evalu- 
a ted f o r  cases f o r  which the  l oad -de f l ec t i on  curve 
was l i n e a r  t o  break. 

Test  no. 

Ser ies 1 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

Series 2 

A 
B 
C 
0 
E 
F 

I 
G 
H 
I 
J 
K 

RESULTS 
Test r e s u l t s  are  summarized i n  Tables I t o  111. 

A l together ,  s i x  t e s t  se r i es  were performed: se r i es  1 
t o  4 on beam-length e f fec ts ,  se r i es  5 on the  i n f l u -  
ence o f  load ing ra te ,  and se r ies  6 on beam-width 
e f fec ts .  F lexu ra l  s t rength  as a f u n c t i o n  o f  normal- 
i z e d  beam l e n g t h  f o r  t he  two i c e  sheets i s  p l o t t e d  on 
F igures 1 and 2. For  i c e  sheet 1 there i s  no s i g n i f i -  
can t  dependence o f  s t reng th  on beam length. Ser ies  1, 
w i t h  an average i c e  th ickness o f  61 mn, had a mean 
s t reng th  o f  860 2 200 kPa and se r ies  2 a s t reng th  o f  
870 2 210 kPa f o r  an average th ickness o f  71  mn. The 
s i m i l a r i t y  o f  the s t rengths f o r  t he  two i c e  t h i c k -  
nesses and the  r e l a t i v e l y  1 arge standard dev ia t i ons  
show t h a t  t he re  i s  no s i g n i f i c a n t  d i f f e r e n c e  f o r  t h e  
two t e s t  ser ies.  

Strengths f o r  i c e  sheet 2 are  presented i n  F igu re  
2. The average f l e x u r a l  s t reng th  o f  t e s t  se r i es  3 and 
4, i c e  th ickness 40 and 60 mn, respect ive ly ,  f o r  
sho r t  beams ( r a t i o  o f  beam leng th  t o  i c e  th ickness 
l e s s  than 10) was 740 + 120 kPa and 660 2 110 kPa. 
The d i f f e r e n c e  between the  two mean values i s  n o t  
s i g n i f i c a n t .  3n the  o the r  hand, t he  d i f f e r e n c e  i n  
s t rengths f o r  t he  two i c e  sheets i s  j u s t  on the  verge 
o f  being s i g n i f i c a n t .  

As the load-t ime curves were genera l ly  q u i t e  
l i n e a r ,  s t reng th  data were examined i n  terms o f  t ime 
t o  fa i l u re .  F lexu ra l  s t reng th  as a func t i on  o f  t ime 
t o  f a i l u r e  i n  sheets 1 and 2 i s  presented i n  F igures 
3 and 4, respect ive ly .  I n  both  cases the re  i s  a 
qeneral t r e n d  towards increas ina s t reng th  w i t h  
increas ing l oad ing  time. 

E l a s t i c  moduli ca l cu la ted  by means o f  Equat ion 
( 2 )  are p l o t t e d  i n  F igures 5 and 6 f o r  i c e  sheets 1 
and 2 respect ive ly .  Both sets  o f  r e s u l t s  show t h a t  
t he  ca l cu la ted  moduli decrease w i t h  decreasing beam 
length .  There i s  no s i g n i f i c a n t  d i f f e r e n c e  i n  t he  
r e s u l t s  f o r  t he  f o u r  ser ies.  The marked dependence 

TABLE I. RESULTS OF CANTILEVER BEAM TESTS ON ICE SHEET 1: BEAM-LENGTH SERIES 

Length Width Thickness F a i l u r e  Time t o  Load-def lec t ion 
1 o:d f a i l u r e  slope 

L w H P 
(mm) (mm) (m) ( N )  ( s )  P/y (N mm-'1 



Frederking and Timco: PlezumZ properties of i ce  

TABLE 11. RESULTS OF CANTILEVER BEAM TESTS ON ICE SHEET 2: BEAM-LENGTH SERIES 

Test  no. Length Width Thickness F a i l u r e  Time t o  Load-def 1 e c t i o n  
1 oed f a i l u r e  slope 

L w h P p /Y 
(mm) (mn) ( m )  (N) ( S) (N mn-1) 

Series 3 

3 

Series 4 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

TABLE 111. RESULTS OF CANTILEVER BEAM TESTS ON ICE SHEET 2: LOADING RATE AND BEAM-WIDTH SERIES 

Test  no. Length Width Thickness F a i l u r e  Time t o  
1 oed f a i l u r e  

h P 
(~m) ( N) ( s )  

Load-defl ec t i on  
slope 

Series 5 

Series 6 

B1 480 90 65 120 0.9 122 
82 485 98 65 112 1 .O 140 
83 47 5 67 65 7 5 1 .O 104 
B4 470 63 66 72 1 .O 80 
B 5 460 223 66 228 1.1 147 
86 495 204 67 194 1.5 146 
87 500 270 66 20 1 2 .O 168 

o f  t he  modulus on beam leng th  shows t h a t  t he  simple 
c a n t i l e v e r  beam theory  i s  n o t  v a l i d  f o r  t h i s  appl i- 
cat ion.  

Tests were c a r r i e d  o u t  over a range o f  l oad ing  
rates, equ iva len t  t o  s t r a i n - r a t e s  o f  t o  s - l ,  
t o  see whether r a t e  had any e f f e c t  on s t reng th  o r  
modulus ( s e r i e s  5).  The dependence o f  s t rength  on the  
t ime t o  f a i l u r e  i s  presented i n  F igu re  4. No depend- 
ence o f  s t reng th  on l oad ing  r a t e  i s  apparent. E l a s t i c  
modulus ca l cu la ted  us ing simple c a n t i l e v e r  beam 

theory (Equat ion ( 2 ) )  i s  p l o t t e d  aga ins t  l oad ing  t ime 
i n  F igu re  7. I t  may be seen t h a t  t he  modulus tends t o  
decrease w i t h  i nc reas ing  l oad ing  time. 

A se r ies  o f  t e s t s  was c a r r i e d  o u t  on i c e  sheet 2 
t o  i n v e s t i g a t e  t h e  e f f e c t  o f  beam w id th  on f l e x u r a l  
s t reng th  and modulus. These r e s u l t s  a re  p l o t t e d  i n  
F igu re  8. Selected r e s u l t s  from t h e  l oad ing  r a t e  
se r ies  have been inc luded t o  prov ide a more complete 
range o f  widths. Both s t reng th  and modulus were found 
t o  decrease w i t h  i nc reas ing  width. 
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Fig .1 .  F l e x u r a l  s t rength  versus r a t i o  o f  beam l e n g t h  
t o  i c e  th ickness  f o r  i c e  sheet  1. 
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Fig .2 .  F l e x u r a l  s t rength  versus r a t i o  o f  beam l e n g t h  
t o  i c e  th ickness  f o r  i c e  sheet  2. 
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Fig .3 .  F l e x u r a l  s t rength  versus t ime t o  f a i l u r e  f o r  
i c e  sheet  1. 
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R A T I O  O F  B E A M  L E N G T H  TO I C E  T H I C K N E S S .  Llh  

Fig.5. E l a s t i c  modulus versus r a t i o  o f  beam l e n g t h  
t o  i c e  th ickness f o r  i c e  sheet 1 showing compari- 
son o f  exper imental  r e s u l t s  and apparent e l a s t i c  
modulus p red i c ted  us ing  Equat ion (15).  

R A T I O  OF B E A M  L E N G T H  TO I C E  T H I C K N E S S .  L i h  

Fig.6. E l a s t i c  modulus versus r a t i o  o f  beam l e n g t h  t o  
i c e  th ickness f o r  i c e  sheet 2 showing comparison o f  
exper imental  r e s u l t s  and apparent e l a s t i c  modulus 
p r e d i c t e d  us ing  Equat ion (15).  
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L O A D I N G  T I M E ,  5 

Fig.7. E l a s t i c  modulus as a  f u n c t i o n  o f  l oad ing  time. 

R A T I O  O F  B E A M  W I D T H  T O  I C E  T H I C K N E S S ,  wlh  

Fig.8. E l a s t i c  modulus and f l e x u r a l  s t reng th  as a 
f u n c t i o n  of beam w id th  ( h  = 66 mn), showing compari- 
son o f  exper imental  r e s u l t s  and apparent e l a s t i c  
modulus p red i c ted  us ing Equat ion (15) .  

DISCUSSION 
I n t e r p r e t a t i o n  o f  r e s u l t s  o f  i n  s i t u  c a n t i l e v e r  

beam t e s t s  i s  known t o  be sub jec t  t o  e r r o r  due t o  
r o t a t i o n  and d e f l e c t i o n  o f  t he  beam a t  t h e  roo t ,  shear 
e f fec ts ,  and buoyant r e a c t i o n  o f  water. The r e l a t i v e  
i n f l uence  o f  these f a c t o r s  i s  a f u n c t i o n  o f  beam geo- 
inetry as w e l l  as e l a s t i c  p rope r t i es .  Shear i s  pro- 
p o r t i o n a l l y  more impor tant  f o r  s h o r t  beams. Long 
beams w i t h  a  low e l a s t i c  modulus a re  more i n f l uenced  
by buoyancy. Wide beams behave more as p l a t e s  and 
a re  consequently s t i f f e r .  

Q u a n t i t a t i v e  expressions f o r  t he  i n f l u e n c e  o f  t h e  
preceding f a c t o r s  w i l l  now be presented. I n t e r p r e t -  
a t i o n  o f  t h e  modulus r e s u l t s  w i l l  be considered f i r s t  
because they show a  s t rong  geometry i n f l uence .  The 
t o t a l  measured d e f l e c t i o n  y  a t  t he  t i p  o f  an i n  s i t u  
c a n t i l e v e r  beam i s  t h e  sum o f  

Y  = a  Ysb + Ys + Y r  + Yp, ( 3 )  

where ysb i s  t h e  t i p  d e f l e c t i o n  o f  a  s imple c a n t i l e v e r  
beam (Equat ion (211, a  a  f a c t o r  t o  take i n t o  account 
the  i n f l u e n c e  o f  buoyancy, y s  d e f l e c t i o n  due t o  shear, 

y r  d e f l e c t i o n  due t o  r o t a t i o n  a t  t h e  roo t ,  and yp 
d e f l e c t i o n  o f  p l a t e  a t  roo t .  Note t h a t  t he  term y p  i s  
considered here on l y  because beam d e f l e c t i o n s  were 
measured w i t h  respect  t o  t h e  tank wa l l .  I f  measure- 
ments were made i n  r e l a t i o n  t o  t he  i c e  cover a t  t h e  
r o o t  o f  t he  beam t h i s  term would drop out.  

Ta t i nc laux  and Hirayama (1982) s i m p l i f i e d  t h e  
equat ions f o r  buoyant e f f e c t  on s t ress  and de f l ec t i on ;  
t he  f o l l  owing equat ions were shown t o  be excel l e n t  
approximat ions over t h e  i n d i c a t e d  ranges 

f o r  O < X L < 1 ,  

and 

Ysb - = 1 + 0.314 0,L)" l l a  

Yb 

f o r  0  < XL < n/2 , 
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where osb and ysb  a re  f l e x u r a l  s t r e s s  and t i p  de f l ec -  
t i o n  o f  a  s imple i n  s i t u  c a n t i l e v e r  beam and ob and 
y b  a r e  ac tua l  values, t a k i n g  i n t o  account t he  c o n t r i -  
bu t i ons  o f  buoyancy. A i s  de f i ned  as 

where yw i s  we ight  dens i t y  o f  water, E  i s  e l a s t i c  
modulus, and h  i s  i c e  th ickness. The buoyancy f a c t o r  
a i n  Equat ion (3 )  i s  de f i ned  i n  Equat ion (5) .  

Roark (1965: 129-130) presented the  f o l l  owing 
equat ion  f o r  t h e  d e f l e c t i o n  due t o  shear i n  a  c a n t i -  
1  ever  beam 

where 6 i s  shear modulus. Fo r  an i s o t r o p i c  m a t e r i a l  
shear modulus i s  r e l a t e d  t o  e l a s t i c  modulus by t h e  
r e l a t i o n  

E  
G  = - 

2 ( l + v )  ' 
(8) 

where v i s  Poisson's r a t i o .  Columnar-grained i c e  i s  
bes t  cha rac te r i zed  as t ransverse i s o t r o p i c .  I n v e s t i -  
ga t i ons  by Gold (1958) showed t h e  r e l a t i o n  between 
s t r a i n s  i n  t h e  plane o f  t h e  i c e  cover t o  be complex. 
For  example, Po isson 's  r a t i o  increased from 0.3 t o  
0.6 as s t r a i n  increased. I n  subsequent ana l ys i s  i n  
t h i s  paper i t  w i l l  be assumed t h a t  t he  r e l a t i o n  
between shear modulus and e l a s t i c  modulus i s  deter -  
mined by v  = 0.3. 

Using a  f i n i t e  element ana l ys i s  Svec and 
Frederk ing (1981) found t i p  d e f l e c t i o n  t o  be 20% 
g rea te r  due t o  r o t a t i o n  o f  t h e  beam a t  t he  root .  
Because each beam i n  t h i s  t e s t  program had a  d i f f e r -  
en t  geometry i t  i s  n o t  f e a s i b l e  t o  use t h e  f i n i t e  
element technique t o  eva luate  r o o t  r o t a t i o n  f o r  each 
t e s t .  As an approximation, an equat ion  developed by 
O'Donnell (1960) f o r  i n -p lane  l oad ing  o f  a  c a n t i l e v e r  
bean e l a s t i c a l l y  connected t o  a  s e m i - i n f i n i t e  p l a t e  
has been used. The expression f o r  t he  r o o t  r o t a t i o n ,  
AOr i s  

16.67 PL (1-v) P  
L o r =  -+-.  

nwE h2 Ewh 

The corresponding t i p  d e f l e c t i o n  y r  i s  g iven by 

P l a t e  d e f l e c t i o n  a t  t he  r o o t  can he approximated 
from t h e  d e f l e c t i o n  o f  a  s e m i - i n f i n i t e  p l a t e  subjected 
t o  a  l i n e  l oad  a t  i t s  edge. T h i s  prob lea was solved by 
Nevel (1965). The d e f l e c t i o n  under t h e  cen t re  o f  a  
l i n e  l oad  i s  g iven by 

where 

Note t h a t  l i n e  l oad  length ,  i.e. bean width,  does n o t  
appear i n  Equat ion ( l l ) ,  which i s  a  good approxima- 
t i o n  ( w i t h i n  + 3%) f o r  beam wid ths  up t o  1 a f o r  t l ie  
i c e  th icknesses and modulus values o f  tnese t e s t  
ser ies .  To s i m p l i f y ,  Equat ion (11)  can be w r i t t e n  i n  
t he  form 

$P 
Y p =  - 9 (13) 

WE 
where 

S u b s t i t u t i n g  t h e  above expressions i n  Equat ion (3 )  
g ives  

A  t y p i c a l  case w i l l  be considered t o  g i v e  an 
app rec ia t i on  o f  t he  r e l a t i v e  importance o f  t he  v a r i -  
ous d e f l e c t i o n  terms. Assuming E  = 6  GPa, v  = 0.3 
h  = 0.06 m, L  = 0.48 m, w  = 0.12 m, yw = 10" N m-3 
and P  = 200 N, t h e  t o t a l  d e f l e c t i o n  was c a l c u l a t e d  t o  
be 3.34 mm. Of t h i s  t o t a l  80% was due t o  d e f l e c t i o n  
a t  t he  root ,  17% t o  d e f l e c t i o n  o f  t h e  c a n t i l e v e r  beam, 
3% t o  r o t a t i o n  a t  t h e  roo t ,  and a  n e g l i g i b l e  amount 
t o  shear and buoyancy e f f e c t s .  These p ropo r t i ons  w i l l ,  
o f  course, change w i t h  beam geometry and e l a s t i c  
p rope r t i es .  The c a l c u l a t e d  d e f l e c t i o n  i s  s i m i l a r  t o  
d e f l e c t i o n s  n~easured under s i ~ n i l  a r  cond i t i ons  i n  
these tes t s .  

Equat ion (15)  can be rearranged t o  so lve  f o r  
e l a s t i c  modulus as a  f u n c t i o n  o f  t he  s lope of t h e  
l oad -de f l ec t i on  curve: 

L  1 P 
+ (1-V) (-1 + 6 I -  -. 

h  
(16 

w  Y  

An i t e r a t i v e  procedure has t o  be used t o  so lve  f o r  
e l a s t i c  modulus from Equat ion (161, s ince E  a l s o  
appears on t h e  r i gh thand  s i d e  o f  t h e  equat ion  i n  a 

and 6. As t h i s  s o l u t i o n  f o r  E  i s  r a t h e r  t i a e -  
consuming, i t  was no t  used f o r  eva lua t i ng  e l a s t i c  
modulus f o r  a l l  t he  tes ts .  

To demonstrate t h a t  Equat ion (15)  represents t he  
observed dependence o f  d e f l e c t i o n  on beam geometry, 
an assumed s e t  o f  cond i t i ons  was used t o  c a l c u l a t e  an 
apparent e l a s t i c  modulus, i.e. a  ~ O ~ U ~ N S  c a l c u l a t e d  
by s u b s t i t u t i n g  t h e  t i p  d e f l e c t i o n  y  c a l c u l a t e d  from 
Equat ion (15)  i n t o  Equat ion (2) .  These curves o f  
apparent e l a s t i c  modulus a re  p l o t t e d  i n  F igures  5, 6  
and 8. The cond i t i ons  assumed were E  = 6  GPa, v  = 0.3, 
h  = 60 mn, v = 120 11un f o r  t he  beam-length ser ies ,  and 
L  = 480 mm f o r  t h e  beam-width ser ies .  The values f o r  
t he  e l a s t i c  p r o p e r t i e s  E  and v  were es t imated us ing  
the approach o f  Sinha (1979). I t  may be seen t h a t  
t h e  t rends o f  t h e  apparent e l a s t i c  modulus p red i c ted  
us ing  Equat ion (15)  c l o s e l y  f o l l o w  t h e  exper imental  
data. 

The e l a s t i c  modulus decreased by about 20% as 
l oad ing  t ime ( a c t u a l l y  t ime t o  f a i l u r e )  increased 
from about 0.5 t o  8  s. A  s i m i l a r  t r e n d  was observed 
i n  t he  experiments o f  T rae t tebe rg  and o thers  (1975) 
and i n  t he  t h e o r e t i c a l  p r e d i c t i o n s  o f  Sinha (1979). 

Resu l ts  o f  t e s t s  on f l e x u r a l  s t reng th  showed on l y  
a  small dependence on beam length .  Th i s  i s  n o t  s u r p r i -  
s i n g  since, w i t h  t h e  r e l a t i v e l y  h igh  modulus o f  t he  
i ce ,  t he  buoyancy e f f e c t  i s  very small. When Equat ion 
(41, as developed by Ta t i nc laux  and Hirayama (19821, 
was app l i ed  t o  t h e  cond i t i ons  o f  s e r i e s  4  ( E  = 6 GPa, 
h  = 60 mm, ob = 660 kPa), t h e  curve f o r  apparent 
f l e x u r a l  s t reng th  shown i n  F igu re  2  was obtained. The 
decrease i n  f l e x u r a l  s t reng th  w i t h  i nc reas ing  beam 
w i d t h  (Fig.8) i s  s i m i l a r  t o  t he  f i n d i n g  o f  Haattanen 
(1976) i n  f i e l d  t es t s .  S i m i l a r l y ,  Lavrov (1971:88) i n  
l abo ra to ry  c a n t i l e v e r  beam t e s t s  on f reshwater  i c e  
found the  f l e x u r a l  s t reng th  t o  decrease by 24% w i t h  an 
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inc rease i n  t h e  w i d t h  t o  th ickness r a t i o  from 1 t o  2. 
A t  t h e  present  t ime, however, no exp lana t i on  i s  a v a i l -  
ab le  f o r  such a  s t reng th  t rend. 

There i s  a  fundamental quest ion  whether t h e  c a n t i -  
l e v e r  beam t e s t  i s  a  t r u e  measure of t h e  f l e x u r a l  
s t reng th  o f  i c e  due t o  s t r e s s  concent ra t ions  a t  t h e  
r o o t  o f  t he  beam. The presence o f  such concent ra t ions  
has been demonstrated both  exper imenta l ly  and a n a l y t i -  
c a l l y  by Maattanen (1976) and by Svec and Frederk ing 
(1981). When Gow and o the rs  (1978) c a r r i e d  o u t  an 
ex tens ive  s e r i e s  o f  i n  s i  t u  t e s t s  on both  c a n t i l e v e r  
and s imply  supported beams, they found t h a t  t he  f l e x -  
u r a l  s t reng th  o f  s imple beams was as much as 1.7 t imes 
g rea te r  than t h e  s t reng th  o f  t he  corresponding c a n t i -  
l e v e r  beams. Th i s  d i f f e r e n c e  wa? a t t r i b u t e d  t o  t h e  
e f f e c t  of  s t ress  concent ra t ion .  

Concur rent ly  w i t h  t h e  t e s t s  c a r r i e d  o u t  f o r  t h i s  
paper, a  s e r i e s  o f  comparat ive s t reng th  t e s t s  was 
c a r r i e d  o u t  on i c e  f rom t h e  same sheets (Timco and 
Frederk ing 1982). Small beams were c u t  from the  f u l l  
th ickness o f  t he  i c e  cover, coo led t o  a  un i f o rm  temp- 
e r a t u r e  o f  -1O0C, and t e s t e d  i n  a  small t e s t  machine. 
The s t reng th  o f  these beams under s imple suppor t  and 
w i t h  t h e  top  sur face o f  t h e  i c e  cover i n  t ens ion  was 
2  200 + 320 kPa. D i r e c t  comparison o f  t h e  r e s u l t s  i s  
n o t  poss ib le  because o f  t h e  d i f f e r e n c e  i n  temperature 
and t e s t  cond i t i ons ,  b u t  t h e  s imple beams had sub- 
s t a n t i a l  l y  h i ghe r  f l e x u r a l  s t rengths  than t h e  c a n t i -  
l e v e r  beams. Undoubtedly s t ress-concent ra t ion  e f f e c t s  
a r e  present  i n  t he  r e s u l t s  o f  t h e  t e s t s  on c a n t i l e v e r  
beam s t rength .  Th i s  concurs w i t h  t h e  recommendations 
o f  t h e  Committee on I c e  Problems o f  t he  I n t e r n a t i o n a l  
Assoc ia t i on  f o r  Hyd rau l i c  Research (Schwarz and 
o the rs  1981) t h a t  c a n t i l e v e r  beam t e s t s  should no t  be 
considered a t  t h i s  t ime t o  g i v e  t r u e  f l e x u r a l  
s t reng th  values f o r  an i c e  cover, b u t  r a t h e r  index 
values. Nevertheless, such index values a re  use fu l  
f o r  comparison o f  r e l a t i v e  f l e x u r a l  s t reng th  o f  i c e  
i n  nature  a t  d i f f e r e n t  l o c a t i o n s  and, prov ided 
c e r t a i n  geometr ical  c o n s t r a i n t s  are  observed, com- 
par isons o f  f l e x u r a l  s t reng th  o f  i c e  i n  a  model 
bas in  w i t h  i c e  i n  nature. 

F l e x u r a l  s t reng th  r e s u l t s  i n  F igures  3  and 4  show 
a t r e n d  towards i nc reas ing  s t reng th  w i t h  i nc reas ing  
time. I t  i s  probable t h a t  t h e  i n i t i a t i o n  o f  f l e x u r a l  
f a i l u r e  i s  c o n t r o l l e d  by t h e  presence o f  f l aws  i n  t he  
ice .  I f  t h e r e  i s  a  1 arge f l a w  o r  a l a r g e  number of 
small f l aws ,  t he  beam w i l l  f a i l  a t  a l ower  s t ress  and 
i n  cor respond ing ly  s h o r t e r  time. Tes t  s e r i e s  5, i n  
which l oad ing  t imes were var ied,  showed an e n t i r e l y  
d i f f e r e n t  t r end  f o r  s t reng th  versus t ime  t o  f a i l u r e .  
I n  t h i s  case s t reng th  on l y  increased s l i g h t l y ,  w h i l e  
t ime t o  f a i l u r e  increased by an order  o f  magnitude. 
Th i s  increase i n  s t reng th  cou ld  be due t o  t h e  p a r t i a l  
development o f  a  p l a s t i c  moment a t  t he  l onge r  l oad ing  
times. 

CONCLUSION 
The r e s u l t s  presented i n  t h i s  paper are f o r  f i n e -  

grained, columnar, f reshwater  i c e  w i t h  r e l a t i v e l y  
high e l a s t i c  niodulus. Al though q u i t e  l o n g  beams were 
used ( l eng th - to - th i ckness  r a t i o s  up t o  35:1), 1  i t t l e  
i n f l u e n c e  o f  buoyancy on f l e x u r a l  s t reng th  was 
observed. On the o the r  hand,  t h e r e  was a  s i g n i f i c a n t  
decrease i n  f l e x u r a l  s t reng th  w i t h  i nc reas ing  beam 
wid th .  F lexu ra l  s t reng th  from c a n t i l e v e r  beam t e s t s  
cannot, there fore ,  y e t  be i n t e r p r e t e d  as t he  t r u e  
f l e x u r a l  s t reng th  o f  an i c e  cover because o f  i n a b i l i t y  
t o  e x p l a i n  these va r i a t i ons .  

No systemat ic i n f l u e n c e  o f  l oad ing  r a t e  on 
f l e x u r a l  s t reng th  was observed, b u t  e l a s t i c  modulus 
decreased w i t h  i nc reas ing  l o a d i n g  time, as would be 
expected. E l a s t i c  modulus showed a  very s i g n i f i c a n t  
dependence on beam geometry. Modulus increased w i t h  
i nc reas ing  beam length- to- th ickness r a t i o  and 
decreased w i t h  i nc reas ing  beam wid th- to- th ickness 
r a t i o .  An a n a l y t i c a l  expression f o r  t o t a l  beam 
de f l ec t i on ,  t a k i n g  i n t o  account buoyancy, shear, 
r o t a t i o n  and d e f l e c t i o n  a t  t h e  beam roo t ,  was 
developed. When i t  was app l i ed  t o  t h e  t e s t  r e s u l t s ,  

i t  exp la ined s a t i s f a c t o r i l y  t h e  i n f l u e n c e  o f  beam 
l e n g t h  and beam width.  I n  p a r t i c u l a r ,  i t  showed t h a t  
because beam t i p  d e f l e c t i o n  was measured r e l a t i v e  t o  
t h e  tank w a l l  a  l a r g e  component o f  t h e  measured beam 
d e f l e c t i o n  was due t o  p l a t e  d e f l e c t i o n s  a t  t h e  root .  
I f  t h i s  f a c t o r  were t o  be neglected, t h e  apparent 
e l a s t i c  modulus cou ld  be 113 t o  114 o f  t h e  r e a l  value. 
I t migh t  e x p l a i n  t he  low e l a s t i c  modulus values 
obta ined from beam t e s t s  i n  some i c e  model basins.  
Great care  must be taken i n  determin ing e l a s t i c  
modulus f rom observat ions  o f  beam d e f l e c t i o n  t o  
ensure t h a t  a l l  f a c t o r s  c o n t r i b u t i n g  t o  t h e  measured 
d e f l e c t i o n  a re  taken i n t o  account. 

ACKNOWLEDGEMENT 
Th i s  paper i s  a  c o n t r i b u t i o n  from t h e  D i v i s i o n  

o f  B u i l d i n g  Research, Nat iona l  Research Counci l  
Canada, and i s  pub l ished w i t h  t h e  approval o f  t h e  
D i r e c t o r  o f  t h e  D i v i s i on .  

REFERENCES 
Frederk ing R M W, Haus ler  F  U 1978 The f l e x u r a l  be- 

hav iour  o f  i c e  from i n  s i t u  c a n t i l e v e r  beam tes ts .  
In IAHR. International Association for Hydraulic 
Research. Symposium on ice problems, ~ u l e ; ,  Soeden, 
1978. Proceedings Part 1: 197-215 

Gold L  W 1958 Some observat ions on t h e  dependence - . . - - . . - - 
o f  s t r a i n  on s t r e s s  f o r  i ce .  Canadian ~ o u n a l  of 
Phusics 36(10): 1265-1275 

Gow 1 J, Ueda H T, R i ca rd  J  A 1978 F lexu ra l  s t reng th  
o f  i c e  on temperate lakes:  comparat ive t e s t s  o f  
l a r g e  c a n t i l e v e r  and simply supported beams. CREL 
Report 78-9 

Lavrov V V 1971 Deformation and strength of ice.  
Jerusalem, I s r a e l  Program f o r  S c i e n t i f i c  Trans- 
l a t i o n  [ T r a n s l a t i o n  o f  Deformatsiya i prochnost ' 
l lda .  Leningrad, Gidrometeorologicheskoye 
I z d a t e l  ' s t vo ,  19691 

Maattanen M 1976 On t h e  f l e x u r a l  s t reng th  o f  
b rack i sh  water i c e  by i n  s i t u  tes ts .  In POAC 7 5 :  
the third International Conference on Port and Ocean 
Engineering under Arctic Condit ions, Fairbanks, 
Alaska, 1975. Proceedings Vol 2 :  349-359 

Nevel D E 1965 A s e m i - i n f i n i t e  p l a t e  on an e l a s t i c  
foundat ion.  CRREL Research Report 136 

O'Donnell W J 1960 The a d d i t i o n  d e f l e c t i o n  o f  a  
c a n t i l e v e r  due t o  t h e  e l a s t i c i t y  o f  t h e  support. 
Joumzal of Applied Mechanics 27 (3 )  : 461-464 

P r a t t e  B D, Timco G W 1981 A new model bas in  f o r  
t he  t e s t i n g  o f  i c e - s t r u c t u r e  i n te rac t i ons .  In  
POAC 81: the s ix th  Internutional Conference on 
Port and Ocean Engineering under Arctic Conditions, 
&&bee, Canada, 1981. Proceedings Vol 2: 857-866 

Roark R J 1965 Formulas for stress and strain. 
Fourth edition. flew York, McGraw-Hi 11 

Schwarz J and ? others 1981 Standardized t e s t i n g  
methods f o r  measuring meclianical p r o p e r t i e s  o f  i ce .  
Cold Regions Science and Technology 4(3) :  245-253 

Sinha N K 1979 Gra in-s ize  i n f l u e n c e  on e f f e c t i v e  
modulus o f  ice.  Canada. National Research Council. 
Associate Conurnttee on Geotechnical Research. 
Technical Memorandum 23: 65-79 

Svec 0  J, Frederk ing R M W 1981 Can t i l eve r  beam 
t e s t s  i n  an i c e  cover:  i n f l u e n c e  on p l a t e  e f f e c t s  
a t  t h e  root .  Cold Regions Science and Technology 
4(2 ) :  93-101 

Ta t i nc laux  J-C, Hirayama K- I  1982 Determinat ion  o f  
t he  f l e x u r a l  s t reng th  and e l a s t i c  modulus o f  i c e  
froin i n  s i t u  c a n t i l e v e r  beam tes t s .  Cold Regions 
Science and Technology 6( 1 ) : 37-47 

Tiinco G id, Frederk ing R W W 1982 Comparative 

s t rengtns  o f  f r esh  water  ice .  Cold Regions Science 
and Technology 6(1 ) :  21-27 

Traet teberg  A, Gold L W, Frederk ing R M W 1975 The 
s t r a i n  r a t e  and temperature dependence o f  Young's 
~nodul us o f  i ce .  In  IAHR. International Association 
for Hydraulic Research. Third internutionaZ 
symposium on ice problems, Hanover, New Hampshire, 
1975. Proceedings : 479-486 



This publication i s  being distr ibuted by the Division of 

Building Resea rch  of the National Resea rch  Council of 

Canada. I t  should not be reproduced in  whole o r  in p a r t  

without permiss ion of the original  publisher. The Di- 

vision would be glad to be  of a s s i s t ance  in obtaining 

such permission.  

Publications of the Division m a y  be obtained by mai l -  

ing the appropr ia te  remit tance  (a Bank, Exprees,  o r  

P o s t  Office Money Order,  o r  a cheque, made  payable 

to  the Receiver  General  of Canada, c red i t  NRC) to  the 

National Research Council of Canada, Ottawa. K1A OR6. 

Stamps a r e  not acceptable. 

A l i s t  of all publication^ of the Division i s  available and 

m a y  be  obtained f r o m  the Publications Section, Division 

of Building Research,  National Resea rch  Council of 

Canada, Ottawa. KIA OR6. 


