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1 NRC, National Research Council, Ottawa, Canada
2 NPL, National Physical Laboratory, Teddington, United Kingdom
3 IPQ, Portuguese Institute for Quality, Caparica, Portugal
4 UL, University of Ljubljana, Ljubljana, Slovenia

E-mail: andrea.peruzzi@nrc-cnrc.gc.ca

Received 6 November 2020, revised 18 January 2021
Accepted for publication 22 February 2021
Published 14 April 2021

Abstract
The subrange inconsistency (SRI) of a large ensemble of long-stem standard platinum
resistance thermometers (SPRTs), representative of worldwide production, has been
investigated for all pairs of ITS-90 overlapping subranges between 83.8058 K and 933.473 K.
The results are reported in terms of various statistical parameters to facilitate their comparison
with the results of different authors, although a statistical test, applied to one specific pair of
subranges, supported a Gaussian distribution of the results and justified the subsequent use of
the mean and standard deviation as statistical parameters. Depending on the pair of
overlapping subranges, the mean SRI as calculated varied from −1.23 mK to +0.21 mK and
the SRI standard deviation varied from 0.04 mK to 0.62 mK. These numbers generally
increased with the upper temperature limit of the pair of subranges, especially where the lower
subrange requires a point which is not included in the upper subrange. The contribution to SRI
from the fixed-point uncertainty propagation (PoU) was evaluated. The results showed that,
although the effect of PoU on SRI largely cancels out for points common to both subranges,
PoU still amounts to 59% to 130% of the differences between overlapping pairs of subranges.
This means that the differences as calculated are probably a substantial overestimate of the
true SRI. It is suggested that this effect is taken into account in making recommendations for
typical uncertainties due to non-uniqueness.

Keywords: subrange inconsistency of the ITS-90, non-uniqueness of the ITS-90, long-stem
standard platinum resistance thermometers
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1. Introduction

1.1. Generalities on the International Temperature Scale of
1990 and its subrange inconsistency

The International Temperature Scale of 1990 (ITS-90) [1] pro-
vides a protocol to realize a quantity T90 that is a close approx-
imation to thermodynamic temperature T and is more easily
realized and more reproducible than T. Although T is the
fundamental quantity to which all temperature measurements
should be related, T90 is in fact the quantity determined for all
practical purposes.

The ITS-90 protocol introduces a number of temperature
ranges and specifies the interpolating instrument (the type of
thermometer) to be used in each range. In the range between
24.5561 K (triple point of neon) and 1234.93 K (freezing point
of silver), the only interpolating instruments to be used are
standard platinum resistance thermometers (SPRTs) that sat-
isfy specified qualification criteria, related to the purity and
absence of strain of the platinum wire in the SPRT.

Although the physical property exploited in the SPRT
range is the temperature dependence of the SPRT electri-
cal resistance, R(T90), the resistance at a temperature T90

is not used directly but is normalized by taking the ratio
W(T90) to the resistance R(TPW) at the triple point of water
(T90 = 273.16 K):

W (T90) = R (T90) /R (TPW) (1)

W(T90) depends only on the resistivity and on the ther-
mal expansion of the material which, being very similar
for all SPRTs, thereby allows interpolations to be made
with respect to differences from a generic reference func-
tion [2]. It also removes the need for traceability to abso-
lute resistance standards in the calibration and use of an
SPRT and provides some compensation for the SPRT insta-
bility (at least for temperature-independent relative resistance
changes).

The ITS-90 protocol further partitions the SPRT range into
a number of overlapping subranges, extending from the TPW
to progressively higher or lower temperatures. It specifies, for
each subrange, the set of defining fixed points (phase tran-
sitions of high-purity substances to which unique numerical
values of T90 are assigned) at which the SPRT is to be mea-
sured, and the interpolation equations to be used to calculate
T90 from a measurement of W(T90).

The ITS-90 SPRT interpolation is based on the definition of
a reference function W r(T90) and a deviation functionΔW(W ).
The reference function expresses the W r(T90) characteristics
of a chosen high quality SPRT (in fact there are two reference
functions: one above 273.15 K, and one below 273.16 K). The
deviation functions,ΔW(W ), are polynomials in W − 1 and/or
ln W whose coefficients are determined for each SPRT from
the calibration at the fixed points, and have the role of tak-
ing into account the peculiarities of each individual SPRT (for
example: different crystal orientations and grain sizes, differ-

ent impurity concentrations, surface oxidation effects, vacancy
effects, etc), that cause its characteristic to be different from the
reference function.

The ITS-90 interpolation functions are not based on phys-
ical models of the dependence of platinum resistivity on tem-
perature, instead they are empirically-chosen equations based
on R–T data from a selection (in fact, a very limited selection)
of SPRTs. The simple functional forms of the interpolation
functions are insufficient to completely characterize the many
complex and poorly understood physical effects that make up
the real W(T90) characteristic of a given SPRT.

As a result, the ITS-90 is affected by interpolation error,
in the sense that the function ΔW(W ), determined for each
SPRT with its calibration at the fixed points, does not exactly
represent the true behaviour of the SPRT.

Because several of the ITS-90 SPRT subranges overlap,
where such overlap occurs, the same SPRT can be calibrated
in multiple ways (at different sets of fixed points and with
different deviation functions).

Although having equal status, such multiple T90 def-
initions are not identical (the same SPRT gives slightly
different values of T90 depending on which subrange is cho-
sen): this is called type 1 non-uniqueness (NU1), or subrange
inconsistency (SRI).

For a W value measured for a given SPRT, the differences
between the T90 values, derived from the same W value by
applying the different (but all valid) T90 definitions, result from
the combined effect of three contributions:

(a) The scale-intrinsic contribution, which is the same for
all SPRTs, caused by the fact that the reference resis-
tance ratios W ri, attributed by the ITS-90 to the defining
fixed points i, are not ideal (they do not form a perfectly
self-consistent set).

(b) The interpolation contribution, which is different for each
SPRT, caused by the inability of the ITS-90 interpolation
scheme to capture all peculiarities of an individual SPRT
in the deviation function.

(c) The uncertainty propagated from the calibration at the
defining fixed points (PoU) in the two subranges, which,
in turn, depends on many factors such as the fixed points
used (impurities, isotopic composition), the quality of
the thermal environments (isothermal conditions) and the
accuracy in measuring the SPRT resistance (resistance
ratio bridge accuracy, reference resistor calibration accu-
racy, stability of the SPRT and of the maintenance bath for
the reference resistor). This contribution would include
the effect of any instability in the SPRTs during the
calibration.

In spite of the efforts in minimizing effect 3, the SRI
observed for a given SPRT inevitably results from a complex
superimposition of all three effects and it is hard to distinguish
the SRI from the experimental influences. It should also be
clear that, while the various subranges may be equally valid in
the ITS-90, they do not have equal uncertainty.
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Table 1. Information on the investigated SPRTs: manufacturer, model, serial number, source and available fixed-point calibration data. (Data for #59 and #60 are not included as they
were repeat data for #58).

# Manufact. Model S/N Source Fixed points # Manufact. Model S/N Source Fixed points

1 Rosemount 162CE 4385 NPL Ar, Hg, In, Sn, Zn 41 Leeds & N. 8167-25 1951 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn
2 Fluke/Hart 5681 1030 NPL Ar, Hg, In, Sn, Zn 42 Russian PTC-10M EURAMET.T-K9 Hg, Ga, In, Sn, Zn
3 Tinsley 5187SC 269 586 NPL Ar, Hg, In, Sn, Zn 43 Tinsley 5187SA EURAMET.T-K9 Hg, Ga, In, Sn, Zn
4 Tinsley 5187 275 079 NPL Ar, Hg, In, Sn, Zn 44 Rosemount 162CE EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn
5 Fluke/Hart 5683 4275 CCT-K9 Ar, Hg, In, Sn, Zn 45 Fluke/Hart 5681 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn
6 Fluke/Hart 5683 4276 CCT-K9 Ar, Hg, In, Sn, Zn 46 Fluke/Hart 5681 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn
7 Fluke/Hart 5683 NPL Ar, Hg, In, Sn, Zn 47 Fluke/Hart 5681 1251 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
8 YSI 8167 4807 CCT-K9 Ar, Hg, In, Sn, Zn 48 Rosemount 162CE 3713 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
9 Fluke/Hart 5698 95 185 CCT-K9 Ar, Hg, In, Sn, Zn 49 Fluke/Hart 5681 1282 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
10 Rosemount 162CE PTB Ar, Hg, Sn, Zn, Al 50 Fluke/Hart 5681 1283 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
11 Rosemount 162CE PTB Ar, Hg, Sn, Zn, Al 51 Tinsley 5187SA 235 996 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
12 Fluke/Hart 5699 PTB Ar, Hg, Sn, Zn, Al 52 Fluke/Hart 5681 71 089 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
13 Tinsley 5187A PTB Ar, Hg, Sn, Zn, Al 53 Leeds & N. 8163Q 1849 612 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
14 Rosemount 162CE PTB Ar, Hg, Sn, Zn, Al 54 Leeds & N. 8167 1825 320 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
15 Fluke/Hart 5698-25 PTB Ar, Hg, Sn, Zn 55 YSI 8167 B91280 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
16 Fluke/Hart 5699-F PTB Ar, Hg, Sn, Zn, Al 56 Yunnan Yunnan 4101 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
17 Fluke/Hart 5699 PTB Ar, Hg, Sn, Zn, Al 57 Yunnan Yunnan 5128 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
18 Fluke/Hart 5699-S PTB Ar, Hg, Sn, Zn, Al 58 Fluke/Hart 5681 1030 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
19 Fluke/Hart 5682 PTB Ar, Hg, Sn, Zn 61 Fluke/Hart 5681 1671 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
20 Fluke/Hart 5698-25 PTB Ar, Hg, Sn, Zn 62 Chino R800-2 RS104-09 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
21 Fluke/Hart 5699 290 EURAMET.T-K9 Hg, Ga, In, Sn, Zn 63 Fluke/Hart 5681 RS994-13 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
22 Fluke/Hart 5681 1589 EURAMET.T-K9 Hg, Ga, Sn, Zn 64 Fluke/Hart 5683 4315 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
23 Isotech 670SQ 343 EURAMET.T-K9 Hg, Ga, Sn, Zn 65 Chino R800-2 RS58-A1 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
24 Fluke/Hart 5681 1408 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 66 Chino R800-2 RS895-2 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
25 Fluke/Hart 5681 1559 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 67 ETC-25 ETC-25 98-02 CCT-K9 Ga, In, Sn, Zn
26 Fluke/Hart 5681 1784 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 68 PTC-25 PTC-25 53 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
27 Tinsley 5187 SA 9540/7 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 69 Leeds & N. 8167 1761 951 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
28 Isotech 670 067 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 70 Fluke/Hart 8167 1867 658 CCT-K9 Ar, Hg, Ga, In, Sn, Zn
29 YIF WZPB 94 336 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 71 Fluke/Hart 5699 220 NRC Hg, Ga, In, Sn, Zn
30 Tinsley 5187SA 280 433 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 72 Fluke/Hart 5699 493 NRC Hg, Ga, In, Sn, Zn
31 Fluke/Hart 5693 4219 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 73 Fluke/Hart 5699 494 NRC Ar, Hg, In, Sn, Zn, Al
32 Isotech 670QS 280 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 74 Fluke/Hart 5699 885 NRC Ar, Hg, In, Sn, Zn, Al
33 Fluke/Hart 5681 1516 EURAMET.T-K9 Hg, Ga, In, Sn, Zn 75 Rosemount 162C 980 NRC Ar, Hg, In, Sn, Zn
34 Fluke/Hart 5681 1875 EURAMET.T-K9 Hg, Ga, In, Sn, Zn 76 Rosemount 162CE 3801 NRC Hg, Ga, In, Sn, Zn, Al
35 Fluke/Hart 5681 1365 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 77 Rosemount 162CE 3952 NRC Ar, Hg, In, Sn, Zn, Al
36 Fluke/Hart 5683 4234 EURAMET.T-K9 Hg, Ga, Sn, Zn 78 Rosemount 162CE 5464 NRC Hg, Ga, In, Sn, Zn, Al
37 Accumac AM1960 1620 486 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 79 Rosemount 162CE 5149 NRC Ar, Hg, Ga, In, Sn, Zn, Al
38 Fluke/Hart 5681 1714 EURAMET.T-K9 Hg, Ga, Sn, Zn 80 YSI 670SQ 352 NRC Ar, Hg, Ga, In, Sn, Zn, Al
39 Fluke/Hart 5681 1710 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 81 YSI 8163Q K9054648 NRC Ar, Hg, In, Sn, Zn
40 Isotech 670SQ 290 EURAMET.T-K9 Ar, Hg, Ga, In, Sn, Zn 82 YSI 8163Q L9054656 NRC Ar, Hg, In, Sn, Zn

3
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Figure 1. Values of S-parameter for each SPRT at all available fixed points. One SPRT (#65) was excluded from the graph because of its
anomalously low values (≈0.9991).
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Figure 2. SRI between [Ar, TPW] and [Hg, Ga] for 48 SPRTs. The thick black line is the mean (maximum 0.17 mK) and the dashed thick
black lines show one standard deviation in the dispersion of values about the mean (maximum 0.04 mK). The thick red line is the median
(maximum 0.17 mK) and the dashed thick red lines represent Q1 and Q3.

Table 2. Pairs of overlapping subranges that generate SRI in long-stem
SPRTs, their overlapping range and the fixed-point calibrations required
(besides the TPW) to investigate it.

Pair of overlapping subranges Overlapping range Required fixed points

[Ar, TPW]–[Hg, Ga] 234.3156 K–273.16 K Ar, Hg, Ga
[Hg, Ga]–[TPW, Ga] 273.16 K–302.9146 K Hg, Ga
[Hg, Ga]–[TPW, In] 273.16 K–302.9146 K Hg, Ga, In
[Hg, Ga]–[TPW, Sn] 273.16 K–302.9146 K Hg, Ga, In, Sn
[Hg, Ga]–[TPW, Zn] 273.16 K–302.9146 K Hg, Ga, Sn, Zn
[Hg, Ga]–[TPW, Al] 273.16 K–302.9146 K Hg, Ga, Sn, Zn, Al
[TPW, Ga]–[TPW, In] 273.16 K–302.9146 K Ga, In
[TPW, Ga]–[TPW, Sn] 273.16 K–302.9146 K Ga, In, Sn
[TPW, Ga]–[TPW, Zn] 273.16 K–302.9146 K Ga, Sn, Zn
[TPW, Ga]–[TPW, Al] 273.16 K–302.9146 K Ga, Sn, Zn, Al
[TPW, In]–[TPW, Sn] 273.16 K–429.7485 K In, Sn
[TPW, In]–[TPW, Zn] 273.16 K–429.7485 K In, Sn, Zn
[TPW, In]–[TPW, Al] 273.16 K–429.7485 K In, Sn, Zn, Al
[TPW, Sn]–[TPW, Zn] 273.16 K–505.078 K In, Sn, Zn
[TPW, Sn]–[TPW, Al] 273.16 K–505.078 K In, Sn, Zn, Al
[TPW, Zn]–[TPW, Al] 273.16 K–692.677 K Sn, Zn, Al

5
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Figure 3. SRI between [Hg, Ga] and [TPW, Ga] for 59 SPRTs. The thick black line is the mean (maximum 0.10 mK) and the dashed thick
lines show one standard deviation in the dispersion of values about the mean (maximum 0.02 mK). The thick red line is the median
(maximum 0.10 mK) and the dashed thick red lines represent Q1 and Q3.

1.2. Past investigations on subrange inconsistency of
long-stem SPRTs

SRI has been investigated by various authors and we provide
below only a short summary of the literature on SRI in long-
stem SPRTs.

In 1992 Strouse [3] reported on calibrations of 50 long-
stem SPRTs, from 3 different manufacturers and for a total of 6
different models, at the defining fixed points over the tempera-
ture interval from Ar (83.8058 K) to Al (933.473 K) (although
not all the 50 SPRTs were calibrated at all the fixed points of
this interval) and calculated their SRI for all possible pairs of
overlapping subranges. Inferential statistical analysis showed
no significant differences between the manufacturers and the
models. For each pair of subranges, the median, the maximum,
the upper quartile (Q3), the lower quartile (Q1) and the min-
imum of all SPRTs for which calibration data were available
were determined. This choice of descriptive statistical param-
eters was motivated by the conviction that, in this case, the
interquartile range (Q3 − Q1) was a more sensitive indicator
of dispersion than variance, providing a more useful descrip-
tion of the variability in the distribution of the subrange incon-
sistencies. The calculated interquartile ranges (a measure of

dispersion) were between 0.03 mK to 0.40 mK and the medi-
ans between −0.35 mK and +0.18 mK for all the investigated
pairs of overlapping subranges.

In 2002 Zhiru et al [4] investigated the SRI between the sub-
ranges [TPW, Zn] and [TPW, Al] for 65 SPRTs, most of them
manufactured in China, but 8 in Russia (BTC) and 2 in Japan
(Chino). The SPRTs were classified into two separate groups:
one group of 58 SPRTs, having a maximum SRI of 1 mK and
another group of 7 SPRTs, having maximum SRI of 3.8 mK
to 8.2 mK. As all but one of the group of 7 SPRTs showed
instabilities, the SRI results of this group were regarded as
unreliable. For the group of 58 SPRTs a mean of 0.06 mK
and a standard deviation of 0.32 mK were calculated for the
maximum SRI (which occurs at 366 K).

In 2009 White and Strouse [5] determined the SRI for a set
of 60 SPRTs, all calibrated at NIST, from 6 different manu-
facturers, including some of Chinese origin, for a total of 10
different models, for the [TPW, Zn]–[TPW, Al] pair of sub-
ranges. The maximum SRI had a mean value of 0.12 mK and
a standard deviation of 0.48 mK.

In 2010 Sun et al [6], similarly to [4], calculated the
maximum non-uniqueness between the subranges [TPW, Zn]

6
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Figure 4. SRI non-uniqueness between [Hg, Ga] and [TPW, In] for 56 SPRTs. The thick black line is the mean (maximum 0.19 mK) and the
dashed thick lines show one standard deviation in the dispersion of values about the mean (maximum 0.24 mK). The thick red line is the
median (maximum 0.19 mK) and the dashed thick red lines represent Q1 and Q3.

and [TPW, Al] for 60 SPRTs, most of them from Chinese
manufacturers (29 from Yunnan Instrument, 18 from Da Fang,
4 from Const and 9 from Hart Scientific). The calculated maxi-
mum SRI was less than 1 mK (less than 0.5 mK for 78% of the
SPRTs) with an average of 0.19 mK and a standard deviation
of 0.38 mK.

In 2011 Zhiru et al [7] investigated the SRI between all pairs
of overlapping subranges above the TPW, with the exception
of the pair [TPW, Zn] and [TPW, Al], for 35 SPRTs from many
different manufacturers (Chino, Hart, Leeds and Northrup,
Meyers, Rosemount and YSI) calibrated by different laborato-
ries (NIS, NIST, NRC and PTB). One SPRT showed maximum
inconsistencies of up to 4.08 mK and 7 SPRTs showed maxi-
mum inconsistencies of about 2 mK in 3 pairs of overlapping
subranges in which the gallium point was used5. The mean
and the standard deviations of the maximum inconsistencies
ranged between −0.78 mK and +1.22 mK, and 0.09 mK and
0.96 mK, respectively.

5 It seems likely that there was confusion between gallium melting and triple
points.

In 2017 Rusby et al [8] reported the SRI between [TPW,
Zn] and [TPW, Al] for a total of 159 NPL-calibrated SPRTs
with a standard deviation of 0.41 mK and a mean of approxi-
mately −0.12 mK (excluding one outlier). Some dependence
on the manufacture of the SPRTs was reported, which led to
the small negative mean value. For this pair of subranges it was
concluded that SRI is dominated by the SPRT dependence of
SRI, rather than by the propagation of the experimental error,
based on consideration of the Lagrange propagation functions
of each fixed point.

Based on the work of White and Strouse [5], the BIPM
Guide to the Realization of the ITS-90 [2] derived the following
working equation for SRI in the range 273.16 K to 692.677 K:

u
(
Wr,SRI

)
≈ 8.0 × 10−6 |(W − 1) (W − WSn) (W − WZn)| ,

(2)
where u(W r,SRI) is the SRI standard deviation, and WTPW

is written as unity by definition. With this coefficient, the
uncertainty passes through a principal maximum of 0.48 mK
at 366.30 K and a subsidiary maximum of 0.32 mK at
609.72 K.

7
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Figure 5. SRI between [Hg, Ga] and [TPW, Sn] for 56 SPRTs. The thick black line is the mean (maximum 0.21 mK) and the dashed thick
lines show one standard deviation in the dispersion of values about the mean (maximum 0.28 mK). The thick red line is the median
(maximum 0.23 mK) and the dashed thick red lines represent Q1 and Q3.

1.3. Paper outline

In this paper we investigate SRI of a virtual ensemble of 80
long-stem SPRTs from 12 different manufacturers and for a
total of 25 different models.

In section 2 we provide information on the investigated
ensemble of SPRTs (model, manufacturer, serial number, ori-
gin of the collected data, fixed point calibration data available
for each SPRT) and we plot the S-parameter (see below) for all
the SPRTs of the ensemble.

In section 3.1 we clarify the definition we adopted for SRI,
how we calculated it for all the SPRTs and for all the 16
pairs of overlapping subranges and we provide a graph for
each pair of overlapping ranges. To justify the choice of the
descriptive statistical parameters (mean and standard deviation
of the SPRT populations) adopted in the analysis of our results,
in section 3.2 we report a histogram and a chi-squared test,
performed on one of the overlapping pairs [Ar, TPW]–[Hg,
Ga]).

In section 4 we compare our SRI results, described in
section 3, with the existing literature data on SRI, described
in section 1.2.

In section 5 the SRI definition we adopted is compared to
an alternative definition used by other authors in one specific
temperature interval and a simple relationship between the two
is derived.

In section 6 we evaluate the impact of the propaga-
tion of the fixed-point calibration uncertainty (PoU) on
SRI, initially for the pair of overlapping subranges [TPW,
Zn] and [TPW, Al] and then for all pairs of overlapping
subranges.

Finally, in section 7, all obtained results are discussed and
suggestions for the SRI uncertainty are made.

2. Ensemble of long-stem SPRTs

A virtual ensemble of 80 long-stem SPRTs was used in this
investigation. The ensemble was virtual in the sense that no
measurement was performed specifically for this investigation,
the fixed-point calibration data being collected instead from
different sources:

• PTB database for 11 SPRTs.
• NPL database for 5 SPRTs.

8
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Figure 6. SRI between [Hg, Ga] and [TPW, Zn] for 56 SPRTs. The thick black line is the mean (minimum −0.12 mK) and the dashed thick
lines show one standard deviation in the dispersion of values about the mean (maximum 0.25 mK). The thick red line is the median
(minimum −0.15 mK) and the dashed thick red lines represent Q1 and Q3.

• NRC database for 12 SPRTs.

• EURAMET.T-K9 measurements at pilot laboratories for
26 SPRTs.

• CCT-K9 measurements at NIST for 26 SPRTs.

We believe this ensemble is representative of the whole
worldwide thermometry community, in contrast with other
ensembles reported in the literature that were more represen-
tative of specific regions [5] or specific laboratories [3, 5].
Information on the investigated SPRTs (manufacturer, model,
serial number, source and available fixed-point calibration
data) is summarized in table 1.

For each SPRT and for each available fixed point i, the value
of Si = (Wi − 1)/(W r,i − 1), where Wi is the resistance ratio at
fixed point i and W r,i is the reference resistance ratio at fixed
point i, was calculated and plotted in figure 1. The S values of
all SPRTs except 3, at all fixed points lay between ≈1.0000
and ≈0.9996 and for each single SPRT they are distributed
within a very narrow range (typically � 0.000 05), in line with
the observations made in [5].

The S values for one SPRT, #65, are so anomalous,
Si ≈ 0.9991, that they are far below the range of figure 2. While

this SPRT fails the acceptance criteria for the ITS-90 by a sub-
stantial margin, it was interesting nevertheless to process the
data for it.

It is notable in figure 1 that the S values below TPW (at
Ar and Hg) generally lie significantly higher than those above
TPW, confirming the small inconsistency which has been
found between the two ITS-90 reference functions, specifically
between W r,Hg and W r,Ga [10–12].

As calibration data for all fixed points between Ar and Al
were available only for a few SPRTs (see the last column
of table 1), the analysis in each pair of subranges was per-
formed on different sets of SPRTs, being those for which cal-
ibration data at all the fixed points of both subranges were
available.

3. Subrange inconsistency results and choice of
the descriptive statistical parameters

3.1. Subrange inconsistency results

In this paper we limited our investigation to SRI on long-stem
SPRTs. These can be calibrated in 8 different ITS-90 sub-
ranges: [Ar, TPW], [Hg, Ga], [TPW, Ga], [TPW, In], [TPW,

9
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Figure 7. SRI between [Hg, Ga] and [TPW, Al] for 4 SPRTs. The thick black line is the mean (minimum −0.31 mK) and the dashed thick
lines show one standard deviation in the dispersion of values about the mean (maximum 0.19 mK). The thick red line is the median
(minimum −0.32 mK) and the dashed thick red lines represent Q1 and Q3.

Sn], [TPW, Zn], [TPW, Al] and [TPW, Ag]. As the [TPW, Ag]
subrange is just an extension of the [TPW, Al] subrange and
does not generate SRI, table 2 lists all 16 overlapping pairs
of subranges which are considered here, giving rise to SRI
between the triple point of Ar and the freezing point of Al,
along with the fixed-point calibrations required (besides the
TPW) to investigate it.

The analysis was conducted as follows:

• A pair of overlapping ITS-90 subranges j and k was
selected.

• For each SPRT for which calibration data were available
for all fixed points of both subranges j and k, the corre-
sponding ITS-90 deviation functions Δ j,kW were iden-
tified in the Lagrange form (see equation (7) in [5]):

−Δ j,kW= j,kWr (W) − W =
N∑

i=2

(
Wr,i − Wi

) j,k
f j,k

i (W) ,

(3)
where f j,k

i (W) is the Lagrange function (sensitivity coef-
ficient) of fixed point i for the subrange j, k and N is the
number of fixed points including TPW (for which i = 1).

• The difference between the two deviation equations as a
function of W is:

j,kδWr (W) = kWr (W) − jWr (W) (4)

which is the SRI between subrange j and subrange k in the
range of overlap.

• The differences in the reference ratios j,kδWr (W) were
transformed to T90 units by dividing by the derivative
dW r/dT90, thus obtaining the SRI for each SPRT at any
T90 temperature in the overlapping range (a curve for each
SPRT).

• The mean, the variance, the maximum, the upper fourth
(Q3 = 75%), the median, the lower fourth (Q1 = 25%)
and the minimum of the SRI were calculated for all
the SPRTs (for which calibration data were available for
all fixed points of both subranges j and k) SRI were
calculated.

Figures 2–17 show, for each of the 16 pairs of over-
lapping subranges, the SRI obtained and the corresponding
above-mentioned descriptive statistical parameters.

10
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Figure 8. SRI non-uniqueness between [TPW, Ga] and [TPW, In] for 56 SPRTs. The thick black line is the mean (maximum 0.14 mK) and
the dashed thick lines show one standard deviation in the dispersion of values about the mean (maximum 0.23 mK). The thick red line is the
median (maximum 0.16 mK) and the dashed thick red lines represent Q1 and Q3.

SRI between two overlapping subranges has zeros at the
fixed points that are shared by both. For example, SRI for the
pair [TPW, Zn] and [TPW, Al] has three zeros (at TPW, Sn
and Zn), while the pair [TPW, Ga] and [TPW, In] has only
one zero (at TPW). The SRI shown in figures 3–17, being
the difference between two interpolations, equation (4), is lin-
ear, quadratic and cubic in W, according to the forms of the
deviation functions involved.

A special case is the pair [Ar, TPW]–[Hg, Ga], which
involves a logarithmic equation, due to the form of the inter-
polation equation for the cryogenic subrange [Ar, TPW]
(figure 2).

3.2. Choice of the descriptive statistical parameters

As some authors (see [3]) have questioned the appropriateness
of the mean and the standard deviation as descriptive statistical
parameters for the SRI (and preferred to use other measures
such as the median, Q1 and Q3), the histogram of figure 18
was generated, for the [TPW, Sn]–[TPW, Zn] pair of overlap-
ping subranges. The histogram shows the distribution of the
maximum SRI of all 65 SPRTs for which data are available at
these points.

A chi-squared test was run for the distribution of figure 18,
using 10 bins of width 0.5σ (7 degrees of freedom). The calcu-
lated reduced chi-squared was 0.91 and the probability for an
assumed Gaussian distribution to return a reduced chi-squared
equal or larger than 0.91 was 51%.

Considering the two common statistical criteria for reject-
ing the Gaussian hypothesis (probability less than 5% for a
significant disagreement or even less than 1% for a highly sig-
nificant disagreement), we concluded that there are no reasons
to reject a Gaussian distribution, confirming that the use of the
mean and standard deviation to characterize SRI is appropriate
in this case.

4. Comparison of SRI results with literature

The results obtained with our ensemble of SPRTs were com-
pared to those of other ensembles reported in the litera-
ture (all pairs of overlapping subranges with the exception
of [TPW, Zn]–[TPW, Al]) in table 3 and the pair [TPW,
Zn]–[TPW, Al], which is the most investigated pair) in
table 4.
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Figure 9. SRI between [TPW, Ga] and [TPW, Sn] for 58 SPRTs. The thick black line is the mean (maximum 0.17 mK) and the dashed thick
lines show one standard deviation in the dispersion of values about the mean (maximum 0.28 mK). The thick red line is the median
(maximum 0.19 mK) and the dashed thick red lines represent Q1 and Q3.

Figure 10. SRI between [TPW, Ga] and [TPW, Zn] for 58 SPRTs. The thick black line is the mean (minimum −0.11 mK) and the dashed
thick lines show one standard deviation in the dispersion of values about the mean (maximum 0.25 mK). The thick red line is the median
(minimum −0.14 mK) and the dashed thick red lines represent Q1 and Q3.
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Figure 11. SRI between [TPW, Ga] and [TPW, Al] for 4 SPRTs. The thick black line is the mean (minimum −0.31 mK) and the dashed
thick lines show one standard deviation in the dispersion of values about the mean (maximum 0.19 mK). The thick red line is the median
(minimum −0.33 mK) and the dashed thick red lines represent Q1 and Q3.

Figure 12. SRI between [TPW, In] and [TPW, Sn] for 65 SPRTs. The thick black line is the mean (maximum 0.07 mK) and the dashed thick
lines show one standard deviation in the dispersion of values about the mean (maximum 0.22 mK). The thick red line is the median
(maximum 0.09 mK) and the dashed thick red lines represent Q1 and Q3.
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Figure 13. SRI between [TPW, In] and [TPW, Zn] for 65 SPRTs. The thick black line is the mean (minimum −0.64 mK) and the dashed
thick lines show one standard deviation in the dispersion of values about the mean (maximum 0.51 mK). The thick red line is the median
(minimum −0.65 mK) and the dashed thick red lines represent Q1 and Q3.

Figure 14. SRI between [TPW, In] and [TPW, Al] for 7 SPRTs. The thick black line is the mean (minimum −1.08 mK) and the dashed thick
lines show one standard deviation in the dispersion of values about the mean (maximum 0.53 mK). The thick red line is the median
(minimum −1.05 mK) and the dashed thick red lines represents Q3 (75%) and Q1 (25%).
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Figure 15. SRI between [TPW, Sn] and [TPW, Zn] for 65 SPRTs. The thick black line is the mean (minimum −0.68 mK) and the dashed
thick lines show one standard deviation in the dispersion of values about the mean (maximum 0.58 mK). The thick red line is the median
(minimum −0.71 mK) and the dashed thick red lines represent Q1 and Q3.

Figure 16. SRI between [TPW, Sn] and [TPW, Al] for 7 SPRTs. The thick black line is the mean (minimum −1.23 mK) and the dashed
thick lines show one standard deviation in the dispersion of values about the mean (maximum 0.62 mK). The thick red line is the median
(minimum −1.23 mK) and the dashed thick red lines represent Q1 and Q3.
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Figure 17. SRI between [TPW, Zn] and [TPW, Al] for 15 SPRTs. The thick black line is the mean (maximum 0.04 mK) and the dashed thick
black lines show one standard deviation in the dispersion of values about the mean (maximum 0.30 mK). The thick red line is the median
(maximum 0.07 mK) and the dashed thick red lines represent Q1 and Q3.

Figure 18. Distribution of the SRI for [TPW, Sn]–[TPW, Zn] for 65 SPRTs. X and σ are the mean of the maximum SRI and its standard
deviation, respectively.
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Table 3. Comparison of the statistical parameters obtained in this work to those reported in the literature for all pairs of overlapping
subranges, with the exception of the pair [TPW, Zn]–[TPW, Al], which is shown separately in table 4. Unit is mK for all parameters.

Pair of

This Work Strouse [3] Zhiru [7]

sub-ranges
Number of Number of Number of

SPRTs Max Q3 Mean σ Median Q1 Min SPRTs Max Q3 Median Q1 Min SPRTs Max Mean σ Min

[Ar, TPW] 48 0.24 0.20 0.17 0.04 0.17 0.15 0.05 42 0.27 0.20 0.17 0.10 −0.09 — — — — —
–[Hg, Ga]
[Hg, Ga] 59 0.16 0.11 0.10 0.02 0.10 0.08 0.04 50 0.18 0.11 0.09 0.08 −0.08 18 0.32 −0.03 0.09 −0.12
–[TPW, Ga]
[Hg, Ga] 56 0.74 0.25 0.19 0.24 0.19 0.12 −0.50 50 0.37 0.25 0.18 0.09 −0.26 18 0.08 −0.36 0.35 −1.58
–[TPW, In]
[Hg, Ga] 56 0.80 0.31 0.21 0.28 0.23 0.06 −0.63 50 0.34 0.28 0.17 −0.17 −0.30 17 0.11 −0.21 0.20 −0.63
–[TPW, Sn]
[Hg, Ga] 56 0.49 0.06 −0.12 0.25 −0.15 −0.25 −0.68 50 0.28 0.05 −0.20 −0.28 −0.38 18 0.15 −0.25 0.46 −2.05
–[TPW, Zn]
[Hg, Ga] 4 0.08 −0.41 −0.31 0.19 −0.32 −0.22 −0.52 13 0.21 0.06 −0.21 −0.30 −0.41 13 0.04 −0.38 0.58 −2.15
–[TPW, Al]
[TPW, Ga] 56 0.74 0.24 0.14 0.23 0.16 0.02 −0.50 50 0.33 0.23 0.13 −0.04 −0.34 28 0.08 −0.78 0.80 −2.24
–[TPW, In]
[TPW, Ga] 58 0.80 0.30 0.17 0.28 0.19 0.04 −0.63 50 0.30 0.22 0.10 −0.15 −0.28 28 0.14 −0.62 0.75 −2.08
–[TPW, Sn]
[TPW, Ga]– 58 0.48 0.06 −0.11 0.25 −0.14 −0.22 −0.68 50 0.23 −0.06 −0.16 −0.20 −0.24 28 0.15 −0.66 0.86 −2.13
[TPW, Zn]
[TPW, Ga] 4 −0.06 −0.23 −0.31 0.19 −0.33 −0.41 −0.52 13 0.11 −0.04 −0.09 −0.22 −0.27 14 0.14 −0.31 0.59 −2.14
–[TPW, Al]
[TPW, In] 65 0.60 0.17 0.07 0.22 0.09 −0.05 −0.43 50 0.40 0.19 0.08 −0.21 −0.42 35 2.09 0.28 0.38 −0.41
–[TPW, Sn]
[TPW, In] 65 −2.05 0.93 −0.64 0.51 −0.65 −0.24 −0.58 50 0.39 −0.24 −0.28 −0.37 −0.45 35 0.97 0.29 0.72 −3.44
–[TPW, Zn]
[TPW, In] 7 0.09 −0.74 −1.08 0.53 −1.05 −1.34 −1.90 13 0.37 −0.20 −0.35 −0.44 −0.52 21 1.05 0.02 0.85 −3.56
[TPW, Sn]– 65 0.66 −0.30 −0.68 0.58 −0.71 −1.05 −2.33 50 0.41 −0.16 −0.31 −0.38 −0.44 35 1.10 0.03 0.80 −3.93
–[TPW, Zn]
[TPW, Sn] 7 −0.44 −0.86 −1.23 0.62 −1.23 −1.56 −2.13 13 0.28 0.24 0.14 −0.06 −0.24 21 1.22 −0.23 0.96 −4.08
–[TPW, Al]

Table 4. Comparison of the statistical parameters obtained in this work to those reported in
the literature for the pair of overlapping subranges [TPW, Zn]–[TPW, Al]. Unit is mK for
all parameters.

Author Number of SPRTs Max Q3 Mean σ Median Q1 Min

This work 15 0.70 0.25 0.04 0.30 −0.10 −0.20 −0.47
Strouse [3] 13 0.40 0.22 — — 0.06 −0.10 −0.27
Zhiru [4] 58 1.00 — 0.06 0.32 — — −0.89
White [5] 60 1.70 — 0.12 0.48 — — −0.80
Sun [6] 60 0.96 — 0.2 0.37 — — −1.58
Rusby [8] 159 1.2 — −0.12 0.41 — — −1.3

Considering the sources of the data collected for our ensem-
ble (see section 2), we believe our ensemble is more repre-
sentative of the whole worldwide thermometry community, in
contrast with other ensembles that were more representative
of either manufacturers from specific regions [4] or laboratory
capabilities of specific laboratories [3–5, 8].

5. Alternative treatment of SRI

In this paper we have simply determined the SRI for the ensem-
ble of SPRT calibrations in all pairs of overlapping ITS-90 sub-
ranges, without combining them in an overall result for each
temperature interval. An alternative treatment of SRI has been
adopted by Meyer and Tew [9] and Rourke [10], where, for
each SPRT i, all the L valid ITS-90 subranges in each interval

of temperature between two consecutive defining fixed points
are considered and the bias SRIi,l of subrange l relative the
average of all L subranges is calculated as:

SRIi,l = T90,i,l −
1
L

L∑
l=1

T90,i,l. (5)

From SRIi,l the mean SRIl and the standard deviation σSRI,l of
each subrange l can be calculated, by averaging over all the N
SPRTs for which calibration is available at all the fixed points
needed for all L subranges:

SRIl =
1
N

N∑
i=1

SRIi,l (6)
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Table 5. Alternative definition of SRI for the interval In to Sn. M is the maximum mean, σSRI,M is
the maximum standard deviation.

SRIl M (mK) σSRI,M (mK)

SRISn 0.70 0.25
SRIZn −0.35 0.19
SRIAl −0.35 0.19

σSRI,l =

√√√√ 1
N − 1

N∑
i=1

(
SRIi,l − SRIl

)2
. (7)

In order to compare the two different SRI treatments, we calcu-
lated SRI according to this procedure for the interval between
In and Sn. In this interval, three ITS-90 subranges are valid (L
= 3): [TPW, Sn], [TPW, Zn] and [TPW, Al] and we calculated
the peak values of SRISn, SRIZn and SRIAl.

To do this, it is not necessary to run new calculations; it is
sufficient to observe that the SRIl are intimately related to the
equation (4), for example:

SRIi,Sn = T90,i,Sn −
1
L

L∑
l=1

T90,i,l

= T90,i,Sn −
1
3

(
T90,i,Sn + T90,i,Zn + T90,i,Al

)

=
1
3

[(
T90,i,Sn − T90,i,Sn

)
+

(
T90,i,Sn − T90,i,Zn

)

+
(
T90,i,Sn − T90,i,Al

)]

=
1
3

[(
T90,i,Sn − T90,i,Zn

)
+

(
T90,i,Sn − T90,i,Al

)]

=
1
3

[(Sn,Zn
i ΔWr (W)

)
+

(Sn,Al
i ΔWr (W)

)]
(8)

.
Similarly, the following equations for SRIZn and SRIAl can be
obtained, which allow us to pass from one SRI treatment to the
other:

SRIi,Zn =
1
3

[(Zn,Sn
i ΔWr (W)

)
+

(Zn,Al
i ΔWr (W)

)]
(9)

SRIi,Al =
1
3

[(Al,Sn
i ΔWr (W)

)
+

(Al,Zn
i ΔWr (W)

)]
. (10)

One additional complication related to this alternative treat-
ment of SRI is that, for each SPRT i, the calibration at all the
fixed points of all l subranges must be available, so the means
SRISn, SRIZn and SRIAl could be calculated only for a set of 7
SPRTs in our case.

The results are shown in table 5.
In order to compare the results obtained with this alternative

treatment of SRI with that adopted in the previous section, we
recalculated the SRI for the same 7 SPRTs and obtained:

Note how the values in tables 5 and 6 are perfectly consis-
tent (for both column numbers) with the relationships derived
above, when the signs of the mean are taken into account
( j,kΔWr = −k, jΔWr).

Although these two derivations are equivalent, it has been
argued in [8] (see also [11]) that realizations over shorter
ranges, which are generally subject to lower experimental and
non-uniqueness uncertainties, should not have uncertainties
imposed on them arising from comparisons with wider sub-
ranges which are not relevant to them. It is sufficient to con-
sider SRI and Type 3 non-uniqueness of a given subrange
as being that which arises only within the subrange. Differ-
ences and uncertainties with respect to wider subranges are
not ignored, but are more properly regarded as belonging to
the wider subrange. The same logic applies to capsule SPRTs
below TPW, though there the short subrange [TPW, Ar] has a
comparative large influence.

We now look at our results from a different point of view:
for each interval of temperature between two consecutive
defining fixed points where multiple ITS-90 subranges over-
lap, we tabulate in table 7 the peak mean SRI generated by
each pair of overlapping subranges and their standard devia-
tions. The pattern of progressively increasing SRI as the range
of the second of the two subranges increases is generally, but
not always, seen.

Finally, we note that the interpolations for SPRT 65, for
which WGa was only 1.118 0323, well below the ITS-90 accep-
tance criterion of 1.118 07, and other SPRTs with compara-
tively low WGa were within the main group of results and did
not stand out as different from more compliant SPRTs. This
suggests that the ITS-90 criterion need only be a recommen-
dation, not a mandatory requirement.

6. Propagation of experimental error and
uncertainty in SRI

As clarified in the introduction, the observed SRI, reported in
figures 2–17 and summarized in tables 3 and 4, is the result
of a scale-intrinsic component, an SPRT-dependent compo-
nent, and a component arising from the propagation of errors
or uncertainties (PoU) from the calibration measurements at
the defining fixed points.

In the ITS-90 the errors, δWi, in the measured fixed-point
resistance ratios, Wi, are summed using the Lagrange propa-
gation functions, f i(W ):

δW =

N∑
i=2

f i (W) δWi, (11)

where there are N − 1 contributions, one for each fixed point
(the error in δW1, at the TPW, can be excluded because it
is identically zero). Similarly, uncertainties, u(Wi), can be
summed (in quadrature) to calculate a combined uncertainty,

18



Metrologia 58 (2021) 035009 A Peruzzi et al

Table 6. SRI between the pairs in the interval In–Zn for the same 7 SPRTs of table 5.

Subrange pair j,kΔWr M (mK) σSRI (mK)

[TPW, Sn] – [TPW, Zn] Sn,ZnΔWr =
ZnΔW r –SnΔW r −1.04 0.51

[TPW, Sn] – [TPW, Al] Sn,AlΔWr =
AlΔWr –SnΔW r −1.05 0.53

[TPW, Zn] – [TPW, Al] Zn,AlΔWr =
AlΔWr –ZnΔW r 0.00 0.34

Table 7. Peak mean SRI (M) and standard deviation (σ), generated by each pair of
overlapping subranges, in successive intervals. Note that M is smaller for [TPW,
In]–[TPW, Sn] and [TPW, Zn]–[TPW, Al], where the fixed points of the shorter
subrange are all used in the wider subrange.

Interval [Hg, TPW] M σ M − σ M + σ

[Ar, TPW]–[Hg, Ga] 0.17 0.04 0.13 0.21
Interval [TPW, Ga] M σ M − σ M + σ

[Hg, Ga]–[TPW, Ga] 0.1 0.02 0.08 0.12
[Hg, Ga]–[TPW, In] 0.19 0.24 −0.05 0.43
[Hg, Ga]–[TPW, Sn] 0.21 0.28 −0.07 0.49
[Hg, Ga]–[TPW, Zn] −0.12 0.25 −0.37 0.13
[Hg, Ga]–[TPW, Al] −0.31 0.19 −0.5 −0.12
[TPW, Ga]–[TPW, In] 0.14 0.23 −0.09 0.37
[TPW, Ga]–[TPW, Sn] 0.17 0.28 −0.11 0.45
[TPW, Ga]–[TPW, Zn] −0.11 0.25 −0.36 0.14
[TPW, Ga]–[TPW, Al] −0.31 0.19 −0.5 −0.12
[TPW, In]–[TPW, Sn] 0.04 0.14 −0.1 0.18
[TPW, In]–[TPW, Zn] −0.26 0.16 −0.42 −0.1
[TPW, In]–[TPW, Al] −0.33 0.30 −0.63 −0.03
[TPW, Sn]–[TPW, Zn] −0.3 0.23 −0.53 −0.07
[TPW, Sn]–[TPW, Al] −0.55 0.30 −0.85 −0.25
[TPW, Zn]–[TPW, Al] 0.02 0.17 −0.15 0.19
Interval [Ga, In] M σ M − σ M + σ

[TPW, In]–[TPW, Sn] 0.07 0.22 −0.15 0.29
[TPW, In]–[TPW, Zn] −0.64 0.51 −1.15 −0.13
[TPW, In]–[TPW, Al] −1.08 0.53 −1.61 −0.55
[TPW, Sn]–[TPW, Zn] −0.68 0.58 −1.26 −0.1
[TPW, Sn]–[TPW, Al] −1.23 0.62 −1.85 −0.61
[TPW, Zn]–[TPW, Al] 0.04 0.30 −0.26 0.34
Interval [In, Sn] M σ M − σ M + σ

[TPW, Sn]–[TPW, Zn] −0.6 0.51 −1.11 −0.09
[TPW, Sn]–[TPW, Al] −1.07 0.53 −1.6 −0.54
[TPW, Zn]–[TPW, Al] 0.03 0.22 −0.19 0.25
Interval [Sn, Zn] M σ M − σ M + σ

[TPW, Zn]–[TPW, Al] −0.03 0.20 −0.23 0.17

u(W ), independently of each other because the Lagrange func-
tions are orthogonal (see equation (18) of [2]).

As an example, in analysing the SRI for the pair of sub-
ranges [TPW, Zn]–[TPW, Al], we have taken as our uncer-
tainties the average standard uncertainties of all participants
in the most recent key comparisons (CCT-K9 for Sn and
Zn and CCT-K4 for Al), namely u(T90,Sn) = 0.38 mK,
u(T90,Zn) = 0.57 mK, and u(T90,Al) = 0.83 mK. These are
converted to the equivalent uncertainties, u(WSn), u(WZn), and
u(WAl), using the derivatives dW r/dT90 which can be applied
with good accuracy to any qualifying SPRT.

The results for the three terms in equation (11) are plotted
in figure 19, which shows the contribution of the uncertainty
in each fixed point on the SRI, as the differences between the
effects in the two subranges. The effects due to the uncertain-
ties u(WSn), and u(WZn), are much attenuated (only ∼25%)
compared with the uncertainties themselves. That, due to
u(WAl), applies in full because there is no term for Al in the
subrange [TPW, Zn], but its propagation below the zinc point
is no greater than 7% of u(WAl).

Finally, the three SRI components are combined in quadra-
ture to obtain the total SRI standard uncertainty, shown in
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Figure 19. Uncertainty in SRI [TPW, Zn]–[TPW, Al] arising from components u(WSn), u(WZn), and u(WAl), and the combined uncertainties
±u(SRI).

Figure 20. Uncertainty in SRI [TPW, Sn]–[TPW, Zn] arising from components u(WSn), u(WZn), and the combined uncertainties ±u(SRI).

figure 19 as positive and negative envelopes. The maximum
effect of the uncertainties is 0.18 mK, or 59% of the standard
deviation of the SRI in figure 17 at ∼366 K.

We now apply the same procedure to investigate SRI for
the pair of subranges [TPW, Sn]–[TPW, Zn]. In this case only
the Sn point is common to both subranges, which has signifi-
cant consequences because its propagation functions are very
different in the two subranges. Figure 20 shows that u(WZn),
which dominated the SRI in figure 19, now contributes a simi-
lar SRI, but that this is a small part of the total (much as u(WAl)
was in figure 19). The main contributions come from u(W In)
and u(WSn), which both contribute ∼0.4 mK to the maximum

combined SRI uncertainty of 0.57 mK near 390 K. Thus the
propagated standard uncertainty for this SRI is as large as
the experimentally-determined uncertainty in the SRI itself, as
plotted in figure 15. It is also three times that of SRI [TPW,
Zn]–[TPW, Al], in figure 19.

Table 8 compares, for each pair of overlapping subranges,
the maximum dispersion of the SRI, shown in figures 2 to 17, to
the PoU, obtained applying this approach. As standard uncer-
tainty for each fixed point, we again use the average of the
standard uncertainties of all participants in the last key compar-
ison (CCT-K9 for Ar to Zn and CCT-K4 for Al): 0.38 mK at Ar,
0.20 mK at Hg, 0.16 mK at Ga, 0.34 mK at In, 0.38 mK at Sn,
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Table 8. Comparison of SRI and PoU or each pair of overlapping subranges and effect of PoU on SRI (last two columns). The unit is mK.

Pair of sub-ranges
Overlapping

interval
Fixed
points

Number of
SPRTs

Mean
(mK) σ (mK)

Maximum PoU:
effect of each

fixed point (mK)

Maximum PoU:
combined effect

of all fixed
points (mK)

Fractional effect
of PoU with

respect to SRI σ

[Ar, TPW]–[Hg, Ga] [Hg, TPW] Ar, Hg, Ga 48 0.17 0.04 Ar: 0.015 0.05 1.20
Hg: 0.035
Ga: 0.030

[Hg, Ga]–[TPW, Ga] [TPW, Ga] Hg, Ga 59 0.10 0.02 Hg: 0.017 0.02 1.20
Ga: 0.017

[Hg, Ga]–[TPW, In] [TPW, Ga] Hg, Ga, In 56 0.19 0.24 Hg: 0.000 0.17 0.72
Ga: 0.160
In: 0.064

[Hg, Ga]–[TPW, Sn] [TPW, Ga] Hg, Ga, In, Sn 56 0.21 0.28 Hg: 0.000 0.25 0.89
Ga: 0.160
In: 0.173
Sn: 0.082

[Hg, Ga]–[TPW, Zn] [TPW, Ga] Hg, Ga, Sn, Zn 56 −0.12 0.25 Hg: 0.000 0.19 0.74
Ga: 0.160
Sn: 0.082
Zn: 0.043

[Hg, Ga]–[TPW, Al] [TPW, Ga] Hg, Ga, Sn, Zn, Al 4 −0.31 0.19 Hg: 0.000 0.26 1.34
Ga: 0.160
Sn: 0.154
Zn: 0.122
Al: 0.031

[TPW, Ga]–[TPW, In] [TPW, Ga] Ga, In 56 0.14 0.23 Ga: 0.160 0.17 0.75
In: 0.063

[TPW, Ga]–[TPW, Sn] [TPW, Ga] Ga, In, Sn 58 0.17 0.28 Ga: 0.160 0.25 0.89
In: 0.173
Sn: 0.082

[TPW, Ga]–[TPW, Zn] [TPW, Ga] Ga, Sn, Zn 58 −0.11 0.25 Ga: 0.160 0.19 0.78
Sn: 0.101
Zn: 0.043

[TPW, Ga]–[TPW, Al] [TPW, Ga] Ga, Sn, Zn, Al 4 −0.31 0.19 Ga: 0.160 0.26 1.34
Sn: 0.154
Zn: 0.122
Al: 0.031

[TPW, In]–[TPW, Sn] [TPW, In] In, Sn 65 0.07 0.22 In: 0.179 0.22 1.01
Sn: 0.133

[TPW, In]–[TPW, Zn] [TPW, In] In, Sn, Zn 65 −0.64 0.51 In: 0.340 0.50 0.98
Sn: 0.360
Zn: 0.085

[TPW, In]–[TPW, Al] [TPW, In] In, Sn, Zn, Al 7 −1.08 0.53 In: 0.340 0.58 1.09
Sn: 0.428
Zn: 0.187
Al: 0.041

[TPW, Sn]–[TPW, Zn] [TPW, Sn] In, Sn, Zn 65 −0.68 0.58 In: 0.388 0.57 0.99
Sn: 0.410
Zn: 0.097

[TPW, Sn]–[TPW, Al] [TPW, Sn] In, Sn, Zn, Al 7 −1.23 0.62 In: 0.388 0.68 1.09
Sn: 0.501
Zn: 0.232
Al: 0.054

[TPW, Zn]–[TPW, Al] [TPW, Zn] Sn, Zn, Al 15 0.04 0.30 Sn: 0.094 0.18 0.59
Zn: 0.139
Al: 0.056
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0.57 mK at Zn and 0.83 mK at Al. For each pair of overlapping
ranges, the maximum PoU effects on SRI from each individ-
ual fixed point of the pair are combined in quadrature to obtain
the overall PoU effect (see the penultimate column of table 8).
This can be done because the Lagrange functions are orthogo-
nal and the fixed-point uncertainties propagate independently
of each other.

Table 8 shows that, even though the PoU effect of each
individual fixed point is often attenuated in the pair dif-
ference (equation (4)), the combination of the PoU effects
from all fixed points is such as to be comparable with the
SPRT-dependent contribution to SRI (see last column of
table 8).

7. Discussion

7.1. Comparison to other work on SRI

A recent paper [11] argued that, if the average SRI for a pair of
overlapping subranges is approximately zero, a direct measure
of the ITS-90 irreproducibility is simply given by the stan-
dard deviation of the differences between the SPRTs, i.e. the
type 3 non-uniqueness. In such eventuality the relevance of
SRI would be reduced, because type 3 non-uniqueness would
already incorporate SRI.

The present work shows (see the columns of the means
and the standard deviations for all pairs of overlapping
ranges in tables 3 and 4) that, for long-stem SPRTs between
Ar and Al, the mean can be approximated to zero only
for two of the overlapping pairs of subranges: [TPW,
In]–[TPW, Sn] and [TPW, Zn]–[TPW, Al], so the relevance
of SRI cannot be de-emphasized when estimating the ITS-90
irreproducibility.

On the other hand, in spite of the limited number of SPRTs
that we could investigate for the pair [TPW, Zn]–[TPW, Al],
our results (table 4) confirmed those obtained by other authors
[4, 5, 8] for the same pair, that the SRI mean (0.04 mK in our
work, 0.06 mK, 0.12 mK and −0.12 mK in [4, 5, 8], respec-
tively) is small compared to its standard deviation (0.30 mK
in our work, 0.32 mK, 0.48 mK and 0.41 mK in [4, 5, 8],
respectively).

7.2. SRI and PoU

Table 8 suggests that, although the effect of PoU on SRI is
usually attenuated when taking the difference between two
subranges, uncertainties can still account for 59% to 130% of
the SRI standard deviation (see last column of table 8). Hence,
most of the dispersion of the results for the SPRTs, i.e. of
the type 3 non-uniqueness or SPRT-dependence of the SRI,
could be the result of propagated uncertainty (and any SPRT
instability would also contribute).

For subranges which involve only a narrow range of over-
lap, such as [Ar, TPW]–[Hg, Ga] and [Hg, Ga]–[TPW, Ga],
the mean and standard deviations are small. [Hg, Ga] is almost
interchangeable with [TPW, Ga] when compared with higher

subranges, and the means and standard deviations tend to
increase with the range.

For a pair of overlapping subranges where the upper sub-
range is a simple extension of the lower subrange, both the
calculated SRI and PoU are quite small, because the lower
points are all fixed in both subranges. Hence the PoU for
[TPW, In]–[TPW, Sn] (0.22 mK) is appreciably smaller than
for [TPW, In]–[TPW, Zn] or [TPW, In]–[TPW, Al], (0.50
mK and 0.58 mK, respectively), but the percentage with
respect to the SRI standard deviation is still of the order
of 100%.

In the case of [TPW, Zn]–[TPW, Al], the PoU of 0.18 mK is
appreciably smaller than for [TPW, Sn]–[TPW, Zn] or [TPW,
Sn]–[TPW, Al] (0.57 mK and 0.68 mK, respectively) and the
percentages with respect to the SRI standard deviation is 59%,
compared with 99% and 109%, respectively.

7.3. Scale-intrinsic SRI

Rusby et al [8] suggested that the mean SRI for the pair [TPW,
Zn]–[TPW, Al] might be taken as an estimate of its scale-
intrinsic contribution. However, the present work evidenced
that, if the lower subrange uses a fixed point which is not
present in the wider subrange, the mean SRI is generally too
large for this to be realistic.

7.4. Recommendations for the guide to the realization of the
ITS-90

The Guide to the Realization of the ITS-90 [2] states that, over
most of the 0.01 ◦C to 420 ◦C range, the SRI is dominated
by the difference between the [TPW, Zn]–[TPW, Al] pair of
overlapping ranges and recommends equation (2) above for
the SRI uncertainty. This gives a maximum standard deviation
of 0.48 mK at 366 K, compared with our value, in table 8,
of 0.30 mK. The difference is partly because of the differ-
ent ensembles of SPRTs, and both are significantly affected
by the propagation of uncertainty: our estimate in table 8
is 0.18 mK, on the basis of the uncertainties quoted in key
comparisons.

The guide also acknowledges that the situation is compli-
cated by the existence of multiple possible pairs of subranges.
As we have found, larger SRI occurs where the lower sub-
range includes a point which is not also specified for the wider
subrange, as in [TPW, Sn] compared with [TPW, Zn]. This
indicates that the deviations ΔW at the In and Sn (and to a
lesser extent Zn) points are not fully compatible.

This might suggest that the extra point (In in this case)
has been assigned a bad value in the ITS-90, but it is more
likely because of inconsistencies in the measured values of
W In and WSn: table 8 suggests that the propagated standard
uncertainties in this SRI could be as large as 0.57 mK, nearly
equal to the derived standard deviation in the SRI, of 0.58 mK.
Similar considerations arise for other SRI in table 8.

Given the significance of the propagated uncertainty, we
recommend that the guide should not simply incorporate
the experimentally-determined values for SRI (and non-
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uniqueness in general), but should allow for the uncertainties in
the experiments. To do otherwise would be to load current and
future realizations of the ITS-90 with additional uncertainties
arising from past realizations.

Finally, we note that the interpolations for SPRT 65, for
which WGa was only 1.118 0323, well below the ITS-90 accep-
tance criterion of 1.118 07, and other SPRTs with compara-
tively low WGa, were within the main group of results and did
not stand out as different from more compliant SPRTs. This
suggests that the ITS-90 criterion need only be a recommen-
dation, not a mandatory requirement.

8. Conclusions

The subrange inconsistency of a large ensemble of long-stem
SPRTs, representative of the worldwide thermometry commu-
nity, was investigated in the range from 83.8058 K to 933.473
K.

A simple relationship between the two alternative SRI def-
initions was found that facilitates the comparison between
SRI results obtained by different authors using different
definitions.

As the impact of propagated uncertainty was found to be
comparable to the standard deviation of the SRI, we have to
conclude that the dispersion of differences between the SPRT
interpolations is largely a consequence of the experimental
uncertainties in the fixed point measurements rather than real
non-uniqueness (SRI or type 3 non-uniqueness).

In cases where the mean peak differences between the
interpolations are significant, relative to the standard devia-
tions, notably for [TPW, In] and [TPW, Sn] versus [TPW,
Al] (figures 14 and 16), there is a distinct bias in the SRI,
which could be interpreted as scale-intrinsic SRI. This needs
further investigation. For example, it may be possible to find
a set of changes which could be applied to the W r,i values
at the ITS-90 fixed points so as to reduce or eliminate such
bias.

The use of the equation recommended by the Guide to the
realization of the ITS-90 for SRI uncertainty was found to pro-
vide an oversimplified representation of the SRI uncertainty in
the 0.01 ◦C to 420 ◦C range.

We support the suggestion [8, 11] that non-uniqueness
should only be considered within the subrange of interest, and
not influenced by effects in wider subranges.
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