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This work introduces the generative fractional diffusion model for protein generation (ProT-GFDM), a novel
generative framework that employs fractional stochastic dynamics for protein backbone structure modeling.
This approach builds on the continuous-time score-based generative diffusion modeling paradigm, where
data are progressively transformed into noise via a stochastic differential equation and reversed to generate
structured samples. Unlike classical methods that rely on standard Brownian motion, ProT-GFDM employs a

fractional stochastic process with superdiffusive properties to improve the capture of long-range dependencies
in protein structures. By integrating fractional dynamics with computationally efficient sampling, the proposed
framework advances generative modeling for structured biological data, with implications for protein design and

computational drug discovery.

1. Introduction

Proteins are essential macromolecules whose unique amino acid
sequences fold into specific three-dimensional structures that deter-
mine their biological function, specificity, and stability within the cell
[1,2]. De novo [3] protein generation aims to produce new protein se-
quences that fold into stable and functional structures, creating novel
biomolecules for applications in medicine, biotechnology, and synthetic
biology. Traditionally, protein design follows a two-step process: de-
termining a backbone structure that meets the desired structural and
biochemical properties and designing an amino acid sequence to fit
that backbone. Often reliant on template-based fragment sampling and
expert-defined topologies, this approach has limitations, including that
the backbone may not be optimally designable or the sequence may
fail to conform to the intended structure. These problems can lead to a
relatively low success rate in computational protein design [5]. During
the past decades, the exponential growth of protein sequence data has
driven the development of myriad computational methods for de novo
protein design [4] and protein function prediction [5]. A systematic re-
view and comparison of methods is provided in [6].

Recent progress in artificial intelligence (AI) models has substan-
tially changed the field of protein design. Traditionally, generative
models, such as generative adversarial networks (GANs) [7], varia-
tional autoencoders (VAEs) [8], and flow-based models [9] have been
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widely applied to protein generation, enabling the design of novel pro-
teins with the desired properties and facilitating the exploration of
vast combinatorial spaces. For example, ProteinVAE [11] applies Prot-
BERT [12] to convert raw protein sequences into latent representa-
tions, using an encoder—decoder framework enhanced with positionwise
multihead self-attention to capture long-range sequence dependencies.
In contrast, ProT-VAE [13] employs a different pretrained language
model, ProtT5NV, and incorporates an internal, family-specific encoder—
decoder layer to learn parameters tailored to individual protein families.
Conversely, ProteinGAN [14] employs a GAN architecture to generate
protein sequences, and its capabilities are illustrated through the ex-
ample of malate dehydrogenase, demonstrating its potential to produce
fully functional enzymes.

However, Strokach et al. listed the disadvantages of generative mod-
els for protein design [15]. For instance, GANs and VAEs each have
their drawbacks. For example, GANs can experience unstable training
processes compared to other model types and often generate examples
with low diversity due to mode collapse. Additionally, GANs lack mech-
anisms for mapping existing data to latent spaces or for calculating
log-likelihoods. In contrast, VAEs are typically less effective at model-
ing data with a fixed dimensionality and often generate lower-resolution
samples than GANSs. Other deep learning approaches have also played a
significant role in advancing protein design (e.g., [16-19]).
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Probabilistic diffusion models have recently demonstrated signifi-
cant potential in bioinformatics, particularly in such applications as
protein generation. These models learn to approximate complex data
distributions by sequentially corrupting and denoising data samples, en-
abling the synthesis of high-quality, realistic output [20]. Denoising
diffusion probabilistic models (DDPMs) [21] define a discrete-time
Markov chain that progressively adds Gaussian noise to data, trans-
forming data into a nearly isotropic Gaussian distribution. Formally,
for each training sample X; ~ py,.,(X), the forward process follows a
predefined variance schedule 0 < f; < f,,...,fy <1 and constructs a
sequence {X\,Xp,...,Xr}, where the transition at each step is given by
the following:

p(xtlxt—l) = N(Xr; V 1- ﬂ,X,_l,ﬂ,I).

Expanding this recurrence yields direct mapping from x;, to x,:

X, =\1=-8x_1++\Be_y, t=1,....T, (€8]

where g, ~ N'(0,I). Applying the Markov property, we can marginalize
over all intermediate steps and derive the closed-form distribution of x;,
given the original data sample:

P(X,1X0) = N'(%;3 \ /X, (1 — a)D),

where o, = Hi=1(1 — f,). The noise schedule is predefined such that
ar — 0, ensuring that x; asymptotically approaches a standard Gaus-
sian distribution (i.e., p(xy) = N'(0,I)). The reverse process, which
transforms Gaussian noise back into structured data, is modeled as an-
other Markov chain, parameterized as follows:

PX_1 %) = N (X5 g (X, 1), Z(D)),

where the mean function py(x,,?) is learned using a neural network
NNpy(x,,1). Once the model is trained, new samples can be generated
by first drawing x; ~ N'(0,1), and iteratively updating:

ﬁ (%, + B, NNy (x,, 1)) + Bz, t=T,T—1,....1,
Pt

Xi—1=

where 6* denotes the optimized parameters of the trained network NN,.
The DDPM effectively recovers structured data from noise via this itera-
tive denoising process. An alternative approach to generative modeling
is score-matching Langevin dynamics (SMLD) [22], a method ini-
tially developed in physics to describe the stochastic motion of particles
under deterministic and random forces. Langevin dynamics facilitates
sampling from a target distribution p(x) using an iterative update rule:

X, =%X,_; +tVlogp(x,_;) + V2rz, z~N(0,]), @

where 7 denotes the step size, and X, is initialized from white noise. The
term V, log p(x) represents the score function, also known as Stein’s
score function, which determines the optimal update direction for the
sample. The score function V,logp(x) must be learned using neural
networks to apply Langevin dynamics for generative modeling. Once
trained, samples can be generated by iteratively refining noisy input
via Langevin dynamics, guiding them toward the target data distri-
bution. Yang et al. referred to these two model classes, DDPMs and
SMLDs, together as score-based generative models. Both DDPMs and
SMLDs can be expanded to scenarios encompassing an infinite number
of time steps or noise levels, where perturbation and denoising proce-
dures are characterized as solutions to stochastic differential equations
(SDEs). This extended framework is referred to as a score-based SDE
model (ScoreSDE) [20]. By interpreting the forward diffusion processes
(1) and (2) as the discretization of an underlying SDE, we express the
continuous-time limit as follows:

dx; = f(x;, t)dt + g(t)dw;,, 3)

where f(x,?) represents the drift term, governing the deterministic
evolution of the process, g(f) denotes the diffusion coefficient, often
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defined in terms of the noise schedule, and dw, indicates a Wiener
process, modeling stochastic perturbations. This generative framework
generalizes previous score-based generative models by incorporating
continuous-time SDEs and provides a mathematically flexible method
to describe diffusion processes and generative modeling in continuous
time.

In [23,27], the authors explored the limitations and shortcomings of
the classical ScoreSDE models equipped with Brownian motion (BM).
When training data have unequal representation across modes, tra-
ditional diffusion models may fail to generate samples that properly
represent all modes, focusing instead on dominant modes. In addition,
generated samples might lack variety, producing outputs that are too
similar or fail to explore the data distribution fully. These limitations
might arise due to the nature of BM, which has a light-tailed distri-
bution and independent increments. Moreover, BM relies on Gaussian
noise; hence, it may struggle to model data distributions with heavy
tails effectively (e.g., outliers or rare, extreme variations), whereas the
independence assumption limits the ability to encode dependencies or
correlations across time steps, which may be necessary to model com-
plex, multimodal distributions accurately. To overcome this limitation,
researchers have investigated Lévy processes and fractional BM (fBm)
as potential alternatives to BM.

Yoon et al. [23] extended classical ScoreSDE models by replacing
the underlying BM with a Lévy process, a stochastic process character-
ized by independent and stationary increments (i.e., the differential dw,
in Equation (3) is replaced by d L, where L is an a-stable Lévy pro-
cess). Stable processes necessarily have a stability index of a, which lies
in the range (0,2]. When «a =2, the process L} reduces to the classi-
cal BM and, therefore, necessarily has continuous paths. These models
enable more efficient exploration of the conformational space and are
applied to protein generation. Motivated by [23], the authors of [24]
presented innovative Lévy-Ito diffusion models that integrate Marko-
vian and non-Markovian dynamics, incorporating fractional SDEs and
Lévy distributions, with applications in protein generation.

An alternative for the driving process is fBm, a generalization of
the standard BM that introduces long-range dependencies and con-
trolled roughness. The authors of [25] presented the first continuous-
time score-based generative model that employs fractional diffusion
processes to govern its dynamics (i.e., the differential dw, in Eq. (3) is
replaced by dBtH , where BIH is a fBm, which features correlated incre-
ments and is characterized by the Hurst index H € (0,1) with H =1/2
corresponding to classical BM). Its precise definition is given in Defini-
tion 4.1. Moreover, BM and Lévy processes are semimartingales, mean-
ing they can be decomposed into a sum of a local martingale and a finite
variation process, enabling Ito calculus for stochastic integration [26].
A challenge in dealing with fBm is the nonsemimartingale nature, inval-
idating the use of classical It6 integrals. To maintain tractable inference
and learning, the authors used a recently popularized Markov approxi-
mation of fBm (MA-fBm). They derived its reverse-time model, leading
to the development of generative fractional diffusion models (GFDMs).
In particular, SDEs driven by fBm are well-suited for capturing systems
with temporal dependencies because they account for memory effects
and correlations over time. Additional studies focusing on fBm are found
in [26,27].

This work proposes a novel fractional diffusion-based generative
model for protein design, ProT-GFDM, employing the mathematical
framework of MA-fBm. Unlike traditional diffusion models that rely
on BM, the proposed approach incorporates long-range dependencies
and super-diffusive behavior, enabling more expressive and control-
lable generative dynamics. Compared to prior diffusion models [20], the
proposed method achieves superior sample diversity and fidelity. This
work also explores the effect of various noise schedules, including an al-
ternative cosine noise schedule [28] that provides a distinct approach
to noise control and influences generative behavior. Furthermore, this
work systematically evaluates the adaptability of the proposed model
to stochastic and deterministic solvers, demonstrating that fractional
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diffusion models can be effectively integrated with SDE solvers and or-
dinary differential equation (ODE) solvers, expanding their applicability
in generative modeling. These contributions establish the approach as a
flexible and robust framework for advancing generative protein design.

The paper is organized as follows. Section 2 discusses the back-
ground of ScoreSDE, laying the theoretical foundation and presenting
the relevant prior work. Next, Section 3 explores protein-structure image
generation, where the protein backbone is represented by an a-carbon
distance map. Section 4 focuses on the core contribution of this work
and is subdivided into parts that explore the fractional driving noise and
its Markov approximation in subsection 4.1, generative fractional diffu-
sion models in 4.2, and augmented score-matching techniques in 4.3.
This section also includes a detailed explanation of sampling methods
in 4.4, presenting multiple approaches, such as SDE and ODE solvers,
for efficient sampling. Following this, Section 5 presents the experimen-
tal results, highlighting the performance and validation of the proposed
methods. Section 6 presents the conclusions and future directions for re-
search. Finally, Section 7 provides the notational conventions, clarifying
the symbols and terminology used throughout the paper.

2. Background of the ScoreSDE framework

To establish the connection between score-based generative models
and SDEs, we examine the discrete-time formulation of DDPMs, as given
in (1). We define a discrete step size At = %, where N represents the
total number of discrete steps in the diffusion process. To facilitate the
transition to a continuous formulation, we introduce an auxiliary noise
schedule {ﬂ_,.}fi ) where §; = §; - LN By expressing f; in terms of a con-
tinuous function, we obtain the following:

ﬂi:ﬂ_i'_

i i 1
(%) ¥
where this work assumes that ﬁ_l — f(t)as N — oo, which is a continuous
time function for 0 <7 < 1. We let

= B(t + ADA?,

i i
X, = X (N) =x(t+ A1), g =e(ﬁ) — (i + A1),
Hence, the Taylor expansion of 4/1 — x for approximation yields

1_1X11+\/ i€i-1

l_ﬂx i-1
V VN

X(t + A1) = /T = B+ ADAT - x() + VB + ADAL - £(7)
X(t + An) ~ (1 - %ﬁ(z n At)At) (1) + VB + ADATL - (1)

X(t + Af) & x(f) — %ﬂ(t)Atx(t) +VBOAL - (r).

As N — oo, the discrete Markov chain in Eq. (1) converges to the fol-
lowing SDE:

X, = —%ﬂ(t)x, dt++/p@)dw,. “4)

Therefore, the DDPM forward update iteration can be written equiva-
lently as an SDE. The variance f(¢) remains bounded as t — co because
p; is constrained, ensuring a controlled noise increase that prevents the
data from being completely overwhelmed. This bounded nature of vari-
ance is why it is referred to as the variance-preserving (VP) SDE.

The SMLD (2) framework has no explicit forward diffusion process
as in DDPMs. However, we can approximate it using N discrete noise
scales. Under this formulation, the recursive updates naturally follow a
Markov chain:

X; =X;_| + 2— 2 "z, i=1,.
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Assuming that the limit {o; }N becomes the continuous-time function
o(t) for t € [0,1], z; becomes z(r), and {x,}i’il becomes x,, where x; =

x(i&), then we obtain the following:

X(t + A1) =x() + Vol (t + A1) — o2(1) - 2(t) = x(1) + 4/ %UZ(I)AI -z(t)

At the limit when Az — 0, the equation converges to

/L
dx = 5° ) dw. 5)

Unlike the VP SDE, where noise remains bounded, the diffusion term
in (5) grows exponentially with time. Hence, the variance of the data
distribution diverges as t — oo, which is why this formulation is called
variance exploding SDE.

Although SMLD and DDPM have demonstrated strong generative ca-
pabilities, they suffer from limitations, including slow sampling due to
their iterative denoising steps and difficulties in likelihood evaluation.
To address these challenges, the ScoreSDE model extends diffusion mod-
els to a continuous-time framework, offering critical advantages, includ-
ing efficient likelihood computation via its connection to a probability-
flow ODE (PF-ODE) and greater flexibility in sampling methods. The
model is formulated as a stochastic process governed by a pair of SDEs:
the forward and reverse-time SDEs.

Forward SDE (data-to-noise): A general framework for many score-
based generative models is where noise is injected into the data distri-
bution pg4,, = py via a forward SDE with more general drift and diffusion
coefficients:

X, = f(X;, )dt + g(X;,1)dwW,, Xg~ pg, (6)

where t € [0,T] resides in the continuous-time domain and w; is the
standard Wiener process (a.k.a. BM). The drift coefficient f(-,?) : RY -
R¢ suggests how the diffusion particle should flow to the lowest energy
state, whereas the diffusion coefficient G(-,7) : R? - R4 describes how
the particle would randomly walk from one position to another, deter-
mining the strength of the random movement (i.e., the intensity of the
random fluctuation).

Reverse-time SDE (noise-to-data): To generate new samples, the
reverse-time SDE inverts this process, starting from noise and gradually
reconstructing structured data by removing perturbations. A crucial re-
sult from [29] reveals that the reverse of a diffusion process is a diffusion
process, running backward in time and governed by the reverse-time
SDE:

X, = {f(x.1) — g(x,,1)*V, log p,(x,) } dt + g(x,,1)dW,, @)

where W, denotes the standard Wiener process in reverse time (i.e.,
time flows backward from 7 to 0). When the reverse-time SDE is well-
constructed, we can simulate it with numerical approaches to generate
new samples from p,.

When discretizing SDEs, the step size At is limited by the random-
ness of the stochastic process [30]. A large step size (consequently, a
small number of steps) often causes nonconvergence, especially in high-
dimensional spaces, and the numerical scheme might fail to capture the
correct dynamics, leading to a poor approximation of the solution’s dis-
tribution and negatively affecting the capability of high-quality sample
generation. However, when the step size is small, the iterative process
that generates high-quality samples, often involving hundreds or thou-
sands of denoising steps, makes the generation process computationally
expensive and slow.

Additionally, SDE solvers do not offer a method to compute the ex-
act log-likelihood of score-based generative models. To address those
limitations, Song et al. [20] introduced a sampler based on ODEs, called
the PF ODE, by converting any SDE into an ODE without changing its
marginal distributions {p,(X)},¢o 7)- Song et al. suggested that each SDE
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has a corresponding PF-ODE that produces deterministic processes, sam-
pling from the same distribution as the SDE at each timestep.

Probability-Flow ODE: The PF-ODE corresponding to Eq. (6) follows
the general form:

ax,={ roxn - %V [6x0Gx,0T]
(8)
—%G(x, NGx,1TV, log p,(x,)} dt.

Appendix D.1 of [20] provides a detailed derivation of transforming the
reverse SDE into the PF-ODE. The proof is based on the Fokker-Planck
(or the Kolmogorov forward) equation. Trajectories obtained by solving
the PF-ODE (8) have the same marginal distributions as the SDE trajecto-
ries (7). The critical component in (8) is the score function V, log p,(x,),
which is approximated by neural networks. This approximation creates
a parallel with neural ODEs [31], inherits all properties of neural ODEs,
and enables sampling via ODE solvers and the precise computation of
log-likelihoods. The PF-ODE also eliminates the stochasticity from the
reverse process and allows for faster sampling in generative diffusion
models while maintaining high-quality output [20]. Although the re-
verse process becomes deterministic, multiple diverse outputs can still
be generated by starting from different random noise vectors because
the ODE’s initial conditions vary accordingly.

Remark 2.1. The equations (SDEs or ODEs) above describe how a sys-
tem changes or evolves over time. Numerical solvers are algorithms that
take these equations and produce a series of points that form a “trajecto-
ry” or “path” of how the system evolves by breaking time into small steps
and applying approximate formulas. This trajectory is an approximation
rather than an exact representation; however, it is typically sufficient to
capture and understand the behavior of a dynamic system. In genera-
tive modeling, we generate new images by numerically solving Egs. (7)
and (8).

3. Protein backbone representation: a-carbon distance map

Proteins are macromolecules comprising linear chains of amino
acids. Each amino acid contributes three principal backbone atoms: ni-
trogen (), alpha carbon (C,), and carbonyl carbon (C). Although the
carbonyl oxygen (O) is bonded to the backbone, it is not considered part
of the backbone itself. These repeating units form the polypeptide back-
bone N — C, — C — O, with side chains branching from the C, atom.
Various computational methods have been developed to predict pro-
tein function. These methods can be categorized into four groups based
on the information they employ (there is overlap and correlation be-
tween them). Sequence-based methods include BLAST [32], DEEPred
[33], and DeepGOPlus [34], etc.). The 3D structure-based methods in-
clude DeepFRI [35], LSTM-LM [36], and HEAL [37]. In addition, the
PPI network-based methods include GeneMANIA [38] and deepNF [39],
among others. Finally, the hybrid information-based methods include
the CAFA challenge [40]. A comprehensive review and comparison of
those methods is presented in [41]. Diffusion models have recently
been adopted into protein engineering applications and have demon-
strated strong performance in generating novel protein structures and
sequences [42-44].

The dataset was derived from the Protein Data Bank (PDB) [45], a
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on the left represents the atomic arrangement of 101M sperm whale
myoglobin obtained from the PDB. The table in the center displays a
segment of the PDB file detailing atomic positions in a structured for-
mat. Using the extracted (X, Y, Z) coordinates, the Euclidean distances
between pairs of C, atoms are computed to construct the distance ma-
trix, visualized as a heatmap (right). The color gradient (yellow to blue)
encodes distance magnitudes, with the diagonal representing zero dis-
tance, corresponding to self-comparisons. An invariant representation
is necessary to analyze protein structures independent of their spatial
orientation. Proteins can adopt arbitrary poses in 3D space; hence, di-
rect coordinate-based representations are sensitive to translation and
rotation. Computing pairwise distances between C, atoms yields a struc-
tured representation, the distance matrix, which remains invariant to
such transformations while preserving critical structural information.
This representation is useful because it retains the sequential ordering
of amino acids, defined by the N-terminus to C-terminus directionality,
ensuring uniqueness, and it preserves sufficient information to recover
the structure [10].

Following the generation of the C, distance map using a trained
model, the 3D structure of the protein backbone can be reconstructed
from the resulting image. Recovering or folding the 3D structure of a
protein from the a-carbon distance matrix is a classical inverse problem
in structural biology, which many studies have investigated. In the exist-
ing literature on 3D protein structure recovery, notable methods include
the hidden Markov model (HMM)-based approaches FB5-HMM [46]
and TorusDBN [47], the multiscale torsion angle GAN, 3DGAN [48],
and a full-atom GAN.

Moreover, Anand et al. [10] introduced a GAN-based approach to
generate sequence-sensitive, fixed-length protein structure fragments.
Using these GANs, they produced C, pairwise distance maps and
used the alternating direction method of multipliers (ADMM) alongside
Rosetta minimization [49] to reconstruct the full protein structures from
the derived distance constraints. The ADMM is an algorithm proposed
in [50] that solves convex optimization problems by breaking a com-
plicated one into smaller pieces, each of which is easier to handle. The
ADMM follows a decomposition-coordination strategy, in which solu-
tions to smaller local subproblems are synchronized to solve a broader
global problem. Building on [10], Anand et al. [51] further refined the
method by training deep neural networks to recover and refine full-atom
pairwise distance matrices accurately for fixed-length fragments.

4. Generative fractional diffusion models

This section introduces the driving process, the fBm, along with its
Markov approximation. Next, the generative fractional diffusion models
are presented, followed by score-matching techniques designed to esti-
mate the corresponding score function. Finally, this section discusses the
SDE and ODE solvers used to model the data generation and sampling
process in detail.

4.1. Fractional driving noise and its Markov approximation

Definition 4.1 (Fractional Brownian Motion (Types I and II)). The fBm
family of continuous-time Gaussian processes is parameterized by the
Hurstindex H € (0, 1), which controls the smoothness and correlation of
the process. It generalizes the standard BM and exhibits self-similarity

globally recognized repository archiving detailed 3D structural biomolecule and stationary increments. Two common types of fBm exist:

data, including proteins, nucleic acids, and complex assemblies. This
benchmark protein dataset was established in 1971, serving as a vi-
tal resource for researchers in structural biology, bioinformatics, and
related fields and facilitating advances in drug discovery, molecular bi-
ology, and biotechnology. The PDB offers free access to the structural
data submitted by scientists worldwide in a standardized format that
supports computational analysis and visualization.

Fig. 1 illustrates the data preparation process, beginning with ex-
tracting atomic coordinates from a protein structure. The 3D model
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 Type I: Denoted by VVIH , it contains the covariance function:
1
[E[VI/IHVI/XH] — E(lt|21'l + |S|2H _ |f— S|2H).
« Type II: Denoted by BIH , its covariance function is given by

N

L /((t—u)(s—u))H_%du, s<t,

E[BB)| = ————
oA+ 2
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Coordinates
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Y Z  etc(...)
ATOM| 1 N METIA O 24.277 | 8.374 |-9.854 | Distance Matrix of 101M Myoglobin
ATOM| 2 | CA IMET| A1 0 |54 404 | 9.859 |-9.939 | -
ATOM (3| C [MET|A |0 |35, 814 |10.249 |-10.359|
ATOM (4| O [MET|A |0 |26, 748 9.469 |-10.197| - i
ATOM| 5 | CB IMET| A | 0 |54 676 |10.495 | -8.596 | :
ATOM| 6 | CG IMET| A | 0 |54 gg6 | 9.939 |-7.442 |
ATOM| 7 | SD IMETIA | 0 | ) 565 | 16.555 | -5.873 |
ATOM| 8 | CE IMET|A | 0 |24.822|12.266 | -5.967 |
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Fig. 1. Protein structure representation and distance matrix.
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Fig. 2. Sample paths of fractional Brownian motion by Hurst index values ([52]).

where I'(-) denotes the Gamma function. Type II is often referred to as
the Riemann-Liouville Volterra process, which is commonly applied
in financial mathematics. The Hurst index H governs the process be-
havior:

* H =1/2 corresponds to the standard BM.
« If H > 1/2, the process increments are positively correlated.
« If H < 1/2, the process increments are negatively correlated.

Fig. 2 illustrates how the Hurst index influences the smoothness of the
fBm paths. When the Hurst index H > 1/2, the increments of the fBm are
positively correlated, making its trajectory smoother than the standard
BM. Conversely, when H < 1/2, the increments are negatively corre-
lated, resulting in a rougher path compared to the BM.

The fBm differs from standard BM in that it has long-range dependence,
and its increments are not independent, making it non-Markovian. More
precisely, the Markov property implies that future states depend only
on the present, whereas fBm incorporates memory effects, where past
values influence future behavior via the Hurst parameter. Additionally,
fBm is not a semimartingale because it lacks the necessary decompo-
sition as a local martingale and a finite variation process, restricting it
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from being applied directly in stochastic calculus like standard BM. This
nonsemimartingale property limits its compatibility with Ito calculus.

The nature of fBm poses a challenge for score-based generative mod-
els, which typically rely on Markovian SDEs where the future state de-
pends only on the present. In [26], the authors developed a framework
for approximating fBm using Markov processes called MA-fBm. Their
critical contribution is constructing finite-dimensional, affine Markov
processes approximating the behavior of fBm, which lacks the Markov
property due to its long-range dependence. This approximation is crucial
for the efficient simulation of fractional diffusion processes and ensures
compatibility with score-based generative modeling. This approach en-
ables the application of existing score-based generative models and well-
established methods in the standard diffusion framework, facilitating
the training and sampling of models driven by fractional stochastic pro-
cesses.

Definition 4.2 (Markov Approximation of fBm). Choose K € N Ornstein—
Uhlenbeck (OU) process with speeds of mean reversion y,...,yx and
dynamics dYt" = —kaI"dt +dB;:

t
= Yoke’yk’ + / e’yk(”")dBS,t >0,
0

k
Y

where Yok = /_000 e’*dB; (Type I) and Yok =0 (Type II). Given a Hurst

index H € (0,1) and a geometric space grid y, = r*~” with r > 1 and

K+l

n= =——, the process

Y).H €(0,1).,120,

K
=Y o -
k=1

is the MA-fBm with approximation coefficients @, ..., wg € R.

To approximate fBm B,H with minimal errors, we choose a geomet-
rically spaced grid

= (rl—n,rZ—n .

eee, KT

>

K+1

where n = and r > 1. The optimal approximation coefficients @ =

(wq,...,0g) € RX, for a given Hurst index H € (0, 1) and terminal time
T > 0, are obtained by minimizing the L%(P)-error:
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The optimal coefficients satisfy the following closed-form system:

Aw=Db,

where matrix A and vector b are given for the Type I fBm approxima-
tion by

—riT _ =T _
2T + e /r 1 + e {y 1
: i J
A, = :
vity;
_ 1
b 20 it O et
T el EN H+2 ’
2 nlH+3) +2

Yk Yk

where Q(z,x) represents the regularized upper incomplete gamma
function:

_ L z—1 ,—t
Q(z,x)—r(z)/t e 'dr.

For Type II fBm approximation, the corresponding expressions for A
and b are

e_(7[+7j)T_1

T+
Aji= —
vity;
H+1
T 1 2 3
b, := P(H+ =,y,T)— ——=P(H+ =,y,T),
k H+l ( 2k ) H+3 ( 2k )
2 2
Yk Yk

where P(z, x) denotes the regularized lower incomplete gamma func-
tion:

X
P(z,x)= %/tz_le_’dt.
0

For further discussion on practical considerations in selecting geometric
sequences y; and the time horizon for optimizing the coefficients w, see
[27]. The experiments in Section 5 focus on the Type II fBm approxi-
mation.

4.2. Fractional noise-driven generative diffusion model

The framework is based on a simplified SDE where the diffusion co-
efficient does not depend on X, that is, the diffusion scale g in (6) is
only time-dependent, rather than time- and state-dependent:

dX, =u(t)X,dr + g)dB! X, ~ py. ©)

The OU processes Yt", k=1,...,K approximate E,H satisfying the dy-
namics dYIk = —karkdz + dB;,; thus, we have the following:

K K
4B/ == Y oy Yfdi+ Y w,dB,. (10)
k=1 k=1

Rewriting the dynamics (9) with (10) yields

K K
dX, = [u(t)X, —50Y, wkka/‘] di+ Y wg(t)dB,. an
k=1 k=1

Considering the forward and OU processes defining the driving noise
étH , we have an augmented vector of the correlated process Z =
X, YL ... YK = (Z)ie0.1)> driven by the same BM

dZ, =F()Z,dt + G(t)dB,, 1€[0,T], (12)
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where
u(t) —gWw;y, —gO)w,rs —g(wkrk
0 =71 0 0
Fn=1 0 0 é) 0
’ ’ 0 K Jkaoxk+n
and
K
Qi @g® 0 0 ... 0
0 1 0 ... 0
G(@) = 0 01 0
0 00 ! (K+1)X(K+1).

The reverse time model of the GFDM (12) is given by the backward
dynamics

dz, = {F(z)z, - G@OGMTV,log p,(Z,) }dt +G(ndB,, te[0,T],
a3
and its PF-ODE is given by

dz, = {F(t)z, - %G(t)G(t)TVzlog p,(z,)}dr, te[0,T]. a4

Fig. 3 breaks down the process of the ScoreSDE model, illustrating its
critical components and their interactions. The ScoreSDE employs SDEs
to model data generation as a diffusion process. The forward SDE pro-
gressively perturbs actual data into a Gaussian noise distribution. In
contrast, the reverse SDE inverts this process by iteratively denoising the
samples, guided by a learned score function V_ log p,(z,). Alternatively,
a reverse ODE can be applied for a deterministic sampling approach,
improving stability and efficiency. A U-Net architecture is commonly
employed to parameterize the score function Vz, log p,(z;), facilitating
precise noise estimation and denoising.

4.3. Augmented score-matching technique

The score function (the gradient of the log-probability density pyaca),
V, log p,(x,), which appears in (7) or (8), guides the transformation of
pure noise into coherent images by supplying directional information on
how to increase the data likelihood at each step of the reverse diffusion
process. Score matching is a nonlikelihood-based method to perform
sampling on an unknown data distribution and aims to address many
of the limitations of likelihood-based methods (e.g., VAE and autore-
gressive models) and adversarial methods (GANSs). A good estimation of
the score function is crucial because it directly determines the quality,
realism, and fidelity of the data generated using score-based generative
models. In contrast, an inaccurate score estimation can lead to poor gen-
eration results, including artifacts, mode collapse, or failure to capture
an accurate data distribution.

In practice, the score function is learned using a neural network s, (x)
parameterized by 6, obtained by minimizing the Fisher divergence be-
tween the true score function and the network:

JO=E,, [||sg(x) ¥, log pdm(x>||§] ‘ (15)

The problem is that py,, is never accessible. Various methods can es-
timate the score function without knowledge of the ground-truth data
score.

Implicit score matching (ISM) Hyvarinen and Dayan [53] introduced
the implicit score matching method and demonstrated its equivalence
to J(0) in (15), up to a constant, under mild regulatory conditions:

1
Jrsm@=E,, . x 3 lse®)II5 + tr(szg(x))] + constant, 16)
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Forward SDE (data — noise)

dZt

= f(zi, t)dt + g(t)dB’

Reverse SDE (noise — data)
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U-Net
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trt) — 59 *(t)V ., log pi(2)]dt

(t)V ., logpi(z,)]dt + g(t)dBf

it

Reverse ODE (noise — data)

Fig. 3. Overview of score-based generative modeling through stochastic and ordinary differential equations (SDEs and ODEs).

where tr(V,sy(x)) denotes the trace of the Hessian matrix of the log-
probability with respect to x. Equation (16) is derived by simplify-
ing (15) using the generalized integration by parts (multidimensional)
technique. Minimizing J; ¢,,(8) does not require the true target scores
V108 pgata(X), and we only need to compute an expectation with re-
spect to the data distribution, which can be implemented using finite
samples from the dataset using the Markov chain Monte Carlo method.

Denoising score matching (DSM) An alternative approach is DSM,
proposed by Vincent in [56]. The DSM approach introduces noise pertur-
bations to the data x, creating a smoothed version of the data distribu-
tion X. Instead of directly modeling the original distribution, the model
learns the score function of the corrupted distribution. Given noisy data
X =X + o€, where o controls noise intensity, the model minimizes the
following DSM objective:

1 - -
Ipsmu(@) =E; xx) [5 [|s6(%) — Vg log qo(X|X)||§]

1 2
= |E < —

45 (X,X) [2 2]
over the joint density on original-corrupt data pairs (X,x), which is
q5(X,X) = g, (X|X)Pgaa(X). Moreover, V; log g, (X|x) is not the data score,
but it provides the information of the direction of moving from X back
to the original x (that is the reason this method is called “denoising”).

X —X
o2

$p(X) —

Sliced score matching (SSM) The loss function in (16) requires com-
puting the trace, which remains intractable in high-dimensional spaces,
as analyzed in [54]. Song et al. proposed SSM [22,55] to scale up the
computation of score matching considerably. They projected the scores
in random directions, such that the vector fields of the scores of the
data and model distribution become scalar fields, motivated by the fact
that a one-dimensional data distribution is much easier to estimate for
score matching. Then, they analyzed the scalar fields to assess the dis-
parity between the model and data distributions. The trackable training
objective can be considered a random projected version of the Fisher
divergence of (15):

1
Jssm@ =E, E, . 3 lIsp(1I% + vT Vsy(x)v| + constant,

where v ~ N(0,I) represents the random projection direction, and p,
denotes its distribution. The SSM approach is considered one alternative
to DSM that is consistent and computationally efficient.

Noise-conditioned score network In the previous DSM approach, the
strength ¢ determines how well the corrupted data distribution ¢, (X)
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aligns with the original distribution py,,(x). A trade-off occurs in se-
lecting o. A larger o value helps capture low-density regions of the data
distribution, improving the score estimation. However, if ¢ is too large,
the data distribution becomes excessively corrupted, making learning
challenging. Conversely, a smaller ¢ preserves the original data distri-
bution more accurately but fails to perturb the data sufficiently, poorly
covering low-density regions. To address this problem, Song and Ermon
introduced a multiscale noise perturbation approach [22,57], apply-
ing noise at multiple levels simultaneously. Specifically, they defined
L noise-perturbed data distributions, each associated with a different
noise scale o, ordered such that

oy >0p>>0p,

with higher indices corresponding to lower noise levels. The core idea
behind the noise-conditioned score network method is perturbing the
data distribution with the isotropic Gaussian noise N (0, o-izl), i=1,...,L
to obtain a noise-perturbed distribution:

po = [ NGy,

The next step is to train the noise-conditioned score-based model s, (x, i)
to estimate the score function of each noise-perturbed distribution, for
i=1,....,L

Sp(X,0) & Vy logpoi (x).

The training objective is the weighted sum of Fisher divergences for all
noise scales:

L
D ADE,, w [lI50x.1) — Vi log g (I
i=1

where A(i) € R denotes a positive weighting function, often set to A(i) =
2

or.
Remark 4.3. In diffusion generative models, two primary approaches
are commonly employed to define the model task: data input prediction
models and noise prediction models. For data input prediction models, the
model is trained to directly predict the original data (e.g., the clean
image) X, from the noisy data x;. At each step in the reverse process,
the model estimates the clean data conditioned on the noisy input. For
noise prediction models, the model is trained to predict the added noise
€ in the noisy data x, = ;X + o,€. This approach focuses on estimating
the noise rather than the clean data.
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This work applies augmented score-matching techniques to learn the
score function V,logp,, which appears in (13). The authors in [25]
suggested that one can condition the score function Vzlogp,(Z,) on a
data sample X, ~ p, and on the states of the stacked vector YEK] =
(YL, ... ,YtK ) of augmenting processes. A time-dependent score model s,
can be trained by minimizing the following augmented score-matching
loss:

. kv -k
£0) =, ypor { Ex, %1 Ex, ik x, [ (X, - zk: nky; ,z)

2
- Vs logpo,<Xf|Y£”,xo>||2}.

The weights "I:‘, Jl,k arise from conditioning Z; on YiKl. We assume
that s¢ is optimal with respect to the augmented score matching loss L.
The score model

So(Zy1) = <s9<x, = Yre ) ntse (X = YavE )
k k

—r],Ks9<X, - Znthzk”>>
3

yields the optimal L? approximation of V,log p,(Z,) via

V,log p(Z,) ~ Se(Z,,1) + Vylog ¢,(Y'X]). a7

The random vector YgK] is a centered Gaussian process with a covari-
ance matrix X} € RK-X where [£}],, = E[Y}Y/]. We can directly cal-
culate the related score function using

Vylog q,(Y!K!) = —x¥y!Kl,

After training the score model Sy(Z,,t) using augmented score
matching, we can simulate the reverse-time model by running it back-
ward and generate samples by discretizing the following reverse-time
SDE (augmented reverse-time SDE) from 7 to 0:

4z, = {F(r)z, —GOGH" [se(z,, H+Vy, 1ogq,(Y}K])] }dt +G(ndB,,
(18)

or the corresponding augmented PF-ODE:

1
dz, = {F(t)z, - 366" [Sg(zt, H+V, 1ogq,(y[’q)] }dt. (19)
Commonly, (18) and (19) are called the diffusion SDE and diffusion
ODE, respectively. Because diffusion ODEs have no random term, one
can obtain an exact solution X, given X7, by solving the diffusion ODEs
using the corresponding numerical solvers.

4.4. Sampling methods

In generative modeling,“sampling” refers to the function of gener-
ating new data points from the learned model, creating output that
resembles the training data. Efficient sampling is critical for practi-
cally deploying these models in real-world applications, such as pro-
tein, image, and audio generation, where computational resources and
time are oftentimes limited. For instance, although the DDPM generates
high-fidelity samples, their practical utility is limited by slow sampling
speeds.

Researchers have significantly advanced the study of sampling the-
ory with diffusion models. For example, in [58], the sampling approach
was extended to the denoising diffusion implicit model (DDIM) scheme.
Unlike DDPMs, which rely on a stochastic reverse diffusion process,
DDIMs use a deterministic sampling process and reduce the number of
sampling steps from hundreds (in DDPMs) to as few as 10 to 50 steps
without sacrificing image quality.

In the ScoreSDE model, the generation process is governed by sim-
ulating the trajectories of differential equations. Samplers for diffusion
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models typically discretize either the reverse-time SDE (Eq. (7)) or the
PF-ODE (Eq. (8)). Numerical solvers for SDEs or ODEs are employed to
transform random noise iteratively into realistic samples. The impor-
tance of sampling methods in diffusion models cannot be overstated,
and these methods often trade between speed (sample efficiency) and
accuracy (sample quality).

SDE solver When numerically simulating an SDE, one typically em-
ploys various methods, such as the Euler-Maruyama scheme, stochastic
Runge-Kutta (RK) method [59] or more sophisticated schemes, such as
Milstein’s method [60]. Numerical solvers display varying behaviors in
terms of approximation errors. Directly applying a standard numerical
solver to an SDE may introduce varying degrees of error.

Song et al. [20] introduced a hybrid sampling algorithm, refining the
Euler-Maruyama method using a predictor-corrector (PC) sampler,
as outlined in Algorithm 1. This approach is inspired by PC methods,
a class of numerical techniques commonly used for solving systems of
equations [61]. The framework was designed to reduce discretization er-
rors in reverse-time SDEs by introducing corrective steps during sample
generation. The method operates in two stages per iteration:

1. Prediction — A numerical solver (e.g., Euler-Maruyama) estimates
the sample at the next time step, serving as a “predictor.”

2. Correction — A score-based Markov chain Monte Carlo method
adjusts the estimated sample’s marginal distribution, acting as a
“corrector.”

By iteratively refining the sample at each time step, the PC sampler
improves stability and accuracy in the generative process.

Algorithm 1 Predictor-corrector (PC) sampling.

Require: N: Number of discretization steps for the reverse-time SDE
Require: M: Number of corrector steps
1: Initialize Xy ~ py(x)
2: fori=N —1to 0 do
3 X; < Predictor(x;, )
4 for j=1to M do
5: X; < Corrector(x;)
6 end for
7: end for
8: return x,,

In general, the predictor can be any numerical solver for the reverse-
time SDE with a fixed discretization strategy (e.g., a reverse diffusion
sampler (Eq. (46) in [20]) or an ancestral sampling (Eq. (4) in [20])). The
corrector is typically Markov chain Monte Carlo based, such as Langevin
dynamics or Hamiltonian Monte Carlo, and solely relies on a score func-
tion. For example, Algorithm 2 illustrates that the reverse diffusion SDE
solver can be set as the predictor and annealed Langevin dynamics as
the corrector, where 6* denotes the optimal parameter of the networks
sp and {¢; }I_]i 61 denotes the step sizes for Langevin dynamics.

ODE solver The sampling of the continuous-time diffusion model can
also be created by solving the corresponding PF-ODEs of the generative
model because such an ODE has the remarkable property that its solu-
tion at each time ¢ shares the same marginal distribution as the original
SDE solution at that time. Because the PF-ODE is deterministic, it of-
ten enables more sophisticated and adaptive ODE solvers. These solvers
can take larger steps or apply adaptive step sizing without worrying
about capturing random increments at each step. This approach might
result in faster numerical methods with better convergence properties,
especially when scaling up to high-dimensional problems. One potential
advantage of working with the PF-ODE as an alternative is its ability to
enable faster sampling. Moreover, Chen et al. [62] demonstrated the
polynomial-time convergence guarantees for PF-ODEs in the context of
score-based generative models, emphasizing their theoretical robustness
and efficiency.
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Algorithm 2 PC sampling (VP SDE).

Require: N: Number of discretization steps for the reverse-time SDE
Require: M: Number of corrector steps

1: xy ~ N (0,1

2: fori=N—-1to0do

3 X — Q2= 1= B DXy + B Sp- Xy i+ 1)

4 z~NO,D
5. X, <X +14/0,2 Predictor
6: for j=1to M do
7: z~ N(0,1) Corrector
8: X; < X; + €;Sg- (X, 1) + 1/2¢;2
9: end for

10: end for

11: return x,

Table 1
Noise schedule.

Noise Schedule =~ Mathematical Expression

B(®) = Buyin + Brnax — Prnin)?t
B) = rin + Bonax. = Bin) (3 (1 = c05(1)))

Linear
Cosine

5. Experimental setup and results

Explicit fractional forward dynamics The framework presented in
[25] is not limited to a specific choice of drift and diffusion coefficients.
The experiments focus on fractional VP (FVP) dynamics with different
noise schedule values, which are given by

dX, = —%ﬂ(z)X, dt++/pt)dB/', 1€[0,T].

Noise schedule Noise schedules (i.e., f and G in Eq. (6)) in diffu-
sion models determine the addition and removal of noise during the
diffusion process, significantly influencing sampling quality, training
stability, and convergence. The correct selection of the noise sched-
ule and steps is critical to optimizing model performance. In [21], the
authors introduced linear or quadratic schedules because they are sim-
ple and intuitive to implement. However, some authors [28,65] have
criticized this approach, emphasizing that the steep decline in the ini-
tial time steps creates challenges for the neural network model during
generation. Alternative noise scheduling functions with a more grad-
ual decay have been proposed to address this problem. In particular,
a cosine noise schedule [28] improves log-likelihoods compared with
the conventional linear noise schedule in diffusion models. Unlike the
linear schedule, the cosine schedule ensures a smoother progression of
noise levels, introducing noise more gradually at the beginning and end
while accelerating the transition in the middle stages. This adaptive
noise scaling preserves structural information early on while maintain-
ing efficient denoising in later steps to improve sample quality. Table 1
summarizes these two types of noise schedules. In Table 1, hyperpa-
rameters (fin, Pmax) = (0.1,20), remaining consistent with the settings
in [21,25].

Architecture details for the neural networks All experiments em-
ployed the U-Net [66] architecture to evaluate the designed score func-
tion and an Adam optimizer using PyTorch’s OneCycle learning rate
scheduler. The U-Net architecture is structured with multiple stages,
each containing three residual blocks. The architecture applies a channel
multiplication strategy defined by the sequence [1,2,2,2,2], indicating
that the number of channels increases progressively from the first stage,
and the following stages double the number of feature channels, en-
hancing the ability of the network to capture increasingly complex and
abstract features at deeper layers. The models were trained with a max-
imal learning rate of 10~* for 50Kk iterations and a batch size of 1,024.
The training was conducted on a single Nvidia A6000 GPU, requiring
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Table 2
Training hyperparameter summary.

Hyperparameter Value

Model architecture Conditional U-Net

Optimizer Adam
Learning rate 107*

Batch size 1024
Training steps 50,000
Residual blocks 3

Channel multiplication [1,2,2,2,2]
Input size 32x32
Attention resolution [4,2]
Dropout 0.1

approximately 17 h per training session. Table 2 summarizes the train-
ing hyperparameters.

Evaluation metrics The Fréchet inception distance (FID) is a widely
used metric in generative modeling to evaluate the quality of generated
samples. The FID quantifies the similarity between the distribution of
the generated data and that of the real data by computing the FID be-
tween their feature representations. The mathematical formula for the
FID is provided in Eq. (20):

1
FID := I, = g3 +Tr (5, + 3, - 25,27 ), 20)

where y, and X, represent the mean and covariance of the generated
distribution, and p, and X, represent the mean and covariance of the
distribution known to the model.

A lower FID score signifies a higher similarity between the generated
and real data, indicating better generative quality. The FID provides a
useful and widely adopted measure of generative model quality by cap-
turing differences in distributional statistics. However, as a single scalar
value, this metric condenses the comparison between two distributions,
making it less informative regarding distinct aspects, such as fidelity
(realism of generated samples) and diversity (variety of generated sam-
ples) [67]. Although the FID remains a valuable benchmark metric, it is
complementary to other evaluation metrics because it does not explic-
itly identify one-to-one matches between distributions, can be sensitive
to outliers, and depends on specific evaluation settings [69]. Combin-
ing the FID with additional measures provides a more comprehensive
assessment of generative model performance. The precision and recall
metric [67] and its improved version [68] were introduced as measures
of fidelity and diversity. Nevertheless, the authors in [69] noted that
these two evaluation techniques are unsuitable for practical application
because they fail to fulfill the essential criteria for effective evaluation
metrics.

To overcome the shortcomings of the FID in distinguishing between
distinct aspects of generative quality, fidelity, and diversity, the au-
thors in [69] presented the density and coverage metrics, specifically de-
signed to provide a more detailed assessment of generative performance.
By incorporating a simple yet carefully designed manifold estimation
procedure, this approach enhances the empirical reliability of fidelity-
diversity metrics and provides a foundation for theoretical analysis.
Notice that by the assumptions in [69], it is possible to draw samples
{X;} from a real distribution P(X) and {Y;} from a generative model
O(Y), respectively. Let B(x, r) be the sphere in R? around x with radius
r and let N and M be the number of real and generated samples. The
manifold M(X,,...,Xy) := [JY, B(X;,NND,(X,)), where NND,(X,)
denotes the distance from X; to the kth nearest neighbor among { X},
excluding itself. Table 3 presents a concise overview of the listed met-
rics, whereas the full details of the density and coverage metrics are
omitted for brevity.

When evaluating generative models, the range of values that density and
coverage can take must be considered. The density is not upper bound
by 1 because it considers multiple generated samples per the real data
point. A higher density indicates a greater concentration of generated
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Table 3
Comparison of generative model evaluation metrics.
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Metric Mathematical expression

Explanation

M

- 1

Precision [68] u 214 lY,EM(Xlu-nXN)
j=

Measures the proportion of generated samples Y; falling in the real data
manifold M(X,, ..., X ). Higher precision means generated samples are

realistic but do not guarantee diversity.

N
1
Recall [68] ~ Z lxvem(y‘_‘_”yw)
i=1

Evaluates how well the generator covers the real data distribution by checking
whether real samples X; lie in the generated data manifold M(Y}, ..., Y},).

Higher recall implies better diversity but does not ensure realism.

M=

L M
o &

=1 i

Density [69] lyjeg(x,‘NNDk(X‘ »

=~

<
]

Quantifies how densely generated samples Y; populate the real data space by
counting how many real-sample neighborhoods contain Y;. Higher density

indicates greater sample concentration.

Coverage [69] 15 s v,eBx, NND, (X,)

z|-
M=

i

Measures the proportion of real samples X that have at least one generated
1 sample Y; in their neighborhood. Unlike recall, coverage is less sensitive to

outliers, offering a more robust assessment of generative diversity.

samples. Coverage is not normalized, but higher values are better, mean-
ing the generated data distribution better represents the actual data.
Coverage is bounded between 0 and 1, and the maximum value of 1 in-
dicates that every real sample has at least one generated counterpart in
its neighborhood. (See [68,69] and the references therein for a compre-
hensive understanding of these metrics, including their mathematical
definitions and implications.)

It is imperative that the evaluation metrics accurately reflect the
biological relevance of the generated data. In this study, we employ
FID, density and coverage metrics frequently linked to image genera-
tion but apply them to distance matrices representing protein backbone
structures. It is important to acknowledge that these matrices are not ar-
bitrary images. Instead, they are rotation- and translation-invariant rep-
resentations that preserve the geometric and topological information of
a protein’s three-dimensional structure. In the field of structural biology,
an alpha-carbon (C,) distance matrix is a comprehensive data structure
that encompasses all the information necessary for the reconstruction of
a protein’s backbone, with the exception of rigid transformations. Con-
sequently, the evaluation of the fidelity and diversity of these matrices
constitutes a valid method of assessing the quality of protein backbone
generation [70].

The FID is a measure of the global similarity between real and gener-
ated distance matrices. A low FID suggests that the generated structures
have similar overall statistics to real proteins, such as spatial distribu-
tions and folding patterns. Density measures how closely the generated
samples resemble the real data. High density means that the generated
structures are realistic and fall within known structural regions. Cover-
age measures how much of the real structural space is captured by the
generated samples. High coverage indicates that the model generates a
diverse range of protein-like structures. Together, these metrics evalu-
ate both fidelity (realism) and diversity (completeness), which are both
crucial for effectively generating protein backbones.

Conventional metrics, including template modeling score (TM-score)
and root mean square deviation (RMSD), are well-suited for the assess-
ment of the similarity between predicted and reference 3D structures.
Nevertheless, they are less appropriate for the evaluation of generative
models that operate within the domain of distance matrices, as is the fo-
cus of the present study. The application of TM-score or RMSD in this
context necessitates the resolution of an inverse problem, namely the re-
construction of 3D coordinates from generated distance matrices. This
process is complex and distinct from the generative task under con-
sideration. Furthermore, TM-score and RMSD are inherently pairwise
metrics, evaluating the proximity to a single reference structure rather
than measuring the extent to which a model approximates the full dis-
tribution of plausible protein conformations. Conversely, we adopt FID,
density, and coverage as distributional metrics that directly quantify the
fidelity and diversity of generated samples without requiring reconstruc-
tion. It is argued that these metrics are more aligned with the objectives
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of probabilistic protein generation. Nevertheless, incorporating 3D re-
construction followed by pairwise structural evaluation is an important
direction for future work.

The Hurst parameter controls the temporal or spatial correlation
structure of the noise. In our setting, it has a direct influence on the
long-range dependencies learned in protein backbone generation. Such
dependencies are common in proteins. For example, f-strands form
sheets with distant partners and loop closures involve distant residues.
Higher values (e.g. 0.8) introduce temporal and spatial correlations that
enable the model to capture these global dependencies. Our results sup-
port this, showing that increasing the Hurst index improves coverage
and density. This suggests that the generated structures more accurately
reflect the global organization and diversity observed in natural pro-
teins. Therefore, the Hurst parameter acts as a biologically meaningful
regulator of the complexity of the generated backbones.

Although the present study does not comprise explicitly labeled ab-
lation studies, targeted evaluations have been included that isolate the
contributions of key components in the model. Specifically, the Hurst
index is compared for different values (e.g., H = 0.5 vs. H =0.8) in
order to demonstrate the benefits of incorporating fractional Brown-
ian motion. The impact of the MA-fBm approximation’s resolution is
also assessed by varying the number of underlying Ornstein-Uhlenbeck
processes (e.g., K =2 and K = 3). Furthermore, an exploration of dif-
ferent noise schedules (linear vs. cosine) and sampling strategies (Eu-
ler, Euler-Maruyama, and predictor-corrector) is undertaken in order
to evaluate the solver’s effect on generation quality. The experiments
collectively highlight the importance of fractional dynamics, approxi-
mation granularity, and solver design. It is important to note that the
MA-fBm construction is essential for enabling the use of fractional noise
within SDE-based generative frameworks, as it recovers the Markovian
structure necessary for score-based training. Conversely, other elements
such as the U-Net backbone and score matching objective are standard
and not directly associated with our novel contributions. Consequently,
these elements are not the focus of component-isolation analysis.

Experimental results We downloaded the corresponding protein chain
from http://www.pdb.org and extracted the 3D coordinate information
of a-carbon (C,) atoms for each protein. The number of amino acids
considered in the distance matrix is a critical parameter in experiments
and influences the resolution and effectiveness of structural modeling.
For computational efficiency, we consider only the first 32 amino acids.
There are indeed no fundamental restrictions on the number of amino
acids. However, training the model on larger sequences requires more
powerful GPUs with additional memory. Additionally, larger datasets
are necessary because longer sequences are more complex than shorter
ones. Additionally, using fragments consisting of a small number of
residues (e.g. 32) is a common strategy in protein structure modeling
[71,72]. Indeed, proteins are modular and composed of secondary struc-
ture elements, such as a-helices, f-strands and loops, which often span
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Table 4
Quantitative results for fractional variance-preserving dynamics with various H and K under the linear noise schedules.
H=02 H=04 H=05 H=06 H=08
FVP (Linear)  Density 1 Coverage ! FID | Density 1  Coverage? FID | Density t  Coverage t FID | Density 1  Coveraget FID | Density 1  Coverage? FID |
VP (baseline) - - - - - 1.043 0.884 75.368 - - - - -
K=2 0.942 0.858 77.219  0.960 0.937 77.188 0.965 0.896 75.508 1.066 0.972 77.073 1.014 0.922 74.899
K=3 0.932 0.840 77.174 0.953 0.918 77.450 1.028 0.894 75.934 1.032 0.962 77.015 1.118 0.934 74.614
Density across H values Coverage across H values FID across H values
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(a) Density (b) Coverage (c) FID

Fig. 4. Bar plots comparing the performance of FVP models with different K across different H under the linear noise schedule.

10 — —40 residues. Modeling these fragments enables the identification
of high-quality local geometries that can be used to build longer pro-
teins. The training and sampling processes do not currently consider
amino acid type, but this will be incorporated into future work.

The dataset contains 60,000 proteins and is divided into training
(80%) and testing (20%) sets. During each experiment, 12,000 samples
were sampled to compute the metrics with the testing set. The models
were evaluated based on density and coverage and the FID, indicated with
arrows 1, implying that higher values are better. The best results are in
bold.

Importance of modeling This section presents quantitative compar-
isons of model performance under various Hurst parameters H =
(0.2,0.4,0.5,0.6,0.8), the number of OU processes used to approximate
fractional Brownian motion K = (2,3) and the noise schedules (linear
and cosine).

Initially, an evaluation was conducted of the generative performance

of the FVP model under a linear noise schedule, with a subsequent
comparison being made with the VP-SDE baseline. To this end, we em-
ployed the classical Euler-Maruyama scheme to solve the corresponding
reverse-time SDE numerically for all models, ensuring consistency across
experiments. Table 4 provides a comprehensive summary of the model’s
performance across various configurations.
The results show that as the Hurst parameter H increases, density and
coverage generally improve for K =2 and K = 3, with greater density
gains observed for larger K. The best density (1.118) is achieved for
K =3 at H =0.8, which highlights the enhanced sample quality under
stronger fractional dependence. Coverage also improves with larger H.
Furthermore, the FID consistently decreases with increasing H, achiev-
ing the lowest score of 74.614 for K =3 at H = 0.8, reflecting superior
generative fidelity. Indeed, the Hurst parameter controls the temporal
or spatial correlation structure of the noise. In our setting, it has a direct
influence on the long-range dependencies learned in protein backbone
generation. Such dependencies are common in proteins. For example,
p-strands form sheets with distant partners and loop closures involve
distant residues. Higher values (e.g. 0.8) introduce temporal and spatial
correlations that enable the model to capture these global dependencies.
Our results support this, showing that increasing the Hurst index im-
proves coverage and density. This suggests that the generated structures
more accurately reflect the global organization and diversity observed
in natural proteins. Therefore, the Hurst parameter acts as a biologically
meaningful regulator of the complexity of the generated backbones.
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To facilitate the visualization of the results, bar charts and radar plots
were generated for the density, coverage, and FID, as illustrated in Fig. 4
and 5, respectively. A radar plot is a graphical representation of multi-
variate data. Each variable is represented by an axis that radiates from
a central point. The data points are interconnected to form a polygon.
The extent of the area encompassed by the polygon serves as an indica-
tor of the system’s overall performance. The presentation of the results
for both K =2 and K = 3 in each chart facilitates a comparative analysis
of their influence on the model.

Importance of noise scheduler The existing literature has predomi-
nantly centered on experiments with linear noise schedules. In contrast,
the present study explores an alternative nonlinear noise schedule, the
cosine noise schedule, to investigate the effect of the noise scheduler
on model performance. To this end, we have conducted additional ex-
periments using a cosine noise schedule. The quantitative results corre-
sponding to the aforementioned variables are summarized in Table 5.
In the context of the cosine noise scheduling, the optimal FID (73.452) is
attained for specific values of H and K, indicating that lower Hurst val-
ues are conducive to generative fidelity under cosine noise. Density and
coverage generally exhibit moderate improvements as H increases. The
highest observed density (1.066) is attained at H = 0.6, K = 3, while the
highest observed coverage (0.965) is attained at H = 0.6, K =2. As the
value of K increases from 2 to 3 in the specified setting, the FID consis-
tently exhibits an upward trend. However, the impact of K on density
and coverage is comparatively less significant in comparison to the lin-
ear noise schedule. These results suggest that while fractional dynamics
still provide benefits under the cosine schedule, the optimal behavior
differs from the linear case, favoring smaller H for improved FID.

To facilitate the visualization of the results, bar charts and radar plots
were generated for the density, coverage, and FID, as illustrated in Fig. 6
and 7, respectively.

To provide a comprehensive comparison of the two noise schedules,
the generative performance is visualized using line plots for density,
coverage, and FID across all values of H and K.

As Fig. 8 shows, the linear and cosine noise schedules exhibit distinct
behaviors. With the linear schedule, increasing H generally results in
steady improvements across all three metrics, especially at higher H
values. This indicates the effective use of long-range temporal correla-
tions. In contrast, the cosine noise schedule achieves the best FID at
lower H values, particularly at H = 0.2. Higher H values do not con-
sistently yield further improvements. Trends in density and coverage
under the cosine noise schedule are less monotonic and exhibit fluctua-
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Fig. 5. Radar plots showing a joint representation of the density, coverage, and FID for various values of K and H under the linear noise schedule.

Table 5
Quantitative results for fractional variance-preserving dynamics with various H and K under the cosine noise schedules.
H=02 H=04 H=05 H=0.6 H=08
FVP (Cosine) Density 1 Coverage? FID | Density f  Coverage? FID | Density 1 Coverage { FID | Density 1 Coverage 1 FID | Density 1 Coverage 1 FID |
K=2 0.960 0.936 74.367  1.024 0.958 76.567 0.799 0.853 78.907 1.028 0.965 76.960 1.040 0.954 75.160
K=3 0.960 0.923 73.452 1.031 0.958 76.411 0.832 0.861 79.305 1.066 0.963 76.739 1.011 0.941 75.390
. Density (Cosine Schedule) Coverage (Cosine Schedule) FID (Cosine Schedule)
-z 400 ms 80 -2
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Fig. 6. Bar plots comparing the performance of FVP models with different K across different H under the cosine noise schedule.

tions across H, suggesting that the cosine schedule may be less effective
at leveraging the full advantages of fractional dynamics.

Importance of sampling methods This section evaluates the influ-
ence of various SDE and ODE solvers on generative performance. The
number of score function evaluations (NFEs) is employed to assess com-
putational efficiency, whereas density, coverage, and the FID measure
generative quality. We examined solver performance with 1,000 and
2,000 discretization steps, analyzing how the step count influences sam-
ple fidelity and diversity.

First, we considered the SDE solvers, using the classical Euler ODE
as a baseline, along with the Euler-Maruyama method and PC sampler.
We applied the reverse diffusion SDE as the predictor and Langevin dy-
namics as the corrector. Table 6 presents the results.

The classical Euler ODE baseline provides a reference point but lacks the
stochastic flexibility for optimal generative modeling. The PC sampler
at 1,000 steps performs best overall, with the highest density (1.224)
and coverage (0.965) and the lowest FID (74.432), indicating superior
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generative quality. Although increasing the discretization steps to 2,000
marginally improves the coverage, it does not consistently enhance the
density or FID, particularly for the PC sampler, where a slight per-
formance degradation occurs. The Euler-Maruyama method remains
computationally efficient but is outperformed by the PC method, which
yields better sample diversity and fidelity at a similar computational
cost. Fig. 9 displays the comparative bar plots for the density, cover-
age, and FID metrics across SDE solvers (Euler, Euler-Maruyama, and
PC sampler) at 1,000 and 2,000 iterations.

After examining the influence of various SDE solvers, this work fo-
cuses on evaluating the effects of ODE solvers in the generative modeling
process. We investigated how several classical ODE solvers influence
sample quality, diversity, and computational efficiency. This experiment
considers three numerical solvers. The Euler method provides a refer-
ence for comparison. The commonly applied fixed-step solver, fourth-
order RK (RK4), is known for improved accuracy, and the adaptive-step
solver RK 45 (RK45) dynamically adjusts the step size for better preci-
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Fig. 8. Comparison of generative performance under linear and cosine noise schedules across Hurst values.

Table 6
Density and coverage and the FID for stochastic differential equation (SDE) solvers.

SDE Solver

Euler (baseline) Euler-Maruyama PC sampler

Iteration Density 1 Coverage 1 FID | Density 1 Coverage 1 FID | Density 1 Coverage FID |

1000 0.908 0.847 74.395 1.118 0.934 74.614 1.224 0.965 74.432
2000 0.907 0.859 74.490 1.035 0.949 75.003 1.17 0.938 74.884
Table 7

Density and coverage and the FID for ordinary differential equation solvers.

Classical ODE Solvers

Euler (baseline) 4th order Runge-Kutta (RK4) RK45

Iteration Density 1 Coverage FID | Density 1 Coverage FID | Density 1 Coverage FID |

1000 0.908 0.847 74.395 0.83 0.75 77.9 1.00 0.96 73.8
2000 0.907 0.859 74.490 0.886 0.862 74.3 0.973 0.89 74.2

sion and efficiency. Table 7 summarizes the quantitative results. Table 7 highest density (1.00) and coverage (0.96) and the lowest FID (73.8),
reveals that the RK45 solver at 1,000 steps performs best, achieving the indicating superior sample fidelity and diversity. Although RK4 displays
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Fig. 10. Comparison of density, coverage, and the FID metrics for ordinary differential equation solvers at two iteration counts.

degraded FID performance, the Euler method remains a computationally
simple alternative but is outperformed by RK45. Increasing discretiza-
tion steps marginally improves coverage but does not significantly en-
hance the FID, suggesting that adaptive solvers, such as RK45, balance
efficiency and accuracy better than fixed-step methods. The bar plots in
Fig. 10 compare the density, coverage, and FID metrics for ODE solvers
(Euler, RK4, and RK45) evaluated at 1,000 and 2,000 iterations.
Discussion A thorough examination of Table 4 and 5 indicates that an
increase in the Hurst index (H) and the number of OU processes (K)
generally leads to an enhancement in model performance across both
noise schedules relative to the VP baseline evaluated at H = 0.5. Accord-
ing to the findings of the study, an increase in H from 0.5 to 0.8 under
the linear schedule has been shown to result in consistent improvements
in all three metrics. The density increases from 1.028 to 1.118. The cov-
erage rises from 0.894 to 0.934. The FID decreases from 75.934 to 74.614
for K = 3. Analogous trends are observed for K = 2, albeit to a lesser
extent. These results suggest that larger H values, which correspond to
stronger long-range dependencies, enhance sample fidelity and diversity
under the linear schedule. It has been demonstrated that a consistent
increase in K from 2 to 3 results in notable gains, particularly in the do-
mains of FID and coverage. This finding indicates that augmenting the
number of OU processes enhances the model’s ability to accommodate
complex distributions. According to the cosine schedule, an increase in
K systematically improves FID across most settings. However, the ef-
fect of H is less straightforward. While density and coverage exhibit
a modest benefit from larger H, the optimal FID (73.452) is attained
at H =0.2. This finding suggests a predilection for diminished tempo-
ral correlations within the context of the cosine noise schedule. In both
schedules, the combination of higher H and larger K generally exhibits
superior performance in comparison to the baseline model. However,
the extent and characteristics of this enhancement are predominantly
influenced by the selected noise schedule.

We then proceed to a comparative analysis of the impact of the noise
schedule on the generative performance of the model. In the context
of the linear noise schedule, an augmentation in the Hurst parameter,

3477

denoted by H, consistently yields enhancements across all metrics of
interest. This enhancement is characterized by a steady increase in den-
sity and coverage, accompanied by a concomitant decrease in the FID,
particularly for higher values of the number of OU processes, desig-
nated as K. This finding indicates that linear noise effectively utilizes
the long-range temporal dependencies introduced by fractional dynam-
ics. In contrast, the cosine noise schedule exhibits a divergent pattern:
the lowest FID, indicative of optimal fidelity, is observed at lower H
(particularly at H = 0.2), while higher H does not result in further
reductions in FID. While the density and coverage under cosine noise
do exhibit enhancements with rising H, these enhancements are less
stable and demonstrate fluctuations, particularly around H =0.5. The
findings indicate that the impact of fractional modeling is significantly
influenced by the underlying noise schedule. The authors endeavor to
elucidate the fundamental cause of this phenomenon. They posit that
the cosine schedule tends to impose greater structural constraints dur-
ing the initial diffusion steps but subsequently introduces heightened
levels of noise during subsequent stages. This discrepancy may result in
suboptimal score-matching behavior, consequently impeding the mod-
el’s capacity to accurately learn denoising under high noise conditions.
Furthermore, the efficacy of certain samplers may be more pronounced
in the context of linear noise decay, while cosine-based schedules may
necessitate a more specialized adaptive step size or a meticulous solver
configuration. The interaction between the choice of noise schedule and
sampler remains unclear. The existence of other potential factors that
could explain this outcome is a possibility that should be considered. A
recent paper by [73] challenged the prevailing assumption that noise
conditioning is essential for the success of denoising diffusion models.
Their research findings indicated that the majority of models exhibited
a graceful degradation without the need for noise conditioning, with a
subset demonstrating enhanced performance. This study invites the re-
search community to engage in a re-examination of the fundamental
assumptions and formulations underpinning denoising generative mod-
els.
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The findings in Tables 6 and 7 underscore the significant influence of
sampling methods on generative performance. Comparing SDE and ODE
solvers revealed that the PC sampler outperforms Euler-based meth-
ods, achieving the highest density (1.224) and coverage (0.965) and the
lowest FID (74.432) at 1,000 iterations. This finding suggests that cor-
recting steps via Langevin dynamics enhances the sample fidelity and
diversity. For ODE solvers, the adaptive RK45 solver exhibits superior
performance, reaching the best FID (73.8) at 1,000 iterations, outper-
forming the Euler and RK4 models. Although increasing the number
of iterations (2,000 steps) marginally improves coverage, it does not
consistently enhance the FID, indicating that an increase in the dis-
cretization steps does not consistently improve performance, with the
PC sampler and RK45 methods slightly degrading at 2,000 steps, possi-
bly due to overcorrection effects. In practice, selecting an appropriate
solver for the ScoreSDE model requires balancing computational cost
(measured by NFEs) with sample quality, as reflected by the density,
coverage, and FID. However, the theoretical understanding of the qual-
itative differences between sampling from the SDE and ODE remains
unclear, highlighting the necessity of further analyses.

6. Conclusions and future work

Conclusions In this work, we proposed ProT-GFDM, a generative diffu-
sion model for protein design that integrates fractional Brownian motion
via a Markov approximation framework. By expanding the framework
beyond classical Brownian motion and incorporating long-range depen-
dencies through fractional stochastic dynamics, the model addresses the
key limitations of conventional diffusion-based approaches in capturing
the complexity of protein structures. The formulation facilitates a more
expressive generative process, enhancing both fidelity and diversity of
the generated samples.

Extensive experimentation across a range of Hurst indices, noise
schedules, and numerical solvers has been conducted to assess the mod-
el’s performance in terms of density, coverage, and FID. The experimen-
tal results have demonstrated the model’s superior performance in all
three metrics. It is noteworthy that ProT-GFDM exhibits notable adapt-
ability to both SDE and ODE solvers, and it is particularly advantageous
when alternative noise schedules are employed, especially in scenarios
that demand greater control over generative dynamics. These results
underscore the potential of fractional stochastic modeling as a robust
instrument for structured biological data generation, thereby establish-
ing a foundation for future advancements in protein engineering and
computational drug discovery.

Future work For the driving process, the choice of the number of OU
processes, K, to approximate fBm depends on the data. A trade-off ex-
ists: a higher K offers a more accurate approximation of fBm but at a
higher computational cost. Regarding the Hurst index, we used the clas-
sical case H = %, whereas for super-diffusion (H > %), we set H =0.8,

and for subdiffusion (H < %), we set H =0.2. The selection of the Hurst
index in these experiments is based on practical considerations, as the
actual value is unknown. A more precise estimation of the Hurst index
could be directly derived from the data [27].

More advanced ODE solvers can also be considered. For example,
the general form of diffusion ODE is as follows:

dx, = {f(x, - % g2(0)sy(x,,1) . @1

The model is characterized by a semi-linear structure, comprising two
primary components: a linear function of the data variable x, and a
nonlinear function of x, parameterized by neural networks s,(X,?). The
solution at time ¢ can be formulated using the variation of constants
formula:

t

X, = efsrf(f)dfxs +/ (efrr f(’)d’%gz(r)sg(xr,r)) dr.

s
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We can consider the DPM solver [63] and diffusion exponential integra-
tor sampler (DEIS) [64], which aim to solve the PF-ODE in diffusion
models efficiently. These solvers share a critical similarity: both ex-
ploit the semi-linear structure of the PF-ODE to improve efficiency and
accuracy. Lu et al. [74] introduced an improved version of the DPM
solver with DPM-solver++, a high-order solver for the guided sampling
of DPMs, to accelerate high-quality sample generation. For the DEIS
model, the authors [75] proposed a modified version, called the DEIS-
SN, based on a simple new score parametrization — to normalize the
score estimate using its average empirical absolute value at each time
step (computed from high NFE offline generations). This approach leads
to consistent improvements in the FID compared to the classical DEIS.
Integration of ProT-GFDM as a backbone generator upstream of models
like ProteinMPNN [76] will be a key part of future work, with the aim
of enabling sequence-structure co-design.

7. Notational conventions

A list of definitions for the mathematical symbols used in this work.

Symbol Definition

[0,T] Time horizon with terminal time 7" > 0

X =(X g0 Stochastic forward process taking values in R

DeN Data dimension

X Vector-valued stochastic forward process X = (X,);¢(07}»
X=X 15 X, p)

f Function f : RP x[0,T] - RP?

",g Functions p,g : [0,T] - R

Po Data distribution

Dy Marginal density of (augmented) forward process at t € [0, 7]

B Brownian motion (BM)

H Hurst index H € (0, 1)

wh Type I fractional Brownian motion (fBm)

BY Type II fractional Brownian motion (fBm)

Y' = )icom Ornstein—-Uhlenbeck (OU) process with speed of mean
reversion y € R

KeN Number of approximating processes

Vi Yk Geometrically spaced grid

Wy, ..., Ok Approximation coefficients

w Optimal approximation coefficients w = (@, ... ,wg)

BY Markov-approximate fractional Brownian motion (MA-fBm)

k keNwith 1 <k<K

Yk OU processes Y* = y7*

YL, ..., YK Augmenting processes with Y* = (Y, ..., YX)

F.G Vector-valued functions F, G : [0,7] - RPK+D

Z By Y!,...,YX augmented forward process

YKl Stacked vector of augmenting processes

q, Marginal density of Y&l at 1 €[0,7]

0 Weight vector of a neural network
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