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PREFACE 

The Division of Building Research has been interested in 
precast concrete construction in general for a number of years and 
more recently has been lnvolved in an active research programme 
on the connections between precast structural members. One of the 
more fundamental problems in this area is the bearing capacity of 
concrete plates under a concentrated load, as for instance in the 
head of a column carrying one or more beams. 

The results of the Swedish studies presented in this paper 
(one of a series by the same authors) contribute greatly to an 
understanding of the stress distribution and of the mechanism in- 
volved in the failure of concrete subjected to such loads. This 
translation is therefore provided to make this Information more 
readily available to designers and others involved in the field of 
precast concrete. 

The Division is indebted to one of its own members, W.R. 
Schriever, Head of the Building Structures Section for this trane- 
lation. 

Ottawa 
October 1965 

R.F. Legget 
Director 
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THE SPLITTING TENSILE FORCE I N  RECTANGULAR PLATES 
FIXED A M N G  ONE SIDE AND LOADED AT THE OPPOSITE SIDE 

Abstract  

The problem of t h e  d i s t r i b u t i o n  of s p l i t t i n g  t e n s i l e  s t r e s s e s  i n  
a  p l a t e  under load,  a  problem which so f a r  has  been solved r igo rous ly  
only f o r  a load on an i n f i n i t e l y  long s t r i p ,  i s  s tudied  by photo- 
e l a s t i c  model methods f o r  a p l a t e  of f i n i t e  dimension which i s  f ixed  
along one s i d e  and loaded a t  t h e  o the r  s i d e  by a  r e l a t i v e l y  concen- 
t r a t e d  symmetrical load ( a s  f o r  i n s t ance  a  concrete  wal l  on rock o r  
a  f m n d a t i o n  with t h e  load of a  beam o r  heavy machines, on top ,  e t c . ) .  

The b a s i s  f o r  an accu ra t e  design of t h e  r e i n f o r c i n g  aga ins t  t h e  
s p l i t t i n g  f o r c e s  r e s u l t i n g  from such a load i s  given i n  t h e  form of 
a diagram f o r  t h e  r e s u l t a n t  s p l i t t i n g  t e n s i l e  fo rce  and i t s  l o c a t i o n  
a s  a  func t ion  of t h e  p l a t e  he ight  and t h e  load concent ra t ion  r e l a -  
t i v e  t o  the  p l a t e  width.  

I.. In t roduc t ion  

It has  been known f o r  a long t ime t h a t  under a  load which a c t s  on 
wal l - l ike  p l a t e ,  t e n s i l e  s t r e s s e s  a r e  produced which lead  t o  s p l i t t i n g  c racks  
i n  t h e  p l a t e  (F ig .  1).  Morsch and Bleich der ived t h e  f i r s t  c a l c u l a t i o n  me- 
thods f o r  t h i s  case .  It i s  only with the  advent of p r e s t r e s s e d  concrete ,  i n  
which problems of r e i n f o r c i n g  such danger zones under t h e  anchor blocks a rose ,  
t h a t  t h e  s o l u t i o n  of t h i s  ques t ion  became urgent .  Approximate s o l u t i o n s  were 
produced i n  rap id  succession by ~ u ~ o n ( l ) ,  S i eve r s ,  Magnel and Ban. Iyengar (2) 
f i n a l l y  der ived an  exact  s o l u t i o n  f o r  t h e  i n f i n i t e l y  long h a l f - s t r i p  loaded 
on i t s  narrow s i d e .  If t h e  type  of problem a r i s e s  i n  which t h e  s p l i t t i n g  
f o r c e  i n  a  concrete  wal l  under t h e  inf luence  of a  heavy load concentrated on 

a  small  d i s t a n c e  must be c a l c u l a t e d ,  then t h e  s o l u t i o n  f o r  t h e  i n f i n i t e l y  long 
h a l f - s t r i p  i s  not s u f f i c i e n t .  A wal l  u s u a l l y  is of r a t h e r  l imi t ed  he ight  and 
is,  i n  genera l ,  f i xed  on t h e  oppos i te  s i d e  i n  t h e  foundation o r  on rock .  Thie  
f i x a t i o n  usua l ly  r e s u l t s  i n  a  cons iderable  reduct ion  of t h e  s p l i t t i n g  e f f e c t .  
Since t h e  problem j u s t  descr ibed does not lend i t s e l f  e a s i l y  t o  a  r igo rous  

(3-5 1 s o l u t i o n ,  pho tos t r e s s  model measurements were r e so r t ed  t o  a t  an  e a r l y  s t age .  
The development i n  t h a t  l a s t  few yea r s  of p h o t o s t r e s s  methods u s i  a l a t e r a l  (3 extensometer and polar i scope  led  t o  a  procedure of high accuracy which now 
o f f e r s ,  when used with a  s u f f i c i e n t  number of models f o r  t h e  t e s t s ,  t h e  b a s i s  
f o r  a genera l  and exact  experimental  s o l u t i o n  of t h e  problem. 

2 .  Test  Planninq 

Figure 1 shows a  bas i c  ske tch  of t h e  model i nves t iga t ed  with t h e  terms 
ueed. The e l a s t i c  p l a t e  i s  f ixed  along i ts  bottom s i d e  i n t o  an  e l a s t i c  semi- 



i n f i n i t e  body of t h e  same modulus a s  the  p l a t e ,  corresponding t o  t h e  f i x a t i o n  
of a  concrete  wal l  In rock o r  i n  a  foundation block. I n  the  model t h i s  f i x a -  
t i o n  was achieved by gluing t h e  10 mm t h i c k  model p l a t e  made of Ara ld i t  i n  a 
s u f f i c i e n t l y  l a r g e  block of the  same mate r i a l .  The width of t h e  load was t h e  

same f o r  a l l  t e s t s ,  t h a t  is ,  a  = 12 mm.  This  load width, a ,  r ep resen t s  t h e  
bas ic  measure f o r  the  presenta t ion  of t h e  s t r e s s  d i s t r i b u t i o n  under t h e  load.  

The l a t e r a l  s t r e s s  ox (Fig .  1) which i s  of i n t e r e s t  here,  i s  a  compressive 
s t r e s s  d i r e c t l y  under the  load,  but changes, a t  a  d is tance  roughly equal t o  
t h e  width of the  load, t o  a  t e n s i l e  s t r e s s  a s  a r e s u l t  of t h e  spreading of the  
concentrated load over the  width of the  p l a t e .  This  t e n s i l e  s tPess  reaches a  
maximum and f i n a l l y  diminishes t o  0 f a r t h e r  from t h e  load, a t  a  d i s t ance  a t  
which the  s t r e s s  d i s t r i b u t i o n  has reached i t s  f i n a l  form ( p a r a l l e l  s t r e s s  
l i n e s ) .  The s p l i t t i n g  e f f e c t  which r e s u l t s  from t h i s  s t r e s s  d i s t r i b u t i o n  can 
be character ized by t h e  r e s u l t i n g  s p l i t t i n g  t e n s i l e  fo rce  H which has a  d i s -  

tance from t h e  loaded edge of yH. 
The t e n s i l e  s t r e s s e s  ox depend mainly on two parameters: 
( a )  The r e l a t i v e  load width a/b, o r  t h e  inverse  value b/a, which is 

ca l l ed  the  "load concentrat ion fac to r" .  For t h e  load d i s t r i b u t e d  uniformly 
over t h e  p l a t e  width, 1 . e .  f o r  a  load concentrat ion f a c t o r  b/a = 1, no t e n s i l e  
s t r e s s  occurred under the  load.  For the  o t h e r  extreme case,  however, b/a = m, 

t he  s p l i t t i n g  e f f e c t  reaches a  maximum asymptot ical ly.  

( b )  The r e l a t i v e  p l a t e  height  h/b. This  determines the  reduct ion of t h e  
s p l i t t i n g  e f f e c t  f o r  smaller  p l a t e  heightsdue t o  t h e  e f f e c t  of f i x a t i o n  along 
t h e  lower edge, and v a r i e s  between h/b = 0 and h/b = 3:00. The l a t t e r  value i s  
t h e  l i m i t i n g  case f o r  the  i n f i n i t e l y  high h a l f - s t r i p  according t o  Iyengar.  

I n  order  t o  produce a  f u l l  so lu t ion  t o  the  problmm the  parameters b/a 
and h/b must be varied i n  t h e  model t e s t s  between the  l i m i t s  ind ica ted  above, 
with the  " i n f i n i t e "  values being reproduced by s u f f i c i e n t l y  l a rge  values,  be- 
cause of the  asymptotic condit ion of the  s p l i t t i n g  e f f e c t .  The t e s t  s e r i e s  
were arranged i n  such a  way t h a t  f i r s t  the  bas ic  models with r e l a t i v e  he igh t s  

of h/a = 5, h/a =lo, and h/a = 23 were made. The load concentrat ion f a c t o r  

b/a was produced by stepwise reduct ion  of the  p l a t e  width t o  values b/a = 29, 
16, 12,  8 and 4. An add i t iona l  t e s t  with a  s t i l l  lower model with a  r e l a t i v e  
p l a t e  height  of h/b = 0.2 was a l s o  made, s o  t h a t  the  f u l l  i nves t iga t ion  aov- 

ered 16 d i f f e r e n t  models. 
I n  p rac t i ce ,  accura te  s t r e s s  d i s t r i b u t i o n  under the  load i s  usual ly  not 

well  known. I n  planning t e s t s  it i s  the re fo re  necessary t o  decide with which 
load d i s t r i b u t i o n  the  inves t iga t ion  s h a l l  be made. I n  Fig.  2  some t y p i c a l  
cases  a r e  shown. A s e r i e s  of prel iminary t e s t s  showed t h a t  the  r e s u l t i n g  
s p l i t t i n g  t e n s i l e  fo rce  i n  the  case of a  r a t h e r  r i g i d  loading body (Fig. 2a)  



i s  approximately 10 percent  smal le r ,  and I n  t h e  ca se  of a c y l i n d r i c a l  load ing  
body ( ~ i g .  2 c ) ,  r e s u l t i n g  i n  an e l l i p t i c a l  s t r e s s  d i s t r i b u t i o n  because of a  
h igher  load concent ra t ion ,  approximately 10 percent  g r e a t e r  than  f o r  t h e  r e l a -  
t i v e l y  r a r e  case  of a  uniformly d i s t r i b u t e d  load ( F i g .  2b ) .  The f a c t  t h a t  t h e  
d i f f e r e n c e s  a r e  s o  small  can be explained by s t a t i n g  t h a t  t h e  c h a r a c t e r i s t i c  
p ressure  d i s t r i b u t i o n  under t h e  load spreads out  r a p i d l y  according t o  t h e  

p r i n c i p l e  of S t .  Venant. Since t e n s i l e  s t r e s s e s  occur only a t  a  c e r t a i n  d i s -  

t ance  from t h e  edge of t h e  p l a t e  ( ~ l g .  l ) ,  t h e  d i f f e r e n c e s  i n  t h e  load d i s t r i -  

bu t ion  a t  t h e  su r f ace  i s  of small  s i g n i f i c a n c e  f o r  them. The model t e s t s  were 
t h e r e f o r e  c a r r i e d  out  on ly  f o r  a  unlformly d i s t r i b u t e d  load .  A corresponding 

c o r r e c t i o n  can be made f o r  poss ib l e  o t h e r  known load d i s t r i b u t i o n s .  
The f a c t  t h a t  s p l i t t i n g  t e n s i l e  s t r e s s e s  occur  on ly  a t  a  c e r t a i n  d i s t a n c e  

below t h e  loaded edge i s  very favourable  f o r  measurement with  a  l a t e r a l  exten-  
someter. Since t h e  l a t e r a l  s t r a i n  I n  t h e  immediate v i c i n i t y  of t h e  appl ied  
load i s  r e s t r a i n e d ,  a  three-dimensional s t a t e  of  s t r e s s  occurs  t h e r e  which 
malces measurements w i t h  a  l a t e r a l  extensometer ques t ionable .  Measurements con- 
cern ing  t h i s ( 6 )  have, however, ahown t h a t  even under a  load ing  body which i s  
glued on ( i n  t h e  presen t  case  t h e  load wao only  s e t  on) ,  t h e  e f f e c t  on t h e  l a t -  
e r a l  extensometer measurement a t  a  d i s t a n c e  of 2  - 3a from t h e  upper edge was 
on ly  1 - 2 pe rcen t .  

Concerning t h e  a p p l i c a t i o n  of t h e  model r e s u l t s  t o  t h e  f u l l  s i z e  proto-  
type ,  i t  must be s t a t e d  first  t h a t  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  p re sen t  two 
dimensional case  i s  independent of t h e  l a t e r a l  c o n t r a c t i o n  c o e f f i c i e n t  and 
n a t u r a l l y  a l s o  of t h e  e l a s t i c  modulus of t h e  m a t e r i a l .  The r e s u l t s  of t h e  

model t e s t s ,  presented i n  dimensionless  form, a r e  t h e r e f o r e  d i r e c t l y  app l i ca -  

b l e  t o  any o t h e r  e l a s t i c  m a t e r i a l .  I n  o rde r  t o  preserve  geometric s i m i l a r i t y  
between t h e  model (M)  and t h e  pro to type  ( H )  i n  t h e  loaded condi t ion ,  t h e  
s t r a i n s  must be t h e  same i n  both cases :  

The same r e l a t i o n s h i p  i s  a l s o  v a l i d  f o r  t h e  mean load i n t e n s i t y  Q = P/a.t 
(where t i s  t h e  th i ckness  of t h e  p l a t e )  which a l s o  has  t h e  u n i t  of a s t r e s s ,  

whereby q/E i s  c a l l e d  tho  r e l a t i v e  load i n t e n s i t y .  For concre te  wi th  

9 = a b  = 100 k d s q  cm and Eb = 300,000 k d s q  cm we ob ta in  q / ~  = o .33 10". 

whereas one would p r e f e r  f o r  p h o t o s t r e s s  methods t o  have a  load i n t e n s i t y  a s  
h igh  a s  poss ib l e  i n  o rde r  t o  produced s t r e s s e s  and s t r a i n s  which a r e  easy t o  
measure. I n  o r d e r  t o  determine t o  what ex t en t  one may d e v i a t e  I n  t h e  p re sen t  
case  from t h e  s t r i c t  s i m i l a r i t y  without  g e t t i n g  i n t o  s i g n i f i c a n t  e r r o r s ,  a  



study was made with four  d i f f e r e n t  loads  on t h e  same model. The r e s u l t s  a r e  
shown on Fig.  3. It  can be seen from t h i s  t h a t  a r e l a t i v e  load i n t e n s i t y  of 
2 . i .e .  a  s ix-fold increase  1s s t i l l  ju s t  acceptable .  Figure 3 i n c i -  
d e n t a l l y  gives an idea  of t h e  r e l i a b i l i t y  of t h e  photos t ress  measurements by 

means of t h e  polar iscope and l a t e r a l  extensometer. 

3. Tes t s  and Evaluation 

I n  t h e  main t e s t s  t h e  s t r e s s e s  ax along t h e  a x i s  of symmetry and, t o  
check t h e  equi l ibr ium condi t ions ,  t he  s t r e s s e s  a  i n  any chosen hor i zon ta l  

Y 
s ec t ion  were determined f o r  16  model v a r i a t i o n s  a s  indica ted  above by meas- 

ur ing  the  p r i n c i p a l  s t r e s s  sums and d i f f e r e n c e s  (6-8) . Figures 4-6 show, f o r  

f i f t e e n  of t h e  inves t iga ted  cases ,  t h e  d i s t r i b u t i o n  of the  s p l i t t i n g  t e n s i l e  
s t r e s s  ox i n  dimensionless form with t h e  re ference  s t r e s s  q  =  at. From 
t h e s e  curves the  r e s u l t i n g  s p l i t t i n g  t e n s i l e  f o r c e  H/P and i t s  r e l a t i v e  d i s -  

tance from t h e  loaded edge yH/a was determined by t a b l e  i n t e g r a t i o n .  These 

two values,  which i n  each case e s s e n t i a l l y  descr ibe  t h e  s p l i t t i n g  e f f e c t ,  a r e  

p l o t t e d  i n  F ig .  7 a s  funct ions  of t h e  load concent ra t ion  f a c t o r  b/a and t h e  

r e l a t i v e  p l a t e  he ight  h/b. 

4 .  Resul t s  

From t h e  two diagrams i n  Fig.  7 it fol lows t h a t :  

1. For t h e  load uniformly d i s t r i b u t e d  over t h e  length  of the  p l a t e ,  with a 
load concentrat ion f a c t o r  of b/a = 1, t h e  s p l i t t i n g  t e n s i l e  f o r c e  i s  0 .  

2 .  With increas ing  load concent ra t ion  b/a t h e  s p l i t t i n g  t e n s i l e  f o r c e  i n -  

c reases  and reaches a  p r a c t i c a l  l i m i t i n g  value f o r  b / a > 3 0 ,  From t h e  
t e n s i l e  s t r e s s  dLs t r ibu t ion  obtained by ~ y e n ~ a r ' ~ )  f o r  t h e  l i m i t i n g  case 
of b/a = m and h/b = co it can be ca lcula ted  i n  an approximate way t h a t  

f o r  b/a = 30 approximately 90% of t h e  l i m i t i n g  value has  been reached, 
and t h a t  H/P = 0.3 (approximately) r ep resen t s  an upper l i m i t i n g  value of 

t h e  s p l i t t i n g  t e n s i l e  f o r c e .  
3. F ixa t ion  along t h e  lower p l a t e  edge r e s u l t s  i n  a  reduct ion of t h e  s p l i t -  

t i n g  t e n s i l e  fo rce .  With r e l a t i v e  p l a t e  height  inc reas ing  from h/b = 0 

t o  h/b = m ( c a s e  according t o  Iyengar) the  s p l i t t i n g  t e n s i l e  f o r c e  i n -  

c reases  from 0  t o  a  maximum value.  The maximum i s  a l ready p r a c t i c a l l y  
reached f o r  p l a t e s  with a  r e l a t i v e  height  of h/b = 2 t o  3. For p l a t e s  
wi th  a  g r e a t e r  he ight  t h a t  h/b = 2 (approximately) t h e  inf luence  of t h e  

f i x a t i o n  along t h e  lower edge i s  no longer of any p r a c t i c a l  s ign i f i cance .  

4.  The r e s u l t a n t  of t h e  s p l i t t i n g  t e n s i l e  f o r c e  occurs i n  general  a t  a  d i s -  

tance of 2 -  ha below t h e  loaded edge. With inc reas ing  load concent ra t ion  



b/a and with increasing relative slab height h/b the depth of the resultant 

increases also. 

5. Considerations for the Design of the Reinforcing 

The resultant splitting tensile force H/P and its location below the 
loaded edge yH/a can be read from the diagrams in Fig. 7 for each case. A 

steel reinforcement area calculated in this way, and related to the line of 

force given in the diagram would balance the splitting tensile force. This, 

however, does not yet guarantee that no tensile stresses will occur and that 

there is absolute assurance against cracking. If all tensile stresses are to 

be avoided, then the reinforcernent has to be distributed according to the ac- 

curate stress distribution in the diagrams of Fig. 4 - 6, as long as this ap- 
pears at all worthwhile considering the small tensile stresses. 

It should be noted here that it is not necessary to carry out model testa 

with the reinforcement according to the method given in reference 9 .  In the 

present case the reinforcement, designed properly for value and position, ia 

positioned such that it will have its maximum efficiency. In contrast to this 

in reference 9 the problem of the tear tensile force of a loaded corner has 
been studied, whereby a saving up to 60% can be achieved by moving the rein- 
forcement from the centre towards the edge of the plate, The solution of this 

statically indeterminate problem has so far only been achieved in model tests 

with reinforced models. 

If one wants to apply a correction for the deviation of load distribution 

from the case of a uniformly distributed load, for which the tests were made, 

one should, as already mentioned in Section 2, first determine clearly what 

the actual load distribution is. The case of the rigid body and that of a uni- 

formly distributed load will be rather rare in practice, as will the special 

case of a cylindrical body with an elliptical load pressure distribution 

(wheel on a rail). Load distributions in the form of a bell-shaped curve 

under only moderately thick plates, such as shown for instance in Fig. 2d, 

will, however, be quite frequent. The concentration of the load intensity to- 

wards the line of symmetry is in this case even higher than for the case of 

the elliptical pressure distribution. Since, however, the accurate load dis- 

tribution is known only very rarely, and since,furthermore, it is rarely pos- 

sible to develop a splitting tensile stress diagram for each load distribution, 

the estimated load distribution is replaced by a corresponding elliptical dis- 

tribution with the reduced width a', approximately as shown in Fig. 2d (45' 
distribution), for which distribution a correction of +lo$ compared to the 

case of the uniformly distributed load is known. From the diagram for the 

splitting tensile force one can see furthermore whether or not the present 

case is sensitive to a not quite accurate determinaticn of the load width a t .  



On the basis of similar conolderations it should be possible, by means 

of the splitting tensile diagram for a plate, to obtain at least an estimate 

of the splitting tensile effect for three-dimensional problems such as for the 

case of a real load on a crane runway on a concrete wall. 
In conclusion the authors wish to thank Tor Hafstad for the conscientious 

execution of the tests. 
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Fig. 1 

Diagrammatic sketch and nomenclature 

Pig. 2 

Different load distributions 

(a) Pressure of a rigid body on a soft semi-infinite body; (b) Arrangement for 
the production of a nearly truly uniformly distributed load; (c) Elliptical 
load dl-tribution under a cylindrical body; (d) Load distribution under a base 
plate of a structural section. This distribution can be replaced in practice 

by the elliptical distribution indicated with a reduced load width a' 



Dependence of t h e  s p l i t t i n g  t e n s i l e  foroe  on 
the  r e l a t i v e  load i n t e n s i t y  i n  t h e  model test  

dslq 
o ooz aot 

Fig. 4 

S p l i t t i n g  t e n s i l e  s t r e s s e s  ox/q as a funct ion  
of the  d i s t ance  y/a from t h e  loaded edge f o r  

var ious  load concentrat ions b/a f o r  
a constant  model he ight  h/b = 5 



Splitting tensile stresses ax/q a8 a function of 
the distance y/a from the loaded edge for various 

load concentrations b/a for a 
constant model height of h/a = 10 

Splitting tensile stresses ox/q as a function of the 
distance y/a from the loaded edge for various load 

concentrations b/a for a constant model height of h/a = 



The r e l a t i v e  s p l i t t i n g  t e n s i l e  f o r c e  H/P 
and i t s  p o s i t i o n  yr/a as funct ions  of 

t h e  load concent ra t ion  b/a and 
the  r e l a t i v e  p l a t e  he ight  h/b 


