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ARTICLE INFO ABSTRACT

Keywords: Hydrodynamic effects need to be considered to achieve high fidelity in kinematic simulations of ice floes. In-

Model ice ) » teractions with the surrounding fluid give rise to added mass, which can be modelled by coefficients proportional

?Zgrzdynamlc coefficients to the acceleration of the moving ice floe. These coefficients are usually obtained from simple heuristics, model
ed mass

testing or via computational fluid dynamics. However, heuristics are usually restricted to simple geometries and
based on significant simplifications, while model testing and computational fluid dynamics are both complex and
time-consuming, making all approaches impractical for the accurate and efficient simulation of ice fields with a
large number of floes having diverse geometries. Here, we create a dataset of added mass coefficients of prismatic
model ice floes floating horizontally at still water level using a boundary element method and introduce two
machine learning models for the prediction of the added mass tensors of floes from their geometries. By
analyzing general trends in the dataset, we find that changes to the floe geometry systematically affect the
tensors and that different tensor entries dominate during undisturbed motions and during collisions. The
introduced machine learning models are capable of predicting any individual entry of the learned tensors with
less than 1% error, with the convolutional neural network being able to predict added mass for floes of all tested

Kinematic simulation
Supervised learning

geometries. Our approach enables the kinematic simulation of large and complex model ice fields.

1. Introduction

Computer simulation is a versatile tool for the analysis of ships
navigating icy waters. It can be used for the development and testing of
autopilots in these harsh environments (Pearson et al., 2023), for the
calculation of ice loads on ship hulls (Daley et al., 2012; Daley et al.,
2014; Alawneh et al., 2015; Polojarvi and Tuhkuri, 2009; Gong et al.,
2019; Polojarvi et al., 2021; Lubbad et al., 2018; Hahn et al., 2017;
Huisman et al., 2019) as well as other structures (Morgan et al., 2015;
Morgan, 2016), and for the analysis of the temporal evolution of ice
fields under the influence of ships traversing them (De Schaetzen et al.,
2023). Simulations for these purposes have been recently reviewed by
Islam et al. (2021) as well as Li and Huang (2022).

Generally, kinematic simulations are used to predict the motions of
objects over time. For objects floating on water, hydrostatic and hy-
drodynamic effects need to be modelled for a high-fidelity simulation. It
is common practise to augment the governing equations of motion with
factors modelling the added mass caused by the fluid (Fossen, 2002). For
ships and other floating structures, these factors can be determined from
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heuristics, via computer simulation or in model tests. Current heuristics
are either derived from experimental data or first principles and, for the
most part, rely on significant generalizations and simplifications to
cover a wide range of cases (Zhang et al., 2019). While efficient, they are
inherently less accurate than more intricate approaches and thus not
well-suited for high-fidelity kinematic simulations. Computer simula-
tions to determine hydrodynamic coefficients exist in various flavours.
However, any computational fluid dynamics (CFD) code relies on spe-
cifically prepared and sophisticated three-dimensional models of the
geometry of the floating object in question (Zikanov, 2019; Tu et al.,
2023). This and the high computational costs make CFD difficult to
apply and computationally expensive. Additionally, the obtained results
are only valid for the one analyzed model. Model testing requires
elaborate experimental equipment and the manufacturing of a physical
scale model of the floating object to be characterized (ITTC, 2021).
Thus, neither of the latter methods is feasible for naturally occurring
floating objects like sea ice, since the variety of properties and geome-
tries of these natural objects, which may even change over time, makes
the preparation of computational or physical models impractical.
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This paper introduces an approach to derive added mass coefficients
for model ice floes floating horizontally at still water level solely based
on their shape and thickness in an efficient manner via machine learning
(ML). The boundary element method (BEM) of the WAMIT (WAMIT, Inc,
2025) software package was used to create a dataset of the added mass
coefficients of polygonal prisms resembling the shape variety of model
ice floes. With data solely generated by a BEM, deviations between the
dataset and the properties of real model ice floes must be expected.
Though, a basic validation against experimental data indicates the
general usefulness of the computationally produced data. Thus, general
trends of the influence of floe shape and thickness on the added mass
coefficients were identified and discussed. As the main focus of this
work, supervised ML models that are capable of predicting the added
mass tensors from the two-dimensional shape and thickness of a floe
with high accuracy were trained on the created dataset. These ML
models are essentially sophisticated heuristics for the estimation of
added mass tensors of model ice floes that eliminate the need to prepare
intricate three-dimensional models of the floe. The prediction quality
achievable by the ML models is primarily limited by the physical accu-
racy of the dataset. Two different families of ML models were derived. A
shallow feed-forward neural network model family (NN models) is
lightweight and takes the vertex coordinate of the floe's polygonal shape
as input. However, this family of models is only applicable to polygons
with a fixed number of vertices, such that a different model is needed for
each number of vertices. Thus, a large number of models from this
family is required to cover the complete dataset, and a new model is
required for any new type of floe shape. The alternative convolutional
neural network model family (CNN models) takes a binary image of the
polygonal shape of a model ice floe as input. This enables the models of
this family to generalize over different polygonal shapes. Using the CNN
models, only a single model is needed to predict each feature of the
created dataset. Since images of a polygon can be created from vertex
coordinates (as is done in this work) and vertex coordinates can be
extracted from images of polygons, the input formats are basically
interchangeable. Thus, the core difference between the two model
families is that the NN models are computationally less expensive but
less general, while the CNN models are computationally more expensive
but more general. Due to this trade-off, both model families were
explored in this work. Ultimately, it is shown that both types of models
can predict added mass tensors of model ice floes from the dataset with
high accuracy. Ultimately, the ML models enable the efficient kinematic
simulation of large and complex model ice fields based on appropriate
added mass tensors.

Early approaches to estimate the added mass for a given floating
object relied on data obtained for simple geometries and applied these
factors to the object of interest. Within strip theory, the 3D geometry is
broken down into two-dimensional planar sections and analytical so-
lutions for the added mass for these sections are found based on
fundamental theory. The values for the three-dimensional body are then
constructed from the solutions of the plane sections (Lewis, 1989;
Newman, 2017). In the so-called method of equivalent ellipsoids, the
object to be analyzed is matched with an ellipsoid, for which theoretical
solutions are known (Korotkin, 2009).

Due to proximity effects and large accelerations, it is expected that
the added mass is different during a collision event compared to un-
disturbed maneuvering (Korotkin, 2009). In the limit of instantaneous
collisions, the added mass at infinite frequency should be used (Motora
et al., 1969). Based on theoretical calculations and model testing, early
work proposed constant added mass (CAM) factors for the different
degrees of freedom during collisions of ships, which have been used to
model ship-ice collisions (Minorsky, 1959; Motora, 1960; Motora et al.,
1969; Petersen, 1982; Petersen and Pedersen, 1981; Zhang et al., 2019).

Over time, different models have been developed to estimate the
added mass of ice floes. They can be classified as being theoretical (i.e.
based on first-order theory), experimental, or computational, with
recent trends going towards the use of the latter. However, even in
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recent work, CAM approaches are still being used, due to their simplicity
and efficiency (Kim et al., 2017; Song et al., 2016; Yang et al., 2021).

An early theoretical model was described by Popov et al., who
introduced a set of equations to calculate the properties of polygonal ice
floes from their geometries (Popov et al., 1967). Luk (1987) used long
water wave theory to derive added mass over a wide variety of condi-
tions, including collisions, for circular ice floes. [saacson and Cheung
(1988) used potential theory to investigate the effect of proximity be-
tween two cylindrical ice pieces on the added mass of the individual
pieces. In 1999, (Daley, 1999) extended the work by Popov et al. (1967)
to create the so-called Popov-Daley method, which became highly
influential for modelling ship-ice collisions. Zong and Zhou (2019)
introduced a model based on shape factors to estimate the hydrody-
namic properties of polygonal ice floes. Jiang et al. (2022) describe an
approach to interactively calculate the added mass of circular ice floes
during ship-ice interactions using potential theory.

Recent experimental results include the work of Frederking and
Timco (2000), who used model-scale sea ice to investigate the kine-
matics of floe-floe interactions in a test tank study. McGovern and Bai
(2014) characterized the kinematics of square model ice floes in regular
waves. Experimental results were also obtained for circular ice floes by
Meylan et al. (2015). They used ice floes made out of polymer ata 1 :
100 scale, equipped with a motion tracking system, and focused
particularly on the surge motion of the floes in waves. Their results have
also been successfully used by Yiew et al. (2016) in a theoretical model.
A similar experimental approach with polygonal polymer model ice of
different shapes at a 1:50 scale was used by Zhao et al. (2023) to
determine the added mass coefficients in surge during collisions with a
circular object.

Computational fluid dynamics approaches to modelling the added
mass and kinematics of ice floes have been very common in recent years
(Song et al., 2016; Li and Huang, 2022). Most commonly, the added
mass of individual ice floes is not explicitly calculated and used in a
separate kinematic simulation but integrated in the CFD calculations
(Chen et al., 2024; Huang et al., 2020; Lee and Nguyen, 2010; Wang and
Derradji-Aouat, 2010). However, Tsarau et al. (2014) used a BEM and
designed a quadrilateral mesh for each ice floe of interest to calculate its
added mass explicitly.

The remainder of this manuscript is structured as follows: Section 2
introduces the methodology used in this work. Results are shown and
discussed in Section 3. The paper closes with a summary and conclusion
(Section 4).

2. Methods

A dataset of 100,000 polygonal prisms representing model ice floes
was created by drawing 10,000 convex n-gon shapes with n € 3,4, ...
,11,12] each from a random polygon distribution using Wolfram
Mathematica (Wolfram Mathematica, 2025). Each polygon was assigned
a random orientation from a uniform distribution and a random diam-
eter from an exponential distribution with a mean of 1m, cutoff at 0.1m
as the lowest value. The polygons were then extruded to prisms with
random thicknesses drawn from a uniform distribution over the interval
[0.01m, 0.20m) but limited to half the polygon's diameter. The resulting
prisms are oriented with the polygonal faces in the x-y plane and the
extrusion along the z-axis, thus representing floes floating horizontally
at the still water level. From a density of 930 kg/m? (assumed to be
uniform throughout the whole floe) for EGADS model ice (Spencer and
Timco, 1990) and 1002.5 kg/m® for liquid EGADS (Hill and Kirby,
1995), the submerged portion of the floes was calculated to be 92.8%.
EGADS is an aqueous solution named after its ingredients Ethylene
Glycol, Aliphatic Detergent and Sugar, which mimics the properties of
sea ice on a model scale when frozen (Spencer and Timco, 1990; Hill and
Kirby, 1995). Fig. 1 demonstrates the described geometric situation.

Based on the symmetry of the floes, their centre of gravity (CG) was
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(xi» Y1) (X1, Y1)

Fig. 1. Geometry and properties of a polygonal prism representing a model ice
floe and its orientation with respect to the free surface.

determined. The x- and y-components coincide with the centroid of the
polygon, and the z-component is located at 50% of the thickness of a
floe. With the known CG, the distance from CG to the waterline was
calculated for each individual floe. The inertia tensor for each floe was
determined by voxelizing the floe at a resolution of 1/100 of its diameter
and integrating over the mass distribution of all voxels, assuming a
uniform density. From the inertia tensor, the signed radius of gyration
tensor was calculated. A quadrilateral mesh of each polygonal prism
representing a model ice floe was created using gmsh's (gmsh, 2025)
simple meshing and simple recombination algorithm leading to an
automatically determined mesh resolution with typically 100-1000
faces per mesh. Note that the output of the used boundary element
method (WAMIT Inc, 2025) is virtually independent of the mesh reso-
lution in the present special case of polygonal prisms, since they consist
of perfectly flat faces and straight edges only.

The quadrilateral mesh, the previously calculated signed radius of
gyration tensor, and the geometrically obtained distance from CG to the
waterline were used as the only required inputs to the WAMIT compu-
tational package (WAMIT Inc, 2025) to calculate the zero and infinite
wave frequency added mass tensor. These wave frequencies were
selected due to their usefulness for kinematic simulations. The added
mass at zero wave frequency is a good approximation for undisturbed
maneuvering (i.e. ice floes moving freely in the absence of proximity
effects), while the added mass at infinite wave frequency can be used to
resolve instantaneous collisions (Motora et al., 1969). In conclusion, the
created dataset maps the polygonal shape and thickness of each polyg-
onal prism representing a model ice floe to its added mass tensors under
the given conditions.

The PyTorch library (PyTorch, 2025) was used to implement two
families of ML models. Firstly, a family of shallow feed-forward neural
networks (NN) with ReLu activation function was used. Models from this
family are tailored to one value of n only. The size of the hidden layer
and the learning rate of the NN models were determined separately for
each output using a grid search based on the 7-gon dataset (Section 3).
For each type of n-gon, three separate models were optimized with 2n +
1 inputs (2n vertex coordinates and thickness) and either one of the two
added mass tensors (each 36 elements) as output. Secondly, a con-
volutional neural network (CNN) was combined with a shallow feed-
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@"@W'@’@

32 filter
16 filter

Cold Regions Science and Technology 248 (2026) 104951

forward NN (Fig. 2). A single CNN model is suitable for multiple
values of n at the same time. The convolution part of the CNN models
consists of two convolution layers with two maximum pooling layers
and ReLU activation function. The details of the layers are shown in
Table 1.

The convolution part of the CNN model turns a 128 x 128 pixel
image input (see below) into an 8 x 8 x 32 = 2048 flattened feature
vector. The CNN design is loosely inspired by LeNet (Bottou et al., 1994)
and AlexNet (Krizhevsky et al., 2017). The 2048 extracted features
together with the pixel size of the input image and the thickness of the
floe serve as the 2050 inputs to the shallow feed-forward NN part of the
model, which uses the same hidden layer size determined in the grid
search for the NN model family for a given output. A separate model of
the CNN model family was trained for each added mass tensor. For all
models, the mean squared error (MSE) loss criterion was selected, and
the parameters were optimized using an Adam optimizer. The batch size
was set to 100, and the number of epochs to 20,000 and 30, 000 for the
feed-forward NN models for added mass at zero wave frequency and
added mass at infinite wave frequency, respectively and to 250 for the
CNN-based models, to guarantee a stabilized loss upon termination. All
inputs and outputs of the model were normalized as follows. For the
polygon vertices, a single normalization parameter was used to achieve
all vertex coordinates € [ — 1, 1]. Thickness and all output dimensions
were normalized individually to a [0, 1] range. The performance of each
ML model was evaluated by a 10-fold cross-validation.

To create the input images for the CNN model from the vertex co-
ordinates of the n-gons, a 128 x 128 pixel grid was set up with a size to
just fit the polygon, including a 5% padding along its longer axis, and the
polygon was fitted to the image as a binary black-white value by a point
(i.e. pixel) in polygon test for each pixel. Thus, for each polygon, a 128 x
128 black-and-white image was created with a unique (and square) pixel
size.

3. Results and discussion
3.1. Dataset validation and properties

The dataset (https://github.com/mseidl92/model-ice-ML/tree/mai
n/dataset) created for this work is a first of its kind, as it makes

Table 1
Details of the layers used for the convolution part of the CNN models.

layer kernel size stride padding output size
1st convolution layer 11 4 5 32x 32x 16
1st max pooling layer 2 2 16 x 16 x 16
2nd convolution layer 5 1 16 x 16 x 32
2nd max pooling layer 2 2 - 8x 8x 32

pixel size—
thickness—

input CNN
Image [] convolution layers

feed-forward NN output

[ max pooling layers [ flatten layers

Fig. 2. Design of the model combining a CNN with a shallow feed-forward NN to predict added mass tensors from an 128 x 128 image of the ice floe's polygonal

shape, the image's pixel size, and the floe's thickness.
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estimates of full added mass tensors for a wide variety of polygonal
prisms resembling the shape variety of model ice floes available. It
should be noted that the obtained coefficients are solely the output of a
BEM (WAMIT Inc, 2025) and, as such, deviations between the dataset
and the properties of real model ice floes must be expected. Unfortu-
nately, experimental data of full added mass tensors of model ice floes to
validate our dataset against is lacking in the literature. As a basic vali-
dation, the added mass coefficients C,, experimentally obtained by Zhao
et al. (2023) for the surge motion of model ice floes of different shapes
and sizes during collision events were compared to the outputs of
WAMIT at zero and infinite wave frequency for the same floes under the
same motion (Fig. 3). The outputs of WAMIT are in good agreement with
the experimentally observed trends of decreasing added mass co-
efficients with increasing floe size d and number of vertices n. Moreover,
the experimentally observed range of added mass coefficients
(depending on data evaluation method) falls within the range of
WAMIT's outputs for zero and infinite wave frequency. This is to be
expected since added mass should be increased during collision events
compared to undisturbed motions (i.e. zero wave frequency) (Korotkin,
2009). That the added mass coefficients computed by WAMIT for
infinite wave frequency are not reached during the experiments can be
explained by the duration of the collisions. In fact, Zhao et al. (2023)
reported a prolonged collision period for their experiments, explaining
the small difference to the added mass coefficients produced by WAMIT
for zero wave frequency. The maximum added mass produced at infinite
wave frequency would be reached during an instantaneous collision
only.

The good agreement between experimental and computed data in-
dicates the usefulness of our dataset. However, the validation is limited
to only 1 of the 36 entries of the full added mass tensor making up the
dataset. Despite this limitation, the dataset is a result in itself and was
analyzed statistically to identify systematic trends in the computed
added mass coefficients. For this purpose, the individual entries of the
added mass tensors were treated separately. Figs. 4 and 5 show the
probability density distributions of the nondimensionalized diagonal
elements of the added mass tensors for zero and infinite wave frequency,
respectively. Nondimensionalization of the added mass values to their
respective added mass coefficients C,, is achieved through division by
the floe's mass for surge, sway, and heave or the corresponding entry of
the moment of inertia tensor for roll, pitch, and yaw. The distributions
are given as a function of the number of vertices of the polygons n, as
well as the ratio h/d between floe thickness h and floe diameter d rep-
resenting the relative thickness of a floe. The latter was categorized in
intervals of 0.1, leading to 5 categories based on the constraints used for
the floe geometry (Section 2). An overview of the different observed
trends is given in the following text, while the full account for each of the
36 entries of the added mass tensors is shown in Figs. Al and A2 in the
appendix. Since a coherent nondimensionalization is impossible for the
non-diagonal elements of the added mass tensors, the data given in the
appendix is not nondimensionalized. The data is also individually scaled
due to the different units and physical meanings of the different entries.

Square Floes

Hexagon Floes
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To increase visual comparability by limiting the data range, outliers
were removed from all shown distributions (Figs. 4, 5, A1, and A2) based
on Tukey's criterion (Tukey, 1977) with a constant of 0.5 for the inter-
quartile range.

Looking at the added mass tensors at zero wave frequency (Fig. 4),
distributions of the strictly positive values with varying degrees of
asymmetry are found for all nondimensionalized diagonal elements. Due
to the random orientation of the floes in the dataset, the distributions for
surge and sway, as well as roll and pitch, are virtually identical and
henceforth discussed together as surge/sway and roll/pitch. For surge/
sway and yaw, the spread, asymmetry, and mean of these distributions
decrease continuously with the number of vertices. This decrease of
spread and asymmetry is much faster for heave, where the distributions
are almost symmetrical and stable for n > 5, while undergoing a slight
increase in mean. For roll/pitch, a similar trend of quick stabilization of
spread and asymmetry with n > 5 is observed, while the means neither
increase nor decrease but only stabilize.

These observed trends are attributed to the change in the general
shape of the floes with the increase in the number of vertices. Convex
polygons with a low number of vertices are more likely to be wedge-
shaped, while a higher number of vertices produces more round and
ellipsoidal shapes. This explains the decrease of the added mass co-
efficients for surge/sway and yaw, since more round polygonal shapes
generally lead to lower interactions of the rectangular sides of the floe
with the fluid upon surge/sway motions and yaw rotations. The increase
in surface area at constant diameter of a convex polygon with increasing
number of vertices can explain why the mean added mass coefficient
increases slightly for heave and stabilizes for roll/pitch with the
increasing number of vertices. The volume of fluid that must be moved
upon these motions increases, but so does the mass of the floe. With
more similar shapes at larger n, both effects balance more, leading to
more stable distributions. The general decrease in shape variety with
increasing number of vertices can further explain the general decrease in
asymmetry observed in almost all distributions in Fig. 4.

Considering the influence of the relative floe thickness, the mean
added mass coefficients as well as their spread increase for surge/sway
and yaw with h/d, while both trends are generally reversed for heave
and roll/pitch. Only for the roll/pitch added mass coefficients of tri-
angles, the spread of the distributions increases with relative floe
thickness.

With increased relative thickness of a floe, the rectangular side faces
of the prism representing the floe have more relative surface area
compared to the top and bottom faces. As described for the general
trends, these side faces convey the main interaction with the fluid during
surge/sway and yaw motions, thus explaining the observed increase of
added mass coefficients with h/d. On the contrary, the main interaction
for heave and roll/pitch motions is between the bottom polygonal face
and the fluid. This face does not change with relative thickness and thus
only a small effect on the added mass coefficient is expected. The in-
crease of the floe's mass with increased thickness at constant polygonal
shape, together with the nondimensionalization of the added mass

Shape Dependency

50 50 4 50 experimental
—m— reference
40 40 A 40 (minimum)
R 4, R 44 R L, experimental
< 30 ~ 30 < 30 —o— reference
Q 20 O 20 O 20 (maximum)
1o 1o 1o-ifﬁsi;ﬁ -m  WAMIT f=0
—— WAMIT f=x
0 -+ T T 0 - T T 0 -+ T T T
0.113 0.169 0.226 0.113 0.169 0.226 3 4 6 8
d/m d/m n

Fig. 3. Comparison between the added mass coefficients experimentally obtained by Zhao et al. (2023) and the outputs from WAMIT used to compose the dataset
used in this study. Good agreements between experimental and computed data are observed for the trends obtained for square (left) and hexagonal floes (center) of

different sizes, as well as floes of different shapes (right).



M. Seidl et al.

surge

f

sway

Cold Regions Science and Technology 248 (2026) 104951

0

heave
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3
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3
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Cml %

200 O

h/d=0.1 0.1<h/d=0.2

Cml %

0.2<h/d=0.3

100 150

Cml %

100 150 200 0 50 200

0.3<h/d=0.4 0.4 <h/d

Fig. 4. Probability density distributions of the nondimensionalized diagonal entries of the added mass tensor at zero wave frequency as a function of the number of
vertices n, categorized by the ratio of floe thickness and diameter h/d, as indicated by the legend. Details of the data preparation are given in the main text.

coefficients, thus explains the observed trend. The significantly stronger
asymmetry of the distributions of floes with higher relative thickness at
small n can probably be attributed to the requirement that floes are at
most half as thick as their diameter. More asymmetric polygons would
simply be extruded to these larger relative thicknesses more often.

The absolute values of the off-diagonal elements of the added mass
tensors at zero wave frequency (Fig. A1) are between one and four or-
ders of magnitude smaller than those of the diagonal elements. For all
off-diagonal values except the surge-pitch and sway-roll couplings, a
symmetric distribution with zero mean is observed. For most elements
(surge-sway, surge-roll, surge-yaw, sway-pitch, sway-yaw, heave-roll,
heave-pitch, heave-yaw, roll-yaw, and pitch-yaw couplings), the width
of the distributions decreases with the number of vertices. For the surge-
heave, sway-heave, and roll-pitch couplings, the width instead
increases.

From these trends together with the magnitudes of the different off-
diagonal values (Fig. A1), it can be concluded that the surge-sway,
surge-pitch, sway-roll, and roll-pitch couplings are the most significant
off-diagonal factors influencing the motions of model ice floes. As such,
these entries of the added mass tensor should not be ignored when trying
to create high-fidelity motion models.

For the added mass tensors at infinite wave frequency (i.e. during
instantaneous collision events (Motora et al., 1969)), the same funda-
mental trends of the distribution shapes and changes with the number of
vertices are observed (Figs. 5 and A2). However, the observed distri-
butions are generally more spread out and asymmetric and thus gener-
ally less stable, indicating more extreme values in the distributions
compared to the zero wave frequency results. Additionally, the mean
values of all tensor entries are increased to different degrees as follows.
For the surge/sway and yaw entries as well as the surge-sway, surge-roll,

surge-yaw, sway-pitch, sway-yaw, and heave-yaw couplings, the in-
crease is low and in the range of twofold to fourfold and generally
similar for the different h/d categories. The entries for heave, as well as
the surge-heave, surge-pitch, sway-heave, sway-roll, roll-yaw, and pitch-
yaw couplings are increased 10-fold to 20-fold. Increases of more than
two orders of magnitude are observed for the roll and pitch entries, as
well as the roll-pitch coupling, while even more than three orders of
magnitude increases occur for the heave-roll and heave-pitch couplings.
Almost all increases in orders of magnitude are more pronounced for
relatively thinner floes. It should be noted however, that the rigid body
assumption made throughout this work will fail first for these thinnest
floes and effects like floe splitting, rafting, and ridging become more
prevalent.

The vastly different changes in magnitude of the entries of the added
mass tensors for zero and infinite wave frequency indicate that it is
crucial to use different added mass tensors when simulating free-floating
and colliding model ice pieces to create high-fidelity results. The thinner
the ice floe relative to its diameter, the more important dedicated added
mass values for collision scenarios become. In conclusion, the diagonal
values are the most important values of the added mass tensor in either
situation. However, the importance of the heave, roll, and pitch entries
is significantly enhanced during collision events. Moreover, the roll-
pitch, heave-roll, and heave-pitch couplings take over the role of the
most influential off-diagonal elements during collisions.

3.2. Feed-forward neural networks

In a first step to predicting the values of the added mass tensors at
zero and infinite wave frequency, a grid search was executed to deter-
mine the optimal learning rate and hidden layer size for the feed-
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Fig. 5. Probability density distributions of the nondimensionalized diagonal entries of the added mass tensor at infinite wave frequency as a function of the number
of vertices n, categorized by the ratio of floe thickness and diameter h/d, as indicated by the legend. Details of the data preparation are given in the main text.

forward neural networks used. Fig. 6 shows the minimal MSE loss ob-
tained over all epochs of training as a function of hidden layer size and
learning rate.

For the added mass tensors at zero wave frequency, the learning rate
of 107> produces the smallest losses for each given layer size and thus
was chosen for the final models. For the added mass tensors at infinite
wave frequency, the learning rate of 10> was chosen as well, although
the smallest loss overall is obtained for a learning rate of 10~* at a layer
size of 8192. However, for that learning rate, the trend with respect to
increasing layer size is not a systematic decrease as expected. Thus, the
more conservative learning rate of 10~ was chosen.

Fig. 7 shows the MSE loss as a function of epoch number for the
chosen learning rates, which was used to determine the optimal hidden
layer size. For both tensor types, a decrease in the loss with an increase
in layer size is observed. For the added mass tensors at zero wave fre-
quency, there are diminishing returns when increasing the layer size

f=0

4096
2048
1024
512
256

hidden layer size
hidden layer size

le-21e-31e-41e-51e-61e-7
learning rate

16384

above 1024. As such, a layer size of 1024 was chosen to create a more
efficient model. The same trend is observed for the added mass tensors at
infinite wave frequency, where a layer size of 8192 was chosen, as
diminishing returns were reached at that point. It is not surprising that a
larger model is required for the added mass tensors at infinite wave
frequency, since the analysis of the dataset revealed a larger variation of
the individual entries of these tensors. Table 2 summarizes the learning
rates and layer sizes used for the different tensor types.

With the determined hyperparameters (Table 2), a separate machine
learning model was trained for each added mass tensor type and each
number of vertices. The performance of the trained models was assessed
by cross-validation. The results of the 10-fold cross-validation are shown
in Table 3 as mean cross-validation errors together with their standard
deviation.

For a given tensor, the cross-validation errors do not vary signifi-
cantly beyond their error bounds. From this observation, it can be

8192
4096
2048
1024

512

le-3 1le-4 le-5 le-6 le-7
learning rate

Fig. 6. Minimal MSE loss as a function of learning rate and hidden layer size to predict the added mass tensors from the geometry of ice floes with 7 vertices.
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Fig. 7. MSE loss as a function of number of epochs at fixed learning rates as indicated in the main text, with varying hidden layer sizes for the different added mass

tensor types in the dataset for polygons with 7 vertices.

Table 2
Used parameters for the supervised learning of the two different types of added
mass tensors as determined by grid search.

f =0 f = 00
learning rate 1075 105
hidden layer size 1024 8192

Table 3
Mean cross-validation errors with standard deviation for the different added
mass tensor types and numbers of vertices n.

n f=0 f=

3 0.0020 + 0.0005 0.0002 £ 0.0002
4 0.002 £+ 0.001 0.0003 £+ 0.0003
5 0.002 £ 0.001 0.0005 =+ 0.0005
6 0.0031 £ 0.0006 0.0006 £ 0.0004
7 0.0026 4+ 0.0005 0.0005 £ 0.0001
8 0.0030 + 0.0008 0.0007 + 0.0003
9 0.0027 4 0.0005 0.0009 =+ 0.0009
10 0.0022 4 0.0003 0.0005 £ 0.0001
11 0.0028 + 0.0005 0.001 +0.003
12 0.0027 4 0.0009 0.001 + 0.002

concluded that the determined hyperparameters (i.e. layer size and
learning rate) are valid for all numbers of vertices analyzed. Addition-
ally, the observed standard deviations of the errors indicate that the
models are not overfitting the data and that using the smallest hidden
layer size when obtaining diminishing returns was appropriate. That
most cross-validation errors for either tensor type are below 0.003 in-
dicates that the models perform well in predicting the tensors, since the
entries were normalized to [0, 1] range for the machine learning. Thus,
the cross-validation errors indicate less than 0.3% average deviation
between the true and predicted value for all entries of a given added
mass tensor.

3.3. Convolutional neural networks

The most significant drawback of the family of models based on feed-
forward NNs is the need for a separate model for each number of
vertices. In an actual ice field, it can be expected that there are floes of
different shapes that must be modelled by polygons with different
numbers of vertices. As such, a better approach would produce a single
model that can predict the tensors for floes of different shapes. For that
purpose, the CNN-based models were introduced, which take an image
of an ice floe as input, extract features from this image, and feed those
features into a feed-forward NN to finally predict the tensor of interest.

As such, the model can handle inputs from different polygonal shapes
and potentially beyond that.

Fig. 8 shows the MSE loss for the CNN-based models for all folds of
the cross-validation. From the cross-validation, the mean errors and
standard deviations were obtained as 0.0066 + 0.0004 for the added
mass tensors at zero wave frequency and 0.0032 + 0.0006 for the added
mass tensors at infinite wave frequency.

With 0.3-0.7% average error for the prediction of a single entry of
any given tensor, the CNN-based models perform similarly to the models
based on a feed-forward NN. However, the CNN-based models inher-
ently generalize better than the feed-forward NNs, since they can predict
the added mass tensors of ice floes with a larger diversity (i.e. any
number of vertices n). Since a list of vertices can simply be turned into an
input image for the CNN-based model, it is expected that the CNN-based
model will be preferable for most applications, unless computationally
small and fast models are needed, in which case the feed-forward NNs
are preferable. Moreover, the image input will be preferable for situa-
tions in which the added mass of real model ice floes should be esti-
mated. Experimentally obtained images can be turned into valid inputs
for the CNN-based model without the need to extract vertex information
by pure image segmentation techniques. As such, the range of potential
applications of the CNN-based models exceeds that of the feed-forward
NNs.

4. Summary and conclusion

This work introduced a new dataset of added mass coefficients for a
wide variety of polygonal prisms resembling the shape variety of model
ice floes. The dataset was produced using a boundary element method. A
basic validation for the surge added mass coefficients revealed good
agreement between experimental and computed data. Systematic
changes of the added mass coefficients with the number of vertices of the
ice floe, as well as the relative floe thickness, were analyzed. It was
confirmed that the diagonal elements of the added mass tensors are the
dominant elements. However, depending on the situation (i.e. undis-
turbed motions versus collisions), different coupling terms in the added
mass tensors become highly influential as well. Changes in added mass
for these different situations are more pronounced for thinner floes.

On the dataset, two different families of machine learning models
were trained to predict the added mass tensors from the geometry (i.e.
shape and thickness) of a model ice floe. For a shallow feed-forward
neural network, hyperparameters were determined using a grid
search, and with the tuned hyperparameters, a model was trained for
each tensor type and number of vertices of the polygon. With these
models' errors below 0.3% for the prediction of a single entry of each
tensor were obtained.

Finally, the CNN-based models were trained to predict the added
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Fig. 8. MSE loss as a function of the number of epochs during 10-fold cross-validation for the CNN-based models.

mass tensor of interest without needing a separate model for each
number of vertices. The CNN part of the model extracts features from an
image of the polygon. These features, together with the image pixel size
and the floe's thickness, are used in a shallow feed-forward NN to predict
the entries of the added mass tensors. With this more general approach,
errors between 0.3 and 0.7% for the prediction of a single entry of the
given tensors were achieved.

In future work, the introduced dataset should be validated against
experimental data of real model ice floes for additional degrees of
freedom. Since it was shown that the introduced ML models can predict
the values of the dataset with high accuracy, the quality of the models'
outputs hinges on the quality of the underlying dataset. Thus, obtaining
the needed experimental data for this validation is a crucial next step.
Once sufficiently validated, the analysis of the dataset could be
extended, ideally to derive conclusions on the single floe level instead of
the distribution level. Adding data for intermediate wave frequencies to
the dataset would be desirable as well, since such data would enable the
development and training of more capable ML models for the prediction
of added mass tensors at any desired wave frequency. Moreover, a
similar dataset could be generated for tensors describing other hydro-
dynamic effects like damping. However, this would require more
involved CFD calculations to be executed on a large number of objects as
well as additional experimental validation to draw real-world conclu-
sions. Finally, the generalization ability of the CNN-based models could
be tested beyond the introduced dataset. For example, circular, ellipsoid

Appendix A. Full distributions of added mass tensor entries

or non-convex polygons could be used as input to the existing model to
see if the model generalizes even to these shapes it has never seen before.
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Data availability

The created dataset and the best performing machine learning
models are available at https://github.com/mseidl92/model-ice-ML.
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