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FOREWORD

The following pages contain a translation of
Voellmy's paper on Eingebettete Rohre (Embedded Pipes).
This paper was published in 1937 by Gebs, Leeman & Co.,
Zurlich and Lelpzig, as a proceeding of the Institute of
Building Statics, PFederal Institute of Technology, Zurich,

The paper consists of four main sections as
followss

(a) Earth pressures on embedded structures withe
out consideration of deformation conditions.

(v) The stressing of embedded structures dependent
on their deformations,

(c) Research, .
(d) The practical computation of embedded pipes.

The whole field of stresses due to earth pressure
on buried structures 1s quite complicated and few engineers
have the basic mathematical knowledge, or the time, to go
into detailed theoretical studies of the subject, However,
the practical application of Voellmy's analysis is not dif-
ficult and; due to the outstanding importance of the topic,
it seemed to the writer that a translation of the fourth
chapter would be well worth while in order to make available
to other engineers what seems to him an excellent method of
design of underground condults,

In spite of a very busy academic session, Mr, Kasten
has very kindly devoted much of his leisure time to writing
out the translation, The figures have been reproduced by
photography and the German words substituted by their English
equivalent s.

It is hoped that this monograph will be found to

be immediately useful in the design of such structures as
properly come within its scope,

I.F, Morrisone



PREFACE

The National Research Council, through 1its
Division of Building Research, is pleased to have
been able to arrange for the publication of this
translation of an important paper in the field of
civil englneering. The significance of the paper
is indicated in the Foreword by Professor I, F,
Morrison, of the University of Alberta, who brought
the translation to the attention of the under-
signed,

The publication of this translation repre-
sents one way in which the Division of Building
Research hopes to work with the engineering and
architectural departments of Canadlan universities
in the co-operative development of building reseasrch
in Canada,

R, F. Legget,
November 8th, 1949 ‘ Director.
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CHAPTER IV

THE PRACTICAL ANALYSIS OF EMBEDDED PIPES

Summarz

: The previous chapters of this work have shown the
varied earth loads possible on embedded structures, depende-
ing on the shape and deformation conditions of the structure,
Great numbers of individual investigations concerning the
most important problems in soil mechanics would be necessary
to galn the complete pilcture of the stressing of embedded
works, whereafter the necessarily simplified assumptions for
their practical analysis could properly be adopted. The
principles of static analysis developed in the previous
chapters are applicable to embedded structures of several
different forms, 8ince in many cases a circular cross-section
allows a "closed" mathematical analysis, this investigation
has dealt malnly with pipes, Furthermore, the investigation
13 narrowed down by considering only pipes embedded at a
constant depth along their axes,

In this chapter the computations for the pressures
on embedded pipes are brought together in simplified form,
For sake of completeness, the computation for stresses in
plpes due to surface loads, dead welght, and inner and outer

water pressure have also been included,

In conclusion a few figures on the strengths and
moduli of elasticity of various pipe materials have been
given, as well as on factors of safety,
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1, STRESSES WITH THE PIPE ON LINEAR SUPPORT

The computation of inner stresses of the pipe which
follows immedlately is based on the assumption that the pipe
rests on a linear support., Later, in section 2 of this chapter,
the added effect of a distributed reaction pressure is investi=-
gated, As the usual methods of analysing stresses in pipes
unaer given external loads offers nothing fundamentally new, a
repetition herein of the rather complicated developments and
formulae was avoided, and only the internal forces at the crown,
side, and sole of the pipe are giveno. Should the complete dis-
tribution of the internal stresses be desired for some speclal
pipe analysis;, then this may be solved in a simple manner 1in
that a knowledge of the values of M and N at the plpe crown as
given in the previous chapter makes the side<half of the pipe
statically determinate, The variation of internal forces from
crown to sole may be computed with no further informatlion
necessary, sSlnce those values of the internal forces at the pipe
slde and sole as given in the next sections serve as controls
for the computation. TUnder all cases of symmetrical loading
the shearing force at the crown disappearss Q = O, It may
be pointed out here that the moment on the plpe side 1s the
maxirmm of the positive moments only in case the bedding of
the pilpe is very wide (O.= 90°), as will be shown in the
developments that follow, Normally the maximum value of the
positive moment lies below the pipe side, and 1s up to 10%
greater than the side-moment for normal earth loads,

A. EARTH PRESSURE WITHOUT REGARD TO DEFORMATION CONDITIONS

(a) Pipes in Extensive Fills,

The actlive earth pressure on a structure 1s but little
affected by the deformation of the same, 1f the earth cover 1is
shallow, i.,e.,, when the depth of cover does not exceed the
breadth of the structure, In this case;, the earth pressure can
be found using alreadywell known earth pressure theorles,
Those computation methods which are based on Coulomb®s theory
results 1n good agreement with test results, In contrast,
Rankine's somewhat more lnaccurate application of the theory
of an unbounded earth body ylelds a clearer picture of the
pressure conditions, and was for thils reason applied in this
analysis, An extension of Rankinefs theory was however neces-
sary, 1in order to take care of all possible inclindations of
the walls of embedded structures sufficlently accurately
(Section I, 1 = Equation 8), As the side pressures on the
embedded pipes reduce the stressing of the pipe somewhat, the
usual computation is based on the lower 1limit of the side
pressure. The dilstribution of the active earth pressure may

then be calculated from equations (11) and (12) of Chapter 1,
(See Fig. 1.)
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Figure O

For the upper half of the plpes
S A a *

= T%ﬁﬁ,o(to +r, cosd) (sin p . sin 24)

For the lower half of the pipes

2
tan L
g, = O_o(l < tan 0()

T, /A~ O

(2)

where Y = Unit weight of f1ll material,

P = Angle of internal friction of fill material,
approx., equal to its angle of repose. -

to = Depth of fill over pipe centerline,

r = Radius of pipe (outer).

A =

Angle to locate the element of the pipe
wall'.

The pressure distribution thus found serves as a
basis for the analysis with consideration given to the rigidity
of the pipe, which becomes important when depth of cover 1s
great,

The internal stresses in the pipe due to the above
given equations of pressure distribution (1 and 2) were com=-
puted based on the previously given method of pipe analysis

For notation refer to Fig.0 on page 3 and to Fig. 1.
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(Section II = 4 - 8 = d) and the resulting moments and normal
stresses at the crown, sides, and sole of the pipe are given
in Fig. 1 for various values of the angle of internal fric-
tion, P . The coefficients for the internal stresses (Moment,
M and Normal Stress, N), assuming a linear reaction, are plotted
positive outwards in a radial direction from the pipe centre-
line in the Figure., With these values known, the computation
of the complete variation of stress throughout the pipe wall,
if desired, 1s a simple matter, since the system is statically
determinate; in this way, it 1s also easy to check the correct-
ness of the given figur:s,

The angle of internal friction © may be set equal to
the natural angle of repose with sufficient accuracy. Its
value is not affected much by a varying moisture content of
the fill material; however, the apparent cohesion (Section I - 1)
increases with decreasing molsture content. For the compu-
tation of earth pressure on a pipe under fill, the effect of
the cohesion may, as a rule, be allowed for in approximate
fashion by incréasing the angle of friction. Clayey materials
back-filled in the dry state become crumbly due to the apparent
cohesion, and the angle of friction for gravelly material is
reached. If clayey material is put in very wet, then following
drying-out, a very large reduction in side pressure takes place,
again due to apparent cohesion and shrinkage. 1In this case,
for the sake of safety, a value of the angle of internal
friction p = 90° should be used.

The unit weight 7 of loose fill material at first
decreases with increasing moisture content, and reaches a
minimum at a definite water content (around 3% for coarse sand),
This minimum is about 15% less than the unit weight in a dry
condition., On further increase in moisture content;, the unit
weight begins to increase and finally surpasses the weight for
the dry condition, If all the voids gre filled with water,
then the unit weight 1is:

= (L =)V + ¥, where

7, = specific weight of fill material = 2.6 to 2.7 t/m°
~, = specific weight of water =1 t/m°
- T
= - = porosit
N > y

%

unit weight of fill material in dry condition.
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If no test values for angle of internal friction
and unit we ght are available, then for rough computations
the following values may be useds

For gravel and sands at natural molsture content
to wet, clayey materialss

Angle frictions O

35° to L = 20°

Unit welght: Y = 1.7 t/m° toy = 2.1 t/m°

(b) Pipes in Trenches

As shown previously (Section I - 6), for the case
of pipes 1n trenches;, most commonly-used backfill materials
may be regarded as incompressible; in this event, the pressure
on the crown of a plpe embedded in a trench with vertical or
slightly outward sloping sides is found as followss

qQ =45 P
(3)
where q = Y.t = hydrostatic earth pressure

_ 1l =9e"%
(}____E___ (4)
e = 2,718 = base of natural logs
t = depth of cover over crown

= & v o1 =-8inp _ ¢ (5)
‘x—gotanp 1+ sinp b
b = half-width of trench at the level of the

crown- of the pilpe

= angle of 1nternal friction of backfill =

natural angle of repose.

' = angle of friction developed at wall of trench.

Numerical values of the function ¢ may be taken from Fig, 2
for different values of the quantity x = % {, o In this Figure

also, values for:&‘are glven for varlous values of P , computed
on the assumption that p = P , which 1s close enough for
practical purposes.

For the computation of the inner stresses in the plpe
the slde pressure may be neglected in most cases. This is be-
cause. the backfill will likely not be properly tamped 1lnto the
narrow space between plpe and trench wall; also, as shown in
Section I = 5, the lateral pressure 1s greatly reduced in such
a narrow space due to the friction with the walls, '
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The theoretical investigation of the same section
(I = 5) also showed that it is sufficiently accurate when
considering such pipes in trenches, to take the loading as
evenly distributed over the horizontal projection of the pipe.

The internal stresses may then be found using the
equations and coefficients of Fig. 1, if the following sub-
stitutions are made thereins

‘ Depth of cover t, =t . $ , where § 1s taken from
Pigo. 2 using values of p , p' of the backfill material and '
trench dimensions b and to (Reduction of vertical pressure),

Coefficients m, n = 0 in the equations of Fig, 1
for M and N (Vertical pressure taken as uniform over the
horizontal projection).

Pind values of coefficients m and n whenP = 90°
from the curves of Filg, 1 and substitute these into the
equations for M and N (no lateral pressure),

When these substitutions are made one arrives at
the practical formulae for computation as given in Figure 2,

B. EARTH PRESSURE ON RIGID PIPES

The loading of rigid pipes forms the basis for’
the later 1nvestigation of the stressing of elastic pipes,
FPurthermore, pipes of relatively small diameter made of such
materlials as plain or reinforced concrete, stone blocks, or:
vitrified clay may be considered as completely rigid. ‘

(a) Pipes in Extensive Fills,

The settlement of the fill at the sides of a stiff
pipe results in a rellef of pressure in the fi1ll itself, and
an added load on the pipe. Above the plpe there exlsts a
certain zone of earth which 1s compressed under a pressure
greater than the hydrostatic earth pressure at that depth,

The height of this "zone of disturbance™ is given by the fol-
lowing conditions; as previously listed in Section II = 2 = A,
equations (15), (18), and (19)s

26T+ &) 22 1) -2

v
4u v U
. Zha +*QV-1

u . -
In this, Ao = Eg 3 the other symbols are as given in Flg, 3.

(6)

el

® In this FPigure 2b, = %L-baa This gives the length of the side

’ e, and u = —2—
~of the square, d tan .
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For any given value of w , there are two roots

for % from equation (6)., Of these? the smaller is to be used,

as may readily be seen from the boundary conditions % = o,

By assuming % and #~ one can compute the correspond-
ing values of ¥ g 88 has for example been done in Fig, 24 (p.71)
for the case /u =0, 1.0 uy, = 0o

Also, if for a given value of ¥ 3 the corresponding
value of X is known, then, as shown in Section II -~ 2 = A,

equation (14), the average specific vertical loading on the
rigid pipe 1isg

a=7.v. | (%-%)-%J (7)

This pressure i1s somewhat high when considered in
the 1light of the discussion at the end of Section II - 2 - A,

If, from equation (6), <lv then one must Ssub-

stitute % = z into equation (7), since under these conditions
the upper ‘limiting value is reached,

In order to find the added pressure .- q due to the

compressibility of the fill, one must subtract the hydrostatic
earth pressure y (w - u) from equation (7), and then multiply
the result by /4, as was shown in Section II - 2 = A,

The result is: .
. viw_uv w_ 1l
Aq=Tu Va \a (ﬁ-zzﬂ"ﬁ*z] (8)

In order to simplify practical computations, the values of I
have been computed from equation (6) as a function of the
depth=of=cover condition ¥ 3 for various embedment depths in

stiff soilss A~ = 0, 0.25, O S5, 0,75 and 1,00, These have been
substituted in equation (8) with the result that the added
pressure on rigid pipes in extensive fills may be taken directly
from Fig. 3.

The internal stresses in the pipe due to the added
pressure A q are found from the formulae of Figure 2, if in-
stead of the crown pressure q, the added pressure wéq is sub~
stitutedy, The added stresses thus found must then be super-
imposed to the stresses found from Fig. 1l.
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(b) Pipes in Trenches

For rigid pipes in trenches there also exists a
super=compre ssed earth zone, the extent of which, and the
resulting added pressure, may be found from the theory of
Section II = 2 = Bs For practical purposes, the following
closily approximate formulae suffice == (compare Fig. 25,
p071 $

The uniformly distributed specifié¢ vertical

pressure 1isg A b2 -p 2 e
= )
g=7 P cot, P + —,—.;<I> (9)
where by = V4 .r, | (10)
and t¢ =.1;o = b, = (b=b,) cot.,0 | (11)

The numerical value of @ may be taken from Fig, 2

for values of the function x = g- o s where‘%f is also

given in Figo 2 as a function of the angle of internal
friction P= Pl

' If formula (11) for te becomes negative, then the
following equation must be used in place of (9)s

=ty =
§=7 S [2v + (5, = bo)ten p (12)

(upper limiting value of earth pressure when dapth
of cover is small)

The pressure q of equation (9) becomes greater with
increasing width of trench until it finally reaches, at great
depths of backfill and a very wide trench width 2b#, the value
g for extensive f 1lls as given by equation (7). This latter
Yalue of)i then remains constant for all wider trenches

b > bp#),

For very rough computations of pipes in relatively
narrow trenches, the following approximate formula will serve
in place of equations (9) and (12?

2 b+

= “gx— o Q , where q is from equation (3), given

graphically in Figure 2.



9

C. EXTERNAL AND INTERNAL WATER PRESSURE3 DEAD WEIGHT

(a) External Water Pressure

The stresses in thls case are obtalnable from the
formulae of Fig, 1 1f the coeffliclents for the internal
s resses are taken for £ = 0, with t. representing the height
of the water table above the plpe cen%erlineo

For soll that 1s submerged in water, the value of
1ts density 1s v, = (1-n) (s = Yy), where the
symbols are a3 given in Section 1l=-A of this chapter,
The pressure of the soll below the water table 1s
computed as was done 1n Section 1l=A, Thls pres-
sure, and the pressure due to the water, act in-
dependently, The internal stresses due to the dry
soll lying above the groundwater table may be found
using the formulae of Flg, 2 by assumling the dry
soll to act as a uniformly distributed surcharge.

(b) Internal Water Pressure

The solution may be taken from Filg., 1 as followss
Choose the stress coefficlents for £ = 0 and substitute them
wilth reversed sign into the formulae for M and N; the internal
radlus (rj) must be used in place of the outer radius (r,).

(c) Dead Weight of Pipe Itself

The 1nternal stresses due to the dead welght G of
the pipe per unit of the length may be taken from Flg. 6.
The moments are proportional to those for internal water pres-
sure while the normal stresses are not.

D, SURFACE LOADS

The action of single loads (wheel loads) may be
computed using Boussinesq's method. The specific pressure

3P
p = ——5— cos (symbols on Fig.6) (14)#
2 R® g y &

1s taken as uniformly distributed for normal cases, and any
pressure due to impact 1s neglected,

The computation of internal stresses follows the
formulae of Fig, 2, with pressure p substituted in place of nqt,

" For the case of a distributed surface load, see
Section I, Sect, 3, part B.

* This gives the unit pressure on a plane normal to the

radius from Po
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2, EFFECT OF THE BEDDING CONDITIONS

In the previous section, 1t was assumed that the
plipe was supported on a line reaction, In order to analyse
the actual reaction conditions, an imaginary single vertical
load (=Q), equal in magnitude but opposite in direction to
the linear reaction of the previous section, 1s assumed to
act on the sole of the pipe (see Figure 4). The inner stresses
resulting from the reaction conditions on the pipe due to this
fictitious load are then solved, By superimposing these stres-
ses upon the internal stresses resulting from the linear re-
action of the previous section the internal stresses due to
the actual reaction conditions are arrived at, In thls process
the linear reaction Q and the opposite fictitious load (-Q)
cancel each other. ‘

The linear reaction is equal to the sum of the
vertical components of the external loads. Its value (R) may
be taken from Fig. 4 for external earth and water pressure;
for all other types of loads dealt with so far, 1t 1s easily
found, The sum of the vertical components of all acting loads
1s designated by Q.

In the case of the water table being considerably
above the pipe center-line, 1t 1s possible that the reaction
will be negative due to uplift. (Compare coefficients for
R in Fig, 4). It 1s then, according to the theory of elastic
embedment, replaced by radial earth reactions proportional to
cos (C acting on the upper half of the pipe. The internal
stresses for such a reaction condition may be computed ac-
cording to Section II = 4 = B, In order for the pipe to remain
in equilibrium, the total resulting uplift must not exceed the
upper limiting value of the earth loading (see equation (17),
Chapter I). ‘ , ‘

.Boundary Case 1 3 Radial Reactions

Normally the sum Q of all vertical load components
will be directed downward., The resulting reactions on a rigid
pipe are then directed nearly radially.on to the pipe, accord-
ing to the laws of elastic embedment (compare Section II -~ 3 = B),
This is shown in Fig, 28(p. 78)%., For thils case, the added
stresses due to the reaction conditions are given in Fig. 4,

Boundary Case 2 3§ Vertical Reactions

It 13 possible that due to unusual embedment con-
ditions (strength of soil in horizontal direction much less
than in vertical direction, squeezing out of the material
under the pipe) tangential reaction prsssures may be set up.

# Not required. Reaction pressure is also shown in Plg. 4.
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If these are present; their magnitude cannot become larger

than the vertical direction of the reaction pressures allows,
Since, as may be seen in Section II - 3 - B, the reaction
pressures are determined to a first approximation by the

radlal displacements of the pipe, then the distribution of

the vertical reactions will also depend chiefly on the radial
displacements., 1f, as before (Sect., II = 3 = g), the reaction
pressures are determined from the radial displacements for
materials with constant bedding coefficient (dense material) '
or with lineally increasing bedding coefficient (loose material),
but with the direction of the reactions mailntained as vertical,
then the reaction pressures shown in Figure 6 result. In order
to simplify thé computation of the effect of embedment in

loose material, the circular arc was in this case replaced

by a parabola, This simplification cdauses no noteworthy in-
accuracy. The additional stresses which result from bedding

the pipe on dense, as well as loose, material with resulting
vertical reaction pressures may be taken from Figure 6, By
combining Figures 4 and 6, the effect of several different
bedding conditions may be dealt with,
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3, INFLUENCE OF THE CURVATURE OF THE PIPE WALL
, ON THE INTERNAL STRESSES

The assumption of a linear variation in internal
stresses {s sufficiently accurate for pipe walls with such
ratios of thickness to radius of curvature as occur in most
normal cases, In order, however, for the previous computa-
tions to be basically correct, extra forces M#, N# must be
added to the inner forces as already determined, so that
the following conditions are satisfieds

1. The axis of the pipe suffers no change in
~ length under pure bending. ,

2. The pipb remains perfectly circular under |
loading of its walls by normal forces only
(e0g8o internal fluid pressure).

Condition 1 is fulfilled if the fibre deformations
at the outer and inner pipe surfaces become equal under bvend-
ing alone, The internal stresses are figured per unit length
of plpe; with F being the area and W the section modulus per
unit length of pipe. The outer and inner radii of the pipe
are signified by ry and ry respectively, and the wall thick-
. ness by 4 o '

. ) ) f_- .
o E?w~ rgod @ = E:N;o Pgod p = E?_Wo I'iod p + -y ry.d @

| : Tq =Ty _ 3N
from which N’=yﬁ£o i%‘v-i%"? (15)

Condition 2¢ If the pipe is loaded by pure normal
forces, then it must remain truly circular in cross=-=section.
- The outer and inner fibres undergo equal deformations,

(e - %)= "+ 4)
P : ra°r1 . 52

from which _ N.W
M"='-F— ° r;—;~7z'= N 1z '(;6’
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Using the sign convention of Figure 6, these ad=-
ditional forces N#, M# are always of the same sign as the
forces M, N which cause them., The maximum streeses found
with due consideration of the above added forces are some-
what smaller than those given by the Theory of Elasticity.
One 1s referred to speclal investigations for the analysils
of extraordinarily thick-walled pipes, (See ref, 119).
The solution given here, and plotted in Figure 5, 1s by
Lamé, and glves only the practically important maximum
stress on the inside of the thick-=walled pipes due to
internal and external pressures,
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4, SIMPLIFIED COMPUTATION OF RIGID PIPES

In Pigure 6 the most important formulae for
ordinary pipe investigations are summarized. These
formulae are simplified in that the depth of cover over
the upper pipe half 1s taken as constant. Furthermare,
the active side pressure on the lower plpe half 1s assumed
as acting in 1ts horizontal (limiting) direction, and as
vanishing on the lowest quarter of the pipe circumference.
At this point the lateral pressure 1is always very small;
thus the assumption results in no important inaccuracy.

In further simplification it may be noticed
that the coefficlient for the inner moment at the crown
will, with reversed sign, glve qulte accurately the
moment at the side, Those formulae spoken of previously
for other cases of loading were entered in Figure 6 with-
out change.

Computation of Stressess The commonly adopted
sign convention for inner stresses (Moment M, Normal stress
N) has been used in this work, as may be seen from Figure 6,
If the internal stresses are considered per unit of length
of the pipe, then the maximum stresses for the slice of
pipe are given by

- N , 6M
6= Fry=-g g

Upper signs Outer circumference . Tension stresses
positive
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So STRESSING OF ELASTIC PIPES

The radial deformations y of the wall of a loaded
pipe produce passive pressures

Py = ky

Herein k 1is the bedding coefficient which, as
was shown by the lnvestigations of Chapter III, may be taken
as constant for pipes laid without slope in extensive fills,
The value of the bedding coefficient may be estimated from
the following formula, given in Section II - 2:

2 Ey
k= g (\(to + °1) (17)

a

where E; and ¢y are the constants for a soll compression test

with lateral deformation restrained (Fig. 21 3. 59)¥, Further
methods for the determination of the bedding coefficient arise
out of Sect. II = 1, where 1its dependence on various physical
and geometrical influences is discussed. Ej is a dimension-
less constant;, ¢y 1s a stress,

At this point it was also shown that the taigential
displacements of the wall of a loaded pipe produce
shearing forces on its outer circumference; however,
in comparison to the passive pressures resulting
from radial deformations they are very small, and
consquently may be neglected. The investigation

of the elastic bedment may therefore be narrowed
down to radial forcese

The loading of rigid pipes (Sections I = 1 and -
I - 2 of this Chapter) forms the basis for the investigation
of the loading of elastic pipes.

As a rough approximation, the pressure on rigid
pipes under wide and high fills may be estimated
by multiplying those pressures found without con-
sideration of the effect of deformations (equa=
tions (1) & (2) of this Chapter) by the following
pressure-concentration factors

=3 (18)

" e e, -

This is the customary ¢onfined compression test for the
soil, shcoving compressive strain plotted against pressure.

%
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The stressing of rigid pipes due to the shearing
forces T acting on the pipe circumference 1is now
dealt with by itself, as these are not noticeably
influenced by the pipe deformations., This compu-
tation is done most practically in an approximate
form, as a more exact solution gives no noteworthy
differences desplte formidable trouble.

The maximum shear stress exists approximately at
the upper quarter point of the pipe circumference,
1ts value beings

in P
/Ymax = - Yt afx;)ls+nsin P

(symbols in Fig, 1)

If‘the variation in depth of cover over the upper
half of the plpe is neglected, as may be done since
7 quickly diminishes at the crown and sides of the
pipe, then at any point located by « ¢

= _.r, sinfP ., sin 2&
Ta =Y (t, J?) 1+ sin O (19)

Using this value, the approximate solution yields
the following inner stressessg

Upper half of pipes

2 r° . Thmax 1 -2 cos 0T sin%(C
M, = 3 T8 T ®4r T T2 (20)
o Tmax 2 cos® _
N, = =2 —x°% [2 s'in a + = 1] (21)

Lower half of pipes .
Ma=2r2 T [3;1__.,_1., cos®& usinof] (22)

ar 8 "9 3
N = ‘2 ro-rl
a % max [Sg"iﬁ‘f + sin(f] (23)

These inner stresses are to be superimposed to
results of the investigation of elastic, radially
loaded pipes, which follows,

The radial pressures of rigid pipes (Formulae 53,
54 of Section II = 3 = A) and the corre.ponding radial reaction
pressures (Section II = 3 = B) determine the limits for the
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computation of the loading of elastic pipes.

The equation of the influence line for the
determination of the passive pressures on elastlic pipes is,
from Sectlion II = 4 = A = es

/ 2
(%&Y-+Uoshu¢o sinv @ -

py = oy Lt

Vochusoocosvfﬁ) K o o *No (24)

where ' 4 2 B - 1
'\/l‘l'?.-B-“_g, B=;g—%-—ioEoJ, u =A==
_%TIT'
V- 2 o

= 1o Shufr. co8s vir=v o chur, sin v Ir ,
a(sh® u ™ + sin® v )

y=WQaeChu, slnv¥ =v, shulr. cis v
a(shzu‘n' + sin® vr)

]
]

E = Modulus of elasticity of pipe material

m = Poisson’s number of pipe material (the lateral
deformation constant)

J = Moment of 1nertia of plpe wall per unit of length
of pipeo

In Figure 7 this influence line 1s drawn for an
iron pipe (E = 2,000,000 kg/cm®, k- = 10 kg/cm®) of internal
diameter = 66 cm., and wall thickness = 1 cmo This influence
line holds good for pipes of any material or dimensions, as
long as they have the same deformation characteristics, i.e.

For computation of the passive pressures on an
elastic pipe, the influence line for the earth loading must
first be evaluated considering the pipe as rigid. 1In this
computation, all the forces acting on the whole pipe cir-
cunference must be considered, including active loads and
bedding reaction pressures,
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The negative values of the deformation y arising
out of thils evaluation mean a reduction in the pressure on
the pipe p due to the elasticity of the pipe wall,

The resulting additional loads are to be super-
imposed on the loading of a rigid pipe, with the result that
the required pressure on an elastic pipe 1s found. The
greater the elasticity of the pipe, the less wlll be the
pressure on 1ts crown., Should the resulting total vertical
pressure be less than the limiting value (14) given in
Section I = 2 - A = a, then this limiting value is to be
used in the pipe analysis.

The evaluation of the influence lines shows a
change in the pressure distribution whereby a decreasing
stiffness of pipe wall brings about increasing side-pressures,
which results in a lessening of stresses in the pipe, A
numerical example (compare next section) élearly shows the
adventagpous effect of an elastic pipe wall, This advantageous
effect of the passive side=-pressure may only be realized, how=
ever, through careful placing of the fill material, and if
the long-time elasticity of the fill material 1s not adversely
affected by strong vibrations or varylng moisture conditions,

The computation of the internal stresses result-
ing from the loading of an elastic pipe follows the method
of Section IT - 4 = A - £ on the basis of the generally ap-
plicable influence lines (Figure 8)%

My =55 (# - sin @ + ﬂg—ﬁ-l)=rﬂ71 (25)

-g}-n,-(@oéos@"' %—2)5772 (26)

s (27)

A single evaluation of the ordinates for these
influence lines (equations (25) to (27)) suffices for the
analysis of pipes of all dimensions and the most varying
r:dlal loadings, whether these arise due to earth pressure
o outer or inner water pressure. Due to the deformation
ccnditions of the pipe, the radial direction of the bedding
re:ctions 13 usually the best to use; the distribution of
these may at times be assumed, and in the evaluation of the
influence lines (equations (25 to (27)) they must be con=
sidered as external forces, By using the influence lines as
found, (equations (25) to (27)) 1t 1s possible to complete

K.
I

Nl.—.%;((o.sin@ + 293—-2)

n
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in parts the analysis of pipes with an assumed distribution
of radial loads; and in a time comparable to that required
using present methods of investigation,

To complete this analysis 1t 1s necessary to

include the effect of the shearing forces act-

ing on the upper half of the pipe. These forces,
covered by equations (20) to (23), are not in-
fluenced by the elasticity of the pipe. The ver=
tical components of these shearing forces, which are
required to determine the resulting bedding re-
actions, are approximately equal to half the ver=-
tical components of the normal forces.

If the computation 1s carried out for a condition
in which the pipe breaks, then at the polnt of
maximum shearing stresses (upper quarter of pipe)
these shearing stresses are greatly reduced by the
breaking deformation. In the computation for this
fallure condlitiaon, the effect of the shearing forces
on the pipe wall may then be neglected, The com~-
putation of the internal stresses 1s then concerned
wholly with the general influence lines, Fig, 8,

The above method of analysis assumes 1deal bedding
conditions which will actually only be realized 1if
the conduit 1s lald on a bed of fine=grained material
which matches 1tself exactly to the underside of the
pipe surface; furthermore the f11ll under and along-=
slde the pipe must be of dense material well tamped
in, and with no cavities left, This lateral condi-
tion can never be realized with certainty in narrow
trenches;, which explains the reason for not assum-
ing a passive side=pressure in such cases, In
contrast, a complete embedment of the pipe in em=
bankments may be produced by careful backfillinge.
This brings with 1t a large increase in safety
against failure, as may be shown mathematically,

The li:erature (30, 33, 34)# contains many examples
where neglect in observing the above conditions has
led to pipe fallures., Also 1t was noticed that
numerous cases of plpe damage occurred when the pipe
was lald on the original soil instead of belng laid
on a bed of sand, If the c.ndult 1s laid on a poorly
pre=formed bed and the backfill is not properly
tamped into the narrow angle beneath the plpe, then
the pre-sure concentration under the sole of the pipe
will never be e vened out after backlilling 1s com-
pleted, (Compare Chapter III = Tests).

# These refer to Bulletins Nos. 31 36 and 47 of the Iowa
- Engineering Experimental Station,
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The analysis of a pipe laid on a concrete sole
may be carried out by first considering the pipe as rigid
and by using values of the bedding coefficient that vary in
steps, The computation is similar to that given in Section
II - 4 = B for a partly embedded pipe.

According to the tests of Chapter IXII, the
assumption of using a bedding coefficient value that increases
directly proportionally to the depth for the analysis of
embedded pipes 1s normally less accurate than the assumption
of a constant bedding coefficlent.

For the analysis of small conduits;, which do noét
warrant an exact computation of the pressure distributions,
an approximate methoda s given in Section II - 2 may be used
to determine the effect of the elasticity of the soil and
pipeo :
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6o EXAMPLES OF PIPE ANALYSIS

Ao, PIPES IN EXTENSIVE FILLS

In order to clarify the method of analysis
developed herein an example follows 1in which the state of
stress of the iron pipe used in the tests of Chapter IIT
under 6 meters of f111, 1s 1nvestligated,

Iron Pipe
Depth of fi1l above pipe axiss to = 600 cm,
Average radiuss r = 33 cme
Outer radiuss g = 3305 cmo
Modulus of elasticitys E- = 2,000,000 kg /om®
Bedding angles Po = 45

Fill Material

S8and, pressure diagram as in Fig. 21, El

70, o
6 kg/cm

Unit welghts V= 1.85 t/m® = 0,00185 kg}c

Angle of internal friction Gﬂ = 35°

l, Rigid Pilpe

First the distribution of the active pressure
was computed according to Equations (1) and (2) of this
chapter, using the figures listed above, and_the results
multiplied by the concentration factor X = s for reasons

given in the previous sections, The result , being the
nearly correct pressure distribution for the pipe con-
sidered as rigid at the present, was plotted ( & glover the
left half of the pipe in Fig. 9,

The vertical components R of this normal earth
pressure are according to Figure_4:

R= Yorg(ty, « ¥y + Tg o V)

The coefficlents v, and ¥; are read from the
applicable curves of Figure 4 (upper right quarter) for
the value of o as glven.

The vertical components @ of the total earth
pressure on the rigid pipe 1s, because of the pressure con-
centration, equal to

a = X, R
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As the computation which follows takes no account
of the shearing forces, then in the evaluation of the bedding
reactions a value of only 2 or R should be used, In this

3

example, the bedding was considered to be on loose material,
and the bedding reactions for this condition were computed
from the proper formulae of Figure 4 (withd , = @, = 45°).

Tho result is plotted in Fig. 9 on the left half of the pipe
(6 gq)e
»

The pipe circumference was then divided into 36
parts A » and the distributed earth pressure was converted
into single forces P concentrated at the division points
using the trapezoidal formula, For instance, the force P,
acting at division point n 1ss

pn....% (6 1 *4ecs,+ S ne1)

Finally, using these single forces, the general
influence lines of Fig. 8 were evaluated, and the moment and
normal force determined for each of the 36 points, These
values are also plotted on the left side of Figure 9, The
shearing force Q, is of negligible importance for this case.
In the critical section, occurring at the pipe sole, the
following forces exists M = 402.5 cm. kg/em., N = 23 kg/cm,
Thus, if the pipe is considéred as rigid the maximum stress
turns out to be 2440 kg/cm®, In the next analysis it will
be shown that due to the flexibility of the iron pipe this
stress is greatly reduced.

2. Elastic Pipe

" The value of the bedding coefficient at a depth
of 6 mo i3, according to the assertions of the previous
sections 2 By ‘

53, (Yt + 1) =10 kg/cm®

K=

Also, for this pipe, the following stiffness characteristic
appliess
r4 K~ rix =71

B E J

—

For this case the influence line for the radial deformations
¥ and for the added pressure of bedding Py= k.y were evaluated

and the results plotfed in Fig, 7 as already stated in the
previous section, These influence lines are then evaluated
for the earth pressures and reaction pressures of the rigid
pipe which are plotted on the left side of Fig. 9
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In the evaluation of these influence lines the
circumference was divided into 36 parts and the earth pres-
sure reduced to single forces acting at the division points,
as In the example Jjust previous,

The deformations, y, are made up of two partss
the first, and greater part yg= Ag e CO8 @ is the result of

a vertical displacement of the whole pipe, presently considered
as rigid (compare Section II -~ 3); the second, lesser part,

is a result of the bending of the supposed absolutely rigid
pipe due to the elasticity of the plpe wall, A knowledge of
this second part y of the radial displacement of the pipe wall
suffices for the computation of the effect of the pipe elas-
ticity in evening-=out the pressures, This is arrived at from
the influence line for y in Fig. 7 by evaluating it for all
active forces and reaction pressures acting on the rigid pipe.

The elastic 1line for y was entered on the right
side of Flg, 9. The elastic deformation y of the pipe wall
is tled in with a change in bedding pressures: p = koy = 10.Y.
These pressure changes p are algebralically added to the
pressure < . acting on the so-called rigid pipe, and the
result 1is tfle loading & 5 on an elastic pipe, which may be
seen on the right side o? Fig., 9.

The further analysis may follow two coursess

1, The internal stresses are solved with the aid
of the influence lines, Fig. 8, for the rigid
plpe, using; however, the loading &g of the
elastic pipeo

2, The influence lines, equations (88) = (90),
Chapter II, for an elastic embedded pipe may
be evaluated using the loading &4 of the
rigid pipe.

Both methods lead to the same result. As a rule
it will be simpler to use the generally applicable influence
lines of Filg. 8, as then only the influence line for the
embedment pressure p on the elastic embedded pipe need be
determined, which line differs from the influence line for
the deformation y only in scale,

The résult of the analysis 1s plotted on the
right side of Filg. 9. The elasticity of the pipe causes a
noteworthy evening-out of the pressure, as has been observed
in numerous tests (53), At the sole cross-section the wvalue
of the momént M is 103,9 cm.kg/cm. and of the normal force, 2
31,8 kg/cm. The maximum stress in the pipe reaches 655 kg/cm®,
1,0,, about 1/4 of the stress in the rigid pipe. |
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If the analysis were cgrried out using the lesser
bedding coefficient of K = ¢ kg/cm®, which value was found in
the tests of Chapter III under the conditions existing there,
then the s de pressure on the above iron pipe would only in-
crease by about 1/4; the maximum stress, however, would already
be about 1/5 less than that of the rigid pipe. One may check
this from the deformation line, Fig, 63#, which serves also
as influence line for the bedding pressure, Once the pres:ure
distribution on the elastic pipe 1s thus determined; the
internal strésses follow from an evaluation of the influen:e
lines of Fig. 8,

B, CONDUIT IN A TRENCH

Figure 10 shows a cement pipe of 60 e¢m. intérnal
diameter which 1s laid on'a concrete base in a trench 1.1 m,
wide with a £111 of 4,0 m, above 1ts axis, Further details
may be seen in the figure,

The comparatively thick walled pipe may be con=-
sidered as rigid. From equation (9) of this Chapter the
uniformly distributed vertical pressure 1is given by

be - b2 b g
q=7[?77§-°dﬁ'P+ r, °¢

Herelin, with reference to Figure 10

' =t  =by = (b=Db)clq. P =533 cms

'35°9 the value of the function

From Figure 2, for =
o-\y = 1,15, the value of @ 1s

= 0,190, Then for x =
0,59 from this same figure.

O‘Id’ n

Substituting these values in the above equation
q = 0,63 kg/cm®.

As the pipe rests on a concrete bed, 1t may be
assumed that the distribution of bedding préssures is ‘
dependent on a constant bedding coefficient, From Figure 4 '
the value of the bedding-reaction 1s .

# fThis refers to an experimental measurement of the de~
formation of a circular ircn pipes -
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qy = 2 Q cos X
1 ra(sin 2K, + ZCB‘)

= 0,91 , cosd 1in kg/cm2

From Figure 2, with the pipe considered as sup-
ported by a line-reaction, the values of the internal forces
at the sole, where the maximum stressing usually occurs are

M=-0°5879roraoq N=00106"ra0q

From Figure 4, with Q s 2r, ., q, the effect of the action of
a distributed bedding rgacgion 1s found to be

M= 0,365 o T o I o q N=0s414 . 7y o Q
By superposition, the result 1ss

M= =0,222 o T o Ty o q = =166 cme kg/cmo

N= 0,520 s *, o q = 12,0 kg/cme

Due to the curvature of the pipe wall, the following addi-
tional forces (taken from Fig, 6) must be considered:

2 2
% §“ _11,7x5
M =N. gz = 12‘x 35,5 = 076 cm. kg/cm

& 3 M_-3 x 166
= = -15 os cm
N r 32,5 kg/cmo

The effect of the curvature of the pipe wall 1is
not too serious for the case under consideration; it increases
the maximum stress by 7%, This stress is

s .M+ v N+ n

' 2
max = = = =45,3 kg/cm

A reduction of loading due to passive side=
pressures 1s not to be considered for this relatively rigiad
cement plpse,
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7. GENERAL REMARKS ON DESIGN

A, STRENGTH AND ELASTICITY OF PIPE MATERIALS

The properties of pipe materials vary 1n a wide
range; therefore no generally applicable values may be given,
The design and construction of important conduits should in
all cases be based on special test results, The summary
" which follows has only value in that 1t orients one on the
approximate size of those properties which are of first
importance in the problem of the safety against fallure of
embedded pipes,

The resistance of mild steel pipes 1s endangered
by large deformations, as soon as the stress passes the yield
point of steel, regardless of whether this stress is the
result of bending or of internal pressure. In contrast to
this, all the other materials listed in the summary have only
about one<half the strength in resisting hoop tension due to
internal pressure that they exhibit in resisting flexural
tension stresses,

The flexural tension strengths given for centri-
fugally cast concrete and cement pipes is limited by the
formation of cracks. The carrying capacity of these types
may be increased to far beyond the crack-producing loads by
using reinforcing, but there is always the danger of the
reinforcing iron rusting.

B, FACTORS OF SAFETY

AS a rule, the fallure of a conduit which does not
carry any internal pressure does not bring with it any un-
remediable danger; one can therefore satisfactorily use a
factor of safety of about 1,5 in a caréful computation of
internal stresses due to bending loads, This means that the
allowable stresses may be allowed to reach 2/3 of the maximum
values found for flexural strengths in actual tests,

On the other hand, the fallure of a pressure line
means great danger; in this case one should not yse less than
a twofold factor of safety, In other words, the stresses due
to internal pressure should not exceed half the experimentally
determined hoop=-tension strengths, These latter strengths are,
for heavy construction materials; about half of the flexural
tension strengths as given in the table which follows,
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bﬁype of pipe

Clay Pipes

 meter,

Chemically

- Active Water and Soil

Flexural Modulus of Speciél Suitability
Tension Elasticity
Strength t/cme
kg/c
"Mild Steel Pipes 2400 2000 Pressure Condults
‘ (minimum yleld 2
point) :
Centrifugally Cast | ~ }
Pipes (Iron) 4000 1400 : Pressure Conduits
Ordinary Cast-=Iron { :
Plpes 2000 i 1200 g Water Mains
"Eternit" Pipes 350 250 ' Lines with Limited
+ Internal Pressure
Stone Block Pipes 50-250 400 . Chemically Active
. Water and Soil
Impregnated 100-150 300 : Chemically Active
Cement Plpes _ Water and Soil
Centrifugally Cast 70 . 380 Heavily Loaded
Concrete Pipes (crack=formation) ' Conduits
} .
Normal Cement Pipes 40-=110 i $00 - Pipes Without
- ! - Internal Pressure
"Prodorit" Pipes 80 ! 300 ~ Chemically Active
H Water and Soil
i :
30=140 ; 120 " Drains of Small Dia-
:i
!

4

o

—




Fig.

Upper half pipe

Lower half pipe

Moment

Normal

1l Transiated Words -

Earth over fillings Specific Weight
angle natural angle of repose =

s inner friction

Upper half pipe

Lower half pipe
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Pig. No, 2 Translations

Trench fillings Specific Weight Crown Pressure
Inner friction angle
Wall friction angle ' = from Adiagram for

from diagram for

= = inner
friction
angle

Crowns

Abutment s

Soles

COMPUTATION OF TRENCH CONDUITS, LINE SUPPORT.
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Fig. 4.

Barth over fillings Specific Weight » Iinner friction angle
natural angle of repose = .

Q¢ Vertical component of the Vertical component
active loade of the earth load
Support on firm material Support on loose material
Crowns Abutment s Soles

Moment 3

Normal Forces

Vertical Components of the éarth loading (Fig.66) in dependence
of the friction angle e (Curves on the upper right quarter),

Inner forces due to radial distribution of the support reactions,
in dependence on the support angle °

Support on firm materialo Support on loose material (right curves)
(left curves)
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Fige So " (Tension stress positive)

MAXIMUN STRESS, ACCORDING TO LAME/s AT THE INNER SIDE OF THICK=
WALLED PIPES,
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Fig, 6

Earth over fillings Specific Weight
inner friction angle natural
angle of repose °

Stress condition according to
Rankine for large overfilling height

Support on Support on
firm material, loose material,

Crowns

Abutment s
Soles

Coefficients for the present authoritative
support angle

Support on firm Support on loose

material material
Pipe in wide £illing Pipe in Trench

Load increasesdue to

stronger compressibility

of wide filling are to Friction angle on
be kept in mind. the trench wall.

Formulas and coefficients for the simpiified pipe computations.
Inner forces due to distribution of the vertical reac*ion, in dependence on the support angle
is for rigid pipe still to be increased by the supplementary pressure (Fig. 8 . due to the
compressibility of the filling. ,
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M=-0080r(G+W)- 02(17,2.99p—4229p’)+(5f Wr2pr)rp, +N,2;',‘,
N =-0080 G- 0,242 W~(0106p-0953p) + (G+ We2pr)rp, + 25

2
Sohle: M =-02390 (G W)-r?(0587p-0185p))+ (6+We 2r)rp, + N7
N =+00806-0398 W*ﬁ([),/Ob‘pfO,ﬂZD?—(ﬁf W+ ZP/jr/bf- %

Beiwerte 1 fir den jeweils massqebendern Auflagerwinkel a,:
Lagerurg auf losem Malerial,

p g
p=rttrrmreosh )

P ) S

Belasturgssleigerungen
infolge starkerer Zusammen-

I

[ageﬁuny auf foserm Malerial.

_ p 005X | __3pcosa (r- sin“oc drdckéarke# we{l'/e/’ l6'c/7§7//un- 5
%=P-sin «, ‘ b2 =~zsina, (" sim Za, gen sid zu berdeksichtigen.

Formeln und Koeffizienten fiir die vereinfachte Rohrberechnung.

Ny

B.
“Rohre in Grabery.
Fo(b+r) (4—&‘.%-9

P="2 kP
* 237#?2 cosf3
) 1= 817 ’
= g5 8TE
5))'” 9 f?e/bunysmhka/
ander ﬁrabenwand//y .

Innere Krifte infolge Verteilung vertikaler Auflagerreaktionen, in Abhingigkeit vom Auflagerwinkel a,
p ist fiir starre Rohre noch um den Zusatzdruck .14 (Fig. 68), infolge Zusammendriickbarkeit der Schiittung zu vergroBern

.Ftc..é



Figs, 7 and 8

Section 8: Ordinates positive

outwards

Influence lines for the elastic
bedding on the radially loaded
pipe. Charactertistic of

the deformability

Section S: Ordinates

positive
outwards

Generally valid influence
lines for the inner

forces on the radially
loaded pipe.



Schritt s : Ordinaten positiv
’ rach aussern
y=r>zprp, Y— 2:10ch
p-/{y S p— 2'10-7/(‘9“'”72
P P
4 %/ ~
r

4
£k, - J
= 7l k= loﬁy/z‘m

EinfluBlinie fiir die elastische
Bettung am radial belasteten Rohr.
Charakteristik der Verformbarkeit:

Tia. 7

Schritt §:

M=r-ZP-n, + Ordinalen 1y positiv nach ausser.
§-2Pn, N — O1cmky
7. — 01k

Allgemein giiltige EinfluBlinien fir die
inneren Krifte am radial belasteten Rohr

T 8



Fig. 9

Filling Material

Deflection line of the pipe wall
exclusion of vertical translation

Rigid Pipe " Support positive outwards.
‘ Elastic pipe.

Over filling to = 6 me

EARTH LOADING AND STRESSING OF AN IRON PIPE OF 66 cme
DIAMETER UNDER AN OVER FILLING OF 6 METERS.
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Erdbelastung und -Beanspruchung cines Eisen-Rohres von 66 cm Durchmesser unter
einer Uberschiittung von 6 m

Fig.9.



Middle line of trench depth t, = 4.0 m.

Fig. 10

Inne» friction Specific Weight

angle = 35° = 1,85 t/m

Concrete Sole.

EARTH LOADING OF A CEMENT PIPE=-TRENCH CONDUIT AT 4 METERS DEPTH

3



Innerer /?e/'bunys-
winke! 9=359 L, b=g55m

| /?a&hyew)bﬁf:—’
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I =185t/m3
(9=35°

-q-COS

Mt lere Graberntiefe ly =40 m
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Erdbelastung einer Zementrohr-Grabenleitung in 4 m Tiefe
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