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The Theory of t h e  Surface Tension of Metals 

According t o  the  theory of the  sur face  tension of 

meta ls  proposed by A .  E. Glauberman ( I ) ,  t he  l a t t e r  i s  de te r -  

mined as  an excess energy of t h e  l a t t i c e  p e r  u n i t  of s u r f a c e ,  

brought about by the  presence of a boundary. The k i n e t i c  

energy of an e l e c t r o n  gas in t roduces  a nega t ive  c o r r e c t i o n ,  

equal  I n  magnitude t o  one-half of the e l e c t r o s t a t i c  p o r t i o n  

of the su r face  tens ion ,  which i s  i n  complete agreement with 

t h e  v f r f a l  theorem, 

A. E, Glauberrnan c a r r i e d  ou t  c a l c u l a t i o n s  of the 

sur face  tension f o r  two types of m e t a l l i c  l a t t i c e :  the  

space-centered and the  face-centered ,  A c a l c u l a t i o n  i s  pro- 

posed i n  t h e  p resen t  no te  f o r  a hexagonal, c l o s e l y  packed 

system which inc ludes  a l l  t he  m e t a l l i c  s t r u c t ~ ~ e s ,  The 

c a l c u l a t i o n  i s  c a r r i e d  out  f i r s t  f o r  p o i n t  ions ,  and then a 

c o r r e c t i o n  i s  introduced f o r  t h e i r  volumea, 

The E l e c t r o s t a t f c  P o t e n t i a l ,  

We w i l l  imagine t h e  whole l a t t i c e  as be ing  sub- 

divided i n t o  two p o r t i o n s  by the  plane z = 8 ,  We w i l l  de te r -  

mine t h e  e l e c t r o s t a t i c  p o t e n t i a l  of the  ha l f  l a t t i c e  'pa i n  

t h e  semispace which i s  e x t e r n a l  t o  i t .  For t h i s  purpose we 

w i l l  take an elementary nucleus c o n s i s t i n g  of two i o n s ,  

surrounded by an e l e c t r o n  " I f  quid", and we w i  11 s e l e c t  a 

system of co-ordina tes  a s  i n d i c a t e d  i n  t h e  F igure ,  



The angle xoy i s  equa l  t o  60", the  angles  xoz 

and yoz a re  r igh t -ang les  The dimensions of the  nucleus 

with r e s p e c t  t o  the  axes ox, oy a re  equal  t o  the base of 

the  nucleus a; with r e spec t  t o  t h e  a x i s  oz i t  I s  equal  t o  

c ,  moreover, s ince  t h e  packing i s  then approximately 

- - - 1 0 6 3 0  
a 

The co-ordinates  of t h e  ions  of the  llzero" nucleus 

a re  

The c e n t r e  of t h e  "zero" nucleus i s  d i sp laced  by 

h a l f  C along the OZ a x i s  In  r e l a t i o n  t o  the  o r i g i n ,  

We w i l l  express the  d e n s i t y  of the  e l e c t r i c  charge 

of t h e  l a t t i c e  p by a F o u r i e r  s e r i e s  without  t h e  ze ro  

term ( 2 )  

P "  

+ 
The F o u r i e r  coef f  i c i e n t s  p h e  a r e  determined 

n +1 - 
( - l) 2 s i n  ; ("* .)] 

a C 

f o r  n even 

(2 )  

f o r  n odd 



The p o t e n t i a l  
'Pa 

which s a t i s f i e s  t h e  Laplace 

equat ion 

we w i l l  express  i n  the  form: 

The Laplace opera to r  i n  our system of co-ordinates  h a s  t h e  

form 
a2 b2 2 2 -  b2 v = 4 ( b x 2 + 3 7 -  % x a y > +  b~ 

s u b s t i t u t i n g  (4) i n t o  3 ) ,  we ob ta in  t h e  equat ion f o r  f (z), 

t he  s o h t f o n  of which f a  

where 

Insfde  of a  semi - in f in i t e  l a t t i c e  the  e l e c t r o -  

s t a t i c  p o t e n t i a l  Ti, which may be  expressed i n  t h e  f  o m  



s a t i s f i e s  t h e  Poisson equat ion  

which provides t h e  p o s s i b i l i t y  of ob ta in ing  a  s o l u t i o n  f o r  

g  ( z )  i n  the form: 

Making use of the  boundary cond i t ion  f o r  t h e  

p o t e n t i a l  a t  Z = 0 and ' a ? i  , acPa 
'Pi = T a  

- 9 

az a z 

we w i l l  determine the  c o e f f i c i e n t s  C em 

Separa t ing  the  r e a l  p a r t  of F ~ ,  we w i l l  ob ta in  

the  express ion  [coa$@+m) . c o s ~ @ x + m y )  2n 
2ne 00, 

?a = 7 Z 1 
x i m t  o x ~ m t )  R , m - l a  

Xkm 
e  -8 



The Surface Tensf on. 

The e l e c t r o s t a t f c  p o r t i o n  of the sur face  t ens ion  

i s  determined from ( 2 )  . . 

where u12 i s  the  coulombic energy of i n t e r a c t i o n  of a semi- 

i n f i n i t e  c r y s t a l w i t h  a column of the  second h a l f  l a t t i c e ,  

which has  a rhombus as a base,  whose s ide  f s a ,  the acute  

e2 T 3 angle i s  609, and the a r e a  S - 
2 

where k i s  the  number of the i o n  i n  the  column, ek - e f a  

the  charge of t h e  ion ,  Taking i n t o  account t h a t  

xJm$ 
e > 1, we ob ta fn  a f t e r  c a l c u l a t i o n a  

The sum (13) can be subdivided i n t o  two p o r t i o n s ,  

one of which i s  taken wi th  r e s p e c t  t o  the indexes J ,  ms 

f o r  which d+ m 1s a mul t ip le  of t h r e e ,  and the o the r  wi th  

r e s p e c t  t o  a l l  o t h e r  va lues  of 4, rn. 



A s  a  P ~ S P ; ~  t of  the  s - m a t i o n  and i n  aczjd.-e?ance 

e  2 
wfth (12)  .we w i l l  o b t a i n  = - 

3 
0 o e o o ~ 2  

E a 

and the t o t a l  s u r f a c e  t e n s i  on 

I n  order  t o  make a  comparison wi th  the  exper i -  

mental  d a t a ,  i t  i s  necessary  t o  in t roduce  a  c o r r e c t i o n  f o r  

the  volume occupied by tho i o n s ,  s fnee  che e l e c t r o n  gas  of 

a metal. h a r d l y  ~ e n e t : ~ . a t e s  i n s i d e  t h e  Ions.  

Following A ,  Glauberman, we wfL?. cons ider  tha 

"reducedw charge of the  ion  e l  as  be ing  a p o i n t ,  and the 

e l e c t r o n  gas  a s  having a c e r t a i n  densfxy p p ,  moreover 

where n = 2 and is t h e  number of ior, ic charges  p e r  nucletls, 

V = a 3 f i s n d  i s  t h e  volume of the  elementary nucleus ,  

Vi = 2 . 9 :  end 1s the v~lurne  occupied by t he  t w c  Ions of 
- 

r a d i u s  Rig 

I n  formula (14) the charge e  should be subs t f  - 
t u t e d  by e G  i n  aceordance wl th  (15) snd the f f n a l  formula 

f o p  the su r face  t e n s i o n  s f  meta ls  of a  hexagonal c l o s o l y  



packed s t r u c t u r e  i s  

k comparison of the ca lcu la ted  val.ues for d 

wf t h  the experimental 1 s  gfven i n  the table*+ 

------ =. 

-1  hec constant of 1 i 
Metal f the L a t t i c e  I C s l c ~ 1 ~  : Expepo 

1 -8 \ 

j a I0 ern, ! dyne s/e.mej dyne s/cm. _"*______ -----.--- i 
I 

' -- 
1 

1 

I 
i 

Zn v ~ ~ ~ ~ o ~ . . c , : o  t. 2,6h 1100 j 
I \ 743 

In cincluslon., tile author wlshes t o  express h i s  

thanks t c  A ,  Glauberman for  h i s  g-!!idanea i n  thl s w m k 0  

* The charge cf *:he ion Ys assumed equal t o  the average 

ehemfcal v a l e z c y  of the metal ,  



Conclusl  ona 

I,, The e l e c t r o s t a t i c  p o t e n t i a l  f o r  a m e t a l l i c  l a t t i c e  

of a hexagonal c l o s e l y  packed s t r u c t u r e  w a s  found,  

2. By means of th i s  p o t e n t f  a 1  a c a l c u l a t i o n  i s made of 

t h e  s u r f  ace t ensf on f o r  me ta l s  wf t h  hexagonal c l o s e l y  

packed s t r u c t u r e ,  A comparison of t h e  r e s u l t s  of  c a l -  

c u l a t i o n  w i t h  t h e  e x i s t i n g  exper imenta l  d a t a  f o r  me ta l s  

of th i s  type Zn and Cd I n d i c a t e s  t h a t  the theory  p r o -  

posed by Glauberman, 5.n which che de te rmin ing  f u n c t i o n  

i n  t h e  va lue  of the s u r f a c e  t e n s i  on of a me ta l  f s f'ul- 

f i l l e d  by t h e  exces s  p o t e n t i a l  energy,  appear ing  as  a 

r e s u l t  of the presence  of a boundary s u r f a c e ,  g ives  

good agreement w i t h  experfmenc a l s o  f o r  m e t a l s  of t h e  

hexagonal d e n s e l y  packed s t r u c t u r e ,  whf ch  conple teu  t h e  

ana lys f  s of the  problem f o r  a l l  m e t a l l i c  s t r u c t u r e s  . 
Llvov S t a t e  U n i v e r s i t y ,  S e n t  t o  t h e  E d i t c r  

November 13, 1949. 
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