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The National Research Council, through its Division 
of Building Research, is pleased to be able to publish 
this f'urther trenslntion prepared by the staff of the 
University of Alberta. The translation has been kindly 
made available through the coopepation of Professor 
I. F, 1,Iorrison of the Department of Civil and E."Iur~icipal 
Engineering and Professor T, Patching of the Department 
of I~Iining Engineering, 

The subject of ground pressures has long been one 
of singular ircrportance in civil and mining elxineering. 
The paper now translated is a most significant contribution 
to the literature. It is therefore a privilege to be able 
to publish this excellent translation. 

The trrcnslation was prepared by L:r. Boris ICorun and 
ITr, William Kochan who graduated from the University of 
Alberta in mining engineering in 1953. Mr. Kochan was 
born in Alberta, corning directly to the University from his 
high school. He was responsible for the final version of 
the translation. The original tr~nslation from the German 
-:;as done by Llr. Korun who was bopn in Yugoslavia. He spent 
some time at the University of Bologna in Italy before coming 
to Canada ahere he pursued his studies at the University of 
Alberta. Idr. Kochan is now working for Iriq~erial Oil Limited 
and Mr. Korun has been engaged in exploration vrorl; in north- 
ern Canada. 

The Division of Building Research is again indebted 
to Praofessor I. F. I~lorrison for bringing this translation 
to its attention and for facilitating its publication in 
this form. Professor Morrison spent much of his ovm time 
in vrork on the translation in keeping with his long standing 
interest in the development of engineering research nork 
in Canuda. 

R. I?, Legget, 
Director. 



SUPPLEMENTARY NOTE 

Just prior to the reproduction of 
this translation it was found that this paper 
by Blr. Fenner was of far greater interest than 
the Division of Buildfng Research has suspected. 
It is knom to those who, in Canada, are con- 
cerned with the problems of rock bursts fn 
mines. Through the Division of Fuels of the 
T~Tines Branch of the Department of I2ines and 
Technical Surveys, further study of the pro- 
blems discussed by Fenner has been made at 
IdcGill University. It is therefore hoped that 
this translation from the original GerLmn ver- 
sion will prove to be of service in several 
fields of research in the Canadian econozw, 

OTTK2A 

9 February 1955 
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STUDY OF G2OUlSD PRIlSOUF,ES 

In the investigation of ground pressures so far, the 
problem has been handled from two different points of view. 
Some investigators base their work on personal experiences 
and observations, ahereas others use laws such as Hooke's 
law and mnatheniatical f'ormulae to obtain theoretical results. 

Literature o ining contains many statements and 
theoretical equations ?llf which are difficult to subject to 
a common viewpoint. In the follorr~iw work, the writer limits 
himself to pressures existing around small openings, such as 
access tunnels and shafts::' and tries to develop theories based 
on the elasticity and plasticity of the gromd without contra- 
dicting the results obtained by valuable observationo. 

It is possible to solve the p~~oblern of ground pressures 
by studying an ides1 state and setting up relationships which 
apply to an absolutely homogeneous mediuii in nhich the stress 
conditions occur. This study must be lirrii'ted to the range in 
nhich ~ooke s lav? is valid, that is, nithin the floa limits. 
Although the plastic relationships are also valid beyond the 
flow limits, the mathematics involved in solving the problem 
of an extreme case is a very involved and tedious procedure. 
This condition is known not to occur in a mine since the 
flow conditions are much too sloe, For this reason, it is 
unnecessary to discuss the stress conditions involved in large 
openings, although the theory is the same as thn'~ for small 
openings. 

Stress Conditions in Undisturbed Ground 

Stress ConGitiolzs in an Elastic Lledium 

By definition, the larger of the ttaro principal stresses 
in undisturbed ground is in the vertical direction and m y  be 
eqressed by the equation, 

where p is the vertical ground pressure, y is the specific 
weight 'of the ground, and h the depth of the area under 
investigation, 

- - - .  

: The literature on the many observations and measurements on 
the surface is not given here because they relate to large 
cavities. 



Because the horizontal pressure in the o x  and o y  
directions counteract deformations, the strains in the x, y, 
and z directions can be expressed by the follov~ing formulae. 

According to the theories of elasticity(2) the 
principal stresses may be ex-pressed by the follo;iering equations: 

where G is the modulus of r 
and rn is Poisson's number. 
and letting a = p, the fo 
conditions mayZbe obtained. 

igidity, 
By comb 
llowing 

the volume expansion 
equations (2)  and ( 3 )  
.onship of the stress 

By taking the formulae valid for the shearing stresses 



the following result m y  be obtained: 

This proves that the three normal stresses are the principal 
stresses. 

Vith reference to Fig. 2, which represents the stress 
conditions in a given plane, a geometrical analysis of the sit- 
uation will yield these equations. 

Equations (6) show that both conrponents 

x = o x s i n $  and z = o  cosQ z 

satisfy the resultant R in the equation: 

In the above stress conditions, the o y  axis has the 
same value as the o x axis, i. em , ox = o in the equations 
involved. Y 

Therefore, the stress ellipsoid is rotational with axis o z m  

These equations are valid as long as the shearing 
stresses do not go beyond the limit of proportionality of the 
rock concerned. 

For practical reasons, the stress condition may be 
expressed in polar form more conveniently. In Fig. 3, at and ar 



are the normal stresses and T is the sheariw stresz. The zngle 
$I in Fig. 2 corresponds to angle $I in Fig. 9. By the use of 
equations (6) and the relations 

- and oZ = p, O x - m - 1  

the follomiw equations may be derived. 

After introducing twice the angle $ and considering the direc- 
tion of the stresses o+ and T the following equations m a y  be 
easily obtained. b 

T = - w' 2 m sin 2$ 

The above equations ex-press the value of the stresses in any 
chosen direction. 

If both principal stresses are of the same value, 
equation ( 9 )  takes the form 

This means that in any chosen direction the value of the 
principal stress equals p and the shearing stress equals 
zero. 

It may now be concluded that if the stresses on a 
cubic rock are equal in all directions, it cannot be destroy- 
ed since no shearing stresses exist. 



Stress Conditions in a Plastic ldediu~l 

In order to generalize the foregoing equations 
correctly for a plastic medium, it is helpful to hsve th m t )  expressed diagrarnatically with the aid of BIohrts circle 3 . 

Expressing 01 and az (both principal stresses) in 
the form 

and with a and 7 (the normal and shearing stresses) forming 
angle @ uvivh o z axis, (Pig. 2), one can, with the aid of 
Fig. 4, develop the following equations 

- 01 + a2 
'n - 2 + a' - COS 2$5 2 

01 - a7 
7 = 2 sin 2@ 

These equations may be compared to equations ( 9 )  
when p and p have the values 01 and a2 and if the function 

m - 1  
of the double angle is introduced instead of $5, Thus the 
abscissa OB represents the principal stress and the ordinate 
BC the shearing stress. 

The angle BAC = q5 shovts the direction of the stress 
a with respect to direction 02, or in other vlords nith respect 
to the direction of the larger principal stress. From Fig. 4 
it m y  also be seen that the largest value for the shearing 
stress occurs at an angle of 45' to the principal stress. 
This is shown by the second formula in group 13. The largest 
value of the quotient 

7 tanp = - 
On 

may be located at the moving point p on the line OP. For a 
given value of a the following relationship holds true: 

0.1 - 02 sinp = 
01 + 02 

3 = 1 + sinp 
02 1-sinp a 



If an imaginary plane cuts a loose sandy mass of earth 
and a considerable force is applied to the bordering parts caus- 
ing a displacement along the plane, a certain frictional force 
will arise at the plane of contact. There will also be a slight 
movement of mass which is directly proportional to the force 
applied on the slide plane at the instant at which first motion 
takes place. 

Taking p as the 
applied force, and the 
plane or Tn (n indicates 
the observed particle) as 
formula m y  be given as 

proportionality cons1;ant belxfeen the 
frictional force on the imaginary 
the direction of the normal force on 
the shearing stress, then the limitiw 

Nov: taking p as the frictional mule, f'o~mulae (14) 
and (16) agree -irhen 

p = tanp (17) 

and formula (15) represents the highest value of the quotient 
of the two principal stresses. 

Thus at any chosen point in the interior of a sandy 
mass the stress conditions will be as indicated by f'orniula (15). 
The value of the perpendicular stress depends on the weight of 
the portion of earth above the point of observation, as e,qressed 
by formula (1). The horizontal principal stress -~vill be ex- 
pressed by formula (4) if the friction nurnber is indefinitely 
large. If the friction number is finite, then the following 
formula holds true: 

If the upper sign is valid for a certain case then 
z has a larger val~e than stipulated in fori~lula (16). The 
single particle must therefore move along the slide planes 
which make an angle of between each other (angle ODP 

9 - P  
L 

on the I~Iohr's circle) until the value given by formula (15) 
is yeached. If the lower si n is valid then the value of 'G 
is not certain and equation f! 16) changes to 



If the miner had only t o  dea l  wit11 media wl~ich have 
a coe f f i c i en t  of f r i c t i o n  betvieen 20° ( c l ay  and loarfi s o i l )  and 
LO0 (sand 2nd br~! ;cn   locks) and a Poisson's r-w,lber be t reen  

and 7 one cones t o  the conclusion t h a t  only i n  r a r e  exceptions 
O ,  m C 5) w i l l  the  hor izonta l  p r inc ipa l  s t l>ess be determined 

B y  l e t t i n g  formula (18) equal t o  K - 1, by which 

then by placing t h i s  value i n t o  formula ( l o ) ,  one g e t s  the  
following s t r e s s  conditions i n  an undistu-bed cohesionless 
ground: 

1 

Or = ,* [K + (K - 2) C O S  2#1 

- * [K - (" - 2) cos 291 O t - 2 K  ) (21) 

(p  = v e r t i c a l  p r inc ipa l  s t r e s s ) .  

If the value of the f r i c t i o n  angle p i s  introduced 
i n t o  forrnula (181, then the fo l lov~ing  fornlula  my be obtained 
f o r  the  quotient  of the  p r inc ipa l  s t resses :  

A miner r a r e l y  dea l s  wfth non-,cohesive ground bu t  
more f requent ly  with ~ O C ~ E  which have consiclera;~l~le cohesion, 
with the exception of c lay ,  p o t t e r ' s  c lay  ancl sand, Therefore 
shearing s t r e s s e s  which a r e  produced by un iax ia l  s t r e s s  cond-, 
i t i o n s  a r e  opposed and may not  be n e ~ l e c t e d ,  

I n  the general  case the c i r c w 9  . nce of t h e  s t r e s s  
c i r c l e  ( F i  . 5) w i l l  depend on, as Prandt l  8 ecT e z ~ h a s i z e d ,  the  
curve T= f a )  which aepends on the propepties  of the  medium. 

For the media iFhich a f f e c t  the  miner (hard plutonic ,  
igneous and sedln~entary rock) ,  experience shows t h a t  the shear- 
i n g  increases  with the compressional s t r e s s  and a s t r a i g h t  l i n e  
may be taken a s  the  envelope t o  give suf 'ficient accuracy. 



For this case, where line OR = C (~ig. 6) represents 
the limiting floe in a plane stress condition (one of the 
three stresses equals zero), the following conditions m y  
be set up: 

01 - a2 
2 

= (ao + c1) sinp (24) 

On the other hand the following conditions exist 
bet7;:een the principal stresses at the limiting case 

0 1  - 07 - - 61 + a:, . 
2 2 sinp + ci sinp 

Introciucing the folloi:~in~ value For the purpose of 
simplifying equations 

one gets 

These relations enable one to set up reasonable 
simple formulae for the stress conditions in an undisturbed 
area at a large depth, They are: 

a = o(l + sinp cos 29) - cq r I 
0% = d l  - sinp cos 2$) - cl i 
T = osinp sin 2$ ,I 

In disturbed grould (the larger praincipal, stress 
has any chosen direction nith respect to 0 2 )  tile followi~lg 
are valid: 

OZ 
= a(l + sinp cos 2$) - ci 1 

ox = o(l - sinp cos 2$) - cl 1 
z = osinp sin 2 $  . J 



In large depths the si~rrple equation (23) m y  be 
used to represent the stress conditions since CI , the cohesion 
nw~~ber, is small compared to a. 

To locate the range in which the formulae (lo), (21), 
and (27) are valid, the folloviing eexmples may be observed: 

1. Plutonic, igneous and hard rock (grcnite, basalt, 
gneiss,etc): 

From the third forr~ula in grou;) (10) the depth at 
tvhich the ultimate sheariw stress occurs ;,lay be f'ound (q5 = 45O) 

Therefore h = 1975 m. to approximately 2000 me It can readily 
be seen that for average mining depths, equation (10) only may 
be used for the types of rocks mentioned above. Thus, using 
equation (lo), the entire calculations must be solved with the 
aid of the theory of elasticity. 

2, Medium-strong sandstone: 

At a deptli of 533 m. the ultinlate shearing strength -;;ill be 
reached by a 2lane inclined 45' to the horizo~itsl. In this 
case the sandstone rock is found in a partially plastic cond- 
ition since the friction resistance at this plane ($6  = 45O, 

2 see thircl P ~ ~ i ~ u l a ,  gyouij (27) ) is equal to 68 Ire, /cm. 
(a = 65,7 + cl = 120 kc./cm?, z = 120 x 0.57 = 63 ~c~,/crnT ) as 
a result no sliding can take place. 

To determine the depth in a case in which equation 
(27) only is va-lid, and for a certain coefficient of friction 
we assume the slide plane to be at an angle of 27'30' n 

- :) 
with the vertical. Then the friction resistance for t e 
above-mentioned depth is equal to 

With the accepted nurribers the stress condition given 
by formula (27) will not be reached until a depth of 1200 m. 
is arrived at, 



If a disturbance ( s h a f t s  o r  tunne ls )  occurs, then 
one of t he  two p r inc ipa l  s t r e s s e s  m i l l  equal zero ( t h e  t h i r d  
has no influence).  A t  t h i s  point  the  flow l i m i t  of the rock 
drops t o  40 lrE./cm? Under these con i~ i t i ons  Tormula (27) be- 
comes va l id  a t  a depth of 533 m. 

It may be concluded t h a t  i n  the ca lcu la t ion  of s t r e s s  
condit ions i n  rock of medim hardness the floY:r zone may be 
located a t  a depth bet-tireen 500 and 2000 m, depending on the  
mml les t  p r inc ipc l  s t r e s s ,  shearing s t r e s s ,  Poi ssont  s number 
and the  coe f f i c i en t  of f r i c t i o n .  

3.  Clay, Loam and lqlarl: 

I n  deal ing with t h i s  type of rock the flow l i m i t  fs reached 
a t  a depth of a fey: meters,  thus Porniulae (21) only can be 
used s a t i s f c c t o r i l y  a t  mining depths. 

S t r e s s  Gonditions i n  Disturbed E l a s t i c  1,Iedia 

S t r e s s  Conditions Around an Openinsl; of Clrcular  Cross-Zect- 

It i s  ascunied t h a t  the horlzont,al  oper~lng is  c i r c u l a r  
and the  ground boundaries around i t  a r e  infinite, A disc-  
shaped sec t ion  perpendiculzr t o  the  h o r ~ z ~ o n t a l  axis of t h e  
tunnel  g i l l  be talcen out of t h i s  opeung  a t  a potnt  where i t s  
ends a r e  f a r  from the  d i sc ,  

It i s  evideat  t h a t  the s t r e s s  con:ponents which can 
be calcula ted from equatiocs (10) and (27) undergo a b a s i c  
change i n  the  v i c i n i t y  of thc tunnel  s ince  thc  rock has a 
tendency t o  f i l l  the  tunnel  fmn;ediately a f t e r  b o r i n ~  takes 
plnce. 

Because the  displacement i n  the  d i r e c t i o n  of the  
tunnel a x i s  ;.;ill be 2reveni;eil by the  etj acent  mss o f  ground, 
according t o  the  theory of e l a s t i c i t y  , one c:Ln solve zhe 
problem by the use of the  d icc  formula, 

In  rec tancular  coordinates these  fornlu-lae are :  



These equations in polar form (F'ig. 7) or better 
expressed in cylindrical coordinates, since the stress in 
direction 0 Z is not zero, are: 

The function F, which is known as Airy's stress 
function, was first introduced by Ftippl for use in problems 
dealing with circular holes*. This function has a value as 
follotvs, when the principal stresses at infinity have the 
values p and p , 

rn-1 

From equation (32) one gets the values of the stress 
components which, with the exception of 0 (the value of the 
principal stress in direction 0 Z) are sh8nm in Fig. 3. 

'$ Obtained by superposition from the stress function of 
Kirsch, 2. V D I  42 (1898) p. 797. 



By differentiation oile can prove that equation (33) 
fulfills the conditFons eqressed in equation (31) and that 
equation (32) satisfies the boundary conditions for r = a, 

and for 

= [rn + (m - 2) cos 2q51 r 2 m 

[m - (m - 2) cos 291 

' G = - E L -  sin 2# 2 m - 1  

is also satisfied. 

1'Vit.h the help of the kno:-M equation 

one may put together, diagrmnatically, the principal stresses 
around a circular opening as in Fig. 8. 

iBith reference to Fig. 8, it is proven to the reader 
that the tension stresses which reach the hi~hest value (0~25 P )  
at the edge of the circular openiw, shatter the rock to consid- 
erable depth, so that fractures are formed on the sloping faces, 
For q5 = nr the tension stresses come vitliin the limits, 

so that there is, in reality, no value for the equation for 
shattered rocir. On the other hand, the shearing stress has at 

the value 

Therefore, it is larper than the largest shearing stress at 
infinity. 



This observation leads one to the conclusion that the 
developed formulae are of practical value only in rnedia which 
can withstand high tension stresses and are not effective for 
media ?:fhich have lost the property to withstand the tension 
stresses due to tectonic forces. 

It follows From KWin's aork ( 6 )  tlmt the stress condi- 
tions 1:1hich occur mound the face of the opening will cause 
small cracks in the rock. These cracks mill relieve thc ground 
f~oin sl;reszes, but stresses will occur in more remote zones 
resulting in new cracks. This condition is re2eated and theor- 
etically there is no end to this sequence. Since actual obser- 
vations do not agree with the above statement, K W  refers to 
the time factor which is not contained in the equations, and 
comes to the conclusion that there actually it-iust be an ecluili- 
briurn point, 

It stands to reason that this time factor has no role 
as 101% as the stress conditions remain in elastic media below 
the elastic linit and in plastic media belon the critical 
frictional resistance, since the equations refer to non-flow 
conditions, However, as soon as the medium starts to flovr 
there is a certain velocity of' flow, thus the factor of time 
must cone into consideration, Kiihn stated that he developed 
this theory only to prove ",... that the development of the 
Willmn-Kommerell theory of existing stress free zones, which 
gives the starting point to many explorations and promises to 
solve problenls on ground pressures, is to be considered as a 
mistakett, Rerneinbering that long before K b t s  publications 
the theory of stress con i ions on edges of openings in 7 J elastic ground vias lcnovrn 7 , and remembering that the form of 
stress-free zones agreed closely to the form of mathematical 
analysis, one cones to the conclusion that this material, as 
K h  referred to it, did not start by the predecessors gho 
worked on the problem. In contrast to K w ' s  stztement that 
"For forms and extension of the fractured zones, a theoretical 
mathematical for1xuLa can hardly be set up", and it will be 
proved that, to get an error-free result, it is suf'ficient to 
investigate the stress conCLitions around an openins with diff- 
erelit cross sections and in that way the cross section vhich 
corresponds to the one demanded by nature my be foulid. 

Stress Conditions Arolmd an Openinp: with an Elliptical Cross-Section 

The problem 5srill be started in undisturbed zround, 
whose stresses are given by equations (10). An elliptical 
tunnel is driven in such a vray that the main axis of the ellip- 
tical cross section coincides with the main axis of the stress- 
ellipse, so that the quotients of both axes of the ellipses 
have the same value or m - 1, In this case, for the computation 
of the stress components, it is natural to take elliptical co- 
ordinates, because of the limiting conditions: 



y + ix = c cosh (E + iq) . (36) 

By the law of complex numbers, one gets 

y = c cosh E cos q 

x = c sinh E sin q 

By substituting a for a and at into the formulae f ianda:3 consifiering that for this special (291, (30) and (3 1 
condition 

h = 4 cosh 2E - cos 2q (38) 

one gets the following values, 

aaF= 4 
c4(cosh 2E - cos 29)$[ (cosh 2.5 - cos 2q) 

(p a2F)] 5 0 + 4 (cos11 2& + cos 2q) + 7 a rl 

The ~iry's function stated by Pbschl::', has the 
following value in a case where the principal stress is ( ) see Fig. 9. inclined at any chosen angle a + - . 

The same solution by K. Wolf appeared at the same time, 2. 
techn. Physilc 2, 1921. p. 209. 



P =  K~ 8 [ sinh 2F - cos 2 ae 
- 2(cosh 2Eo + cos 2a)c + 

-I 

By superposition, one is able to calculate ~iry's 
stress fui~ction for the general case (equation (10)) for a 
chosen inclination of the main axis of' both ellipses. 

F = [ m sinh 2E. + (m - 2) cos 2ae -2(E-EJ - 
- 2 [m cosh 2C0 - (m - 2) cos 2a1E - 
- (m - 2) [COS~ 2(r - 5,) - 1 1  e240 cos 2(q - a)]. (42) 

For the special case, one muzt put 

b - 1 a = 0 and tanh E, = ; - - 1 
thus giving equation (41) the form 

F = PC 
3(m - l)(m - 2) 1 m(m - 2) cosh 25. - 

- 4(m - 1)5 -[m(m - 2) +2] cosh 2-5 cos 2q -I- 
+ 2(rn - 1) cinh 2E cos 2q + m(m - 2) cos 277 ].(l+1) 

By differentiation, it can be proved that equation (43) 
satisfies the conditions set up in equation (39). The stress 
coniponents attain the following values: 

m2(1 - cosh 26 COG 2q) + 2(m - l)(e2' cos 211 - 1) - P 2(m - l)(m - 2)(cosh 2S - cos 2q) 
% = ,& + (cont 'd. next page) 



rn2(1 - cosh 25 cos 2v) + 2(m - l)(e2' cos 211 - 1) 1 + P 2(m - 1) (ni  - 2)(cosh 2E - cos 2 r  

T - 2(m-l)e2'-m2sia.h2~ sin271 - 2(m - L)(M - 2) cosh 2c - cos 27-1 

Now it may be stated that the stress con;3o:zents 
fulfil the folloV?ing conditions: 

0 = 0, ?; = 0. 
'5=50 E=Eo 
(=% = -* Lm + (m - 2) cos 27-11 
5L5 3 a7 

T ,- - 
t; 4 a, 

- - E m -  sin 271. 2 m - I  

This proves that the solution is correct. 

In Pigs. 10, 11, and 12 the values of the stresses 
are diagrammatically sho'iin for m = 5 and b:a = rn - I. One 
cax see that the telicion stresses have disappealBed and the 
value of the tangential norm21 stress on the cCge of the 
elliptical opening is constant and is: 

(3 -- - * 
4 go ril - I 

Therefore, this value is equal to the sun of the principal 
stresses produced in infinity, The suri remains constant for 
any point outside the opeliing as car, be seen from the first 
two equations of [youp &. 

That the found cross section gives the most favour- 
able from all possible stress distributions, can be seen from 
the circumstances that the sum of the three stress components 
stays constant and is equal to the sum of the three principal 
stresses at infinity, Also the largest value of the shearing 
stress at infinity decreases directly proportional to the 
distance and therefore equals zero at the edge of the opening, 



The high tangent ia l  pressure i n  the suspended p a r t  
of the turnel  holds the blocks o f  roc!r i n  broken ~ r o u n d  due 
t o  i t s  f r i c t ion .  -11~0 i n  the case of per fec t ly  smooth s l i c " l 1 q  
f3ces a coeff ic ient  of f r i c t i o n  large13 than 0.3 czn safe ly  be 
talcen, s o  tha t  f o r  m = 5 the f r i c t i o n  resistance i s  not snnl le r  
than 

R = O . j x $ x p  

o r  f o r  3c ths  o f  more th:,n 100 m. n i l l  not be smaller than 
8 k L . / c m I t  can then be calculated tha t  ouch a block, i f  
rock, i-:ould have t o  have dimensions which nould f a r  surpass 
the r i d t h  of the l a rges t  tunnel. (FOP a  sp. gi.. of 2.5 the 
s l id ing  p l x ~ e s ,  which are  p a r a l l e l  t o  the turnel  axis ,  nould 
have t o  be inore than 60 m. apart  before the block could f a l l  
dol:in. ) 

This condition proves tha t  the accepted cross  sect ion 
n i l l  never be reached i n  nature since the so-called t a l x e n t i a l  
normal s t r e s s  i 5 4 i l l  prevent the downfall o f  the rock Slock, and 
therefore the f i n a l  equilibrium condition i s  res tored low 
before the occurrence of these cross sections. 

To f ind  the na tura l  cross section,  one s t a r t s  n i t h  
the follonin.&- f t -c ts :  the c i r cu la r  cross sections cause tension 
s t r e s s e s  nhich break the roclc resu l t ing  i n  a s t ress-free  zor,e: 
the e l l i p s e  unCer invest igat ion muses,  on the other hand, 
com~~ression s t r e s ses  prevent the formation of' these 
f ractures .  Natwally, there must ex i s t  a form where tlie 
s t r e s ses  a t  the crown a re  equal t o  zero, namely f o r  an e l l i p s e  
i n  nhich 

To f ind  t h i s  e l l i p s e ,  the value a = 0 i s  introduced in to  
equation (42) and the follovring value is obtained: 

F = 6 6 m [rn sinh 25 + (rn - 2 )  e -2(E-Eo) - 

- 2 [rn cosh 250 - in + 2Ig - 

- (m - 2)  [cosh 2 ( ~  - 50) - 1 1  e250 cos 2q] . 
The second fornula i n  gpoup (40) gives the value 

u = p m s i r i  250 + (n - 2 ) ( 1  - e2" cos 211) . (50) 
Q r 1 1 - 1  cosh 250 - cos 2q 



Taking then q = 0, the value of the stress equals 
zero and one gets the fo1loain.g equation: 

and the ~ i r ~ ' s  stress fztction takes the fern:: 

im(m - 2)(m - 4) cosh 2E - 
- 2m(m - 4) sirii~ 2E - b(m - 415 - (m - 2) 
[(m - 2)2 + 43 cosh 2E; cos 2q + 4(m - 2)2 
sinh 2E cos 2 V + m ( m -  2)(m-4) cos 2-rlj 9 (52) 

;:?bile the stress cornponen-ts have the folloning ecluations: 
\ 

m(m - 1 -  cosh 25) + 8 
- + (rn - 1)(22(4)'(cosh 25 - cos '5-2m 2 V ~ ~ i n h  2E+ 

-2) r(m-2)2 + 41 (cosh 2F;cos 2:q-1)-4(m-2)2silih~2 cos 2q 
+ P (  2(m-l)(m-4)' (cosh 2E- cos 2q) 

I 

m(m-$)(I-cos 237) + 8 
I 

i 
sirh 25 - - 

(m-l)(m-4)z (cosh 2s- cos 2 ~ )  

(m-2)[(m-2)2+~~(cosh2~cos 2~1)-4(m-2)2sinh2~cos2~+2m(~~-$)sinh2< - P 2(m-l)(~1-4)~ ( C O S ~  ~ ~ - C O S  2 ~ )  

4 ( m  - 2 )  e2' - ,:12zinh 2 
T =  ( m -  2, p 2(m - l)(m - 4)Z(~~~il 2 d  Sin 2q + 

m(m - 1 - cosh 2E) t 8 
+ P (m - l)(m (oi)"(cosh 2& - cos 2 ~ ~ 7  sin 27-1 

- m -  2 2 sinh 2 
' z  - (111 - l)(m - 4) - 

(m - l)(m - ~)(cos~I'~~ - cos 2q) 

By substituting the coyresponding valuec, it can be 
proved that these equations corn11letely sctiefy the conditions 
set up. 

From the conditions set ur, it can be seen that every 
openiw eventv-ally becomes elliptical in forin (except xhen 

" 

m = 4) and that tension stresses occur, within the ellipse set 



t1-Z) by equation (51), nhicll breaks the  rock and coc::~letely Trees 
it  of s t r e s s e s ,  2nd :.:ith t hn t  i t  i s  matherilztically proven t o  be 
a s t ress - f rce  zone (by ~ p a c k e l e r ) .  I n  Figs. 13 and 14 the s t r e s s  
values f o r  rn = 5 and m = 7 a r e  shovm. It can be seen t h a t  the 
e l l i p t i c a l  opening has an inf'luence on i t s  s~mroundings, the  
influence CLepenzilz;i; on the dimensions of the openin;;. Though 
the forlmulae give the  primcry s t r e s s e s  only a t  i n f i n i t y ,  i l l  

r e a l i t y  the values have hizh .r;rctdients i n  the  v i c i n i t y  of the  
oi3enilig so thz_s:t z t  a dis-Lc.!nce of !/.a t o  5a the s t r e s s  values cnn 
h:lrc',ly be ciistinguisheil l"rol-.l tlie 11ri1;liiry V ~ ~ U C S .  

This proves tha t  the r e s u l t s  obta i i~ed ims t cor~~espond 
very c losely  t o  the  i ~ a t u r a l  conditions, even t l - i o~ l?  the s p e c i f i c  
cj.rnvitg of $he rock i s  xeglected, s ince  the ~ c u r a c y  of the U 

i'orr;n~lae ciepend on the  r e l a t i o n s  'oetneen the  depth of the t m i e l  
and the  radius  of the  inflc-enced zone. 

Also, if  tlie na tura l ,  ohseived c o ~ d i t i o n s  shoulcl not 
agree cori~i~letely with the ca lcu la t ions  s i l ~ c e  the poc!c i s  ne i the r  
homogeneo~is nor does i t  s t r i c t l y  obey 11ool;e's l z ~ i ,  i t  slsould 
s t i l l  be renle~xbered tha t  a s t r e s s l e s s  zone doez e x i s t  around 
the opening, s t r e s s e s  b e i w  taken up ?i,g thc Z : : ~ T O ' I J ~ I  ~ ; ro~u?d .  
Tl?us, i t  can be sa id  t h a t  the investi~:j . '~ioii  ;-I:.?.:: beeii co;:yletcd 
s~.ticT'ac t o r i l y .  

One must 1;ear i n  mind thnt  a t  l a r g e r  Lcpths the  
s t r e s s e s  a t  the ' o o - ~ ~ d a r y  of an opelliw snny be lalqger than the 
breaking s t ~ e n ~ t h  or  the  roc!r. concerned, s ince 

and theref'ore Tor rn = 5, t h i s  value of Or) = 2.033 p, so t h a t  
the  pock night  be crushed and thus cause an elzlargerncnt i n  
the  r i d t h  as  n e l l  a s  the height. I n  t h i s  case e q c i l i b r i m  
w i l l  never be ~eached .  In the i'olloi-riw sec t ion  the ananer 
n1a.y be obt:-liiie2 t o  t h i s  open question. 

S t r e s s  Conditions around an Opening -:rith a Circular  
Cross Section i n  a P l a s t i c  h:edix 

Ver t ica l  Shaf t  
-. 
d i t h  reference t o  Fig. 19, asswize a l ayer  PQ a t  

deytli h vihicll surrounds a sha f t  cnc:; esterrds t o  i n f in i ty .  
Also assure t h a t  hor izonta l  s l i t s  have been leTt  ins ide  the  
shaf t  t o  allow the medimi to  flow f r e e l y  thus . .relieving the  
pressures. Furthermore, a y ie lding shal't may be talcen ill to 



coiisiderwtion thus allowing the masses apouncl the sha f t  v~hich 
a re  under high s t r e s s e s  t o  f lon  f r e e l y  towards the shaft .  The 
sha f t  may be considered a s  nade i n  ne t  p-me clay xliich i s  knovm 
t o  be very p l a s t i c ,  furthermore i t  i s  assw~led tha t  the e n t i r e  
shaL't contailis s l i ts  so tha t  many tolls of mater ia l  may be re- 
moved f l * o n  the slzaft daily. ~ h u ;  the ouesJiiolz nPises-?.;llether z! i n  c lay x i t h  p = 0.36 and c = 1 kg./crn., i t  i s  poszible t o  have 
equilibrium c t  a depth of 1000 rn, so t h a t  flo::: of rnssses i s  
made imyossible. 

Eince the cohesion f o r  t h i s  unfavour:ible case i s  
s e t  t o  be 1 ~c~./crn?, one call ca lcu la te  the priclary s t r e s s  
conditions n i t h  tY-e a i d  of formula (21),  i7rhere o , f o r  $ = O b  equals p or if y = 2.4 and h = 1000 m. mounis tS  240 1;g./cri1. 
a represents the hor izontal  p r inc ips l  s t r e s z  i n  any d i r ec t ion  
rrbien $ = 0, :.rhen a ro t a t iona l  s t r e s s  e l l i p s o i d  i s  consiiiered 
then the fullo:'~ing equation is v?'licl: 

Cibserviw the layer  i t s e l f ,  i t  can be seen t h a t  the  
s t r e s s e s  a re  evern>~:rhere the sane (-the y;~eiglit of' the layer  can 
be neglected s ince i t  can be chosen a s  t!:in 3s :.:e p leace) ,  
therefore the s t r e s s  e l l i p s e  is a c i rc le .  

If ne imacine a coordinate system i n  the layer  nhere 
the  x-y plane i s  the plane of' s~m-?~etry in the layer ,  then tlze 
primary s t r e s s  co i l i t ions can be exgresscd 139 the forniuln 
CJ = or x = 120 Bc.~cL:? 0 Y = 0% = 120 kg. ,'ci.i. , T  = 0 ( i n  t h i s  

case the thipd 2r inc ipa l  s t r e s s  is the bigge: one). On the 
b a s i s  of sjrl:-r;letl-y, it i s  col~venient to  ilz'irod.,;.cc polar  cooriiinatec 
:-.:here the oi>ig-in coincides i-iitlz the centre of the  ci-rcular slrzf't. 

M t e r  sinking thc c l~af  t the  elit i ~ e  ~ u r i ~ o u n d i n ~ s  s t a r t  
t o  move, anc? niove i n  the d i r ec t ion  of the raCi3i.s on nhich they 
:-rer4e a t  the s t a r t  of' the rilove~~lcnts ( conc ic l e r i l~~  a c i r c u l a r  
cross sect ion) .  On the other hand, a11 grz ins  on the sLwe 
c i r c l e  before boring move the same mound; so tha t  bctveen t-$-;o 
adjoining gra ins  there  is  no r e l a t i v e  displacement and there- 
f o r e  no shearin:, s t r e s ses  uccilr s ince the  slzeariw- s t r e s s  before 
movement vsas  equal to zero. The d i r ec t ion  of the rariius and 
tangent w i l l  a l so  be i n  the pr inc ipa l  Lirect ion a f t e r  movernent, 
and therefore the p r inc ipa l  s t r e s s e s  must coincide vrith the 
d i rec t ion  of the radius  and tangent. This con6ition a ids  i n  
tlze estab1isky.1en-t of the  equation of the  flow l i n e s  since the 



floT:; l i n e s  cut  the  prii-xipnl s t r ~ s s e s  a t  a constant angle 
and therefore  z l so  the d i r e c t i o n  of any racius.  

A s  !;ilo~nl, t h i s  condit ion i s  f u l P ' l l e d  by the losar-  
"$ s i i ~ c e  the  tangent i t h ~ i c a l  s p i r a l  whose equation i s  r = ae ,- 

a t  a point  I] forms a constant a x l e  $r = t an  2rl~ n i t h  the radius  
vector. Gut s ince  $ can have t ~ o  v s l ~ e s  

the  ci-xz,f' of slip l i n e s  is  s t i l l  not deter;:lined. 

To loca te  these l i n e s  one rnusl; establ ic , I~  the direc- 
t i o n  of the  l a r g e r  p r inc ipa l  s t r e s s ,  b-rhich can coincide - ;~ i th  
the dirlection of' a padius a s  well  a s  ~ 5 t h  the coprespondilx 
ta ixen t  of any one o r  the c i r c l e s  concentric  li;.it:i the slmft. 
Meepir. i n  mind t h a t  sf t e r  sinking n sliart ,  0 suddenly be- 
cor,:es very smzll an6 a t  the same t i m e  a tendg t o  ;;et l a r g e r  

1; as  the  circ~u..Lterence of the  c i r c l e  becones srnaller due t o  
the movement of the gra ins ,  one coines t o  the  concluoion t h a t  
the equilibrium hetaeen p r inc ipa l  s t r e s s e s  can 3e  01tai:;zd 
only -<:hen the equation 

holds true. This equation gives the b igzes t  poss ible  value 
t h a t  aT can have f o p  a civen value of' %. The c a p i t a l  l e t t e r s  

f o r  subscr ip t s  ind icz te  p r inc i2z l  stresses::". 

Altern?,tivcly, oR can never be s rml le r  than 0 r:ihen 
obtained by equation (54) because i t  nould caxse a rd -o f f '  
of the mediui.1 i n  the opening. This i-roulil upset the b~. .s ic  
;~l l inciglee of the  a r z u ~ e n t .  Here one nuh-L t r y  t o  rc2reoent 
the s t r e s s  c o n d i t i o ; ~ ~  vhen a t  r e s t ,  2nd so i"jnJ -under ;:'hzt 
c o ~ d i t i o n s  the ~ ~ o u n c l  -.-!ill be i n  equi1ibriur.i. 

This ca lcu lc t ion  has been mde depexldent upon the 
determillation o f  aB because if t h i s  value ic k ~ o l ~ n  olle can 

the clirection and rila;.~litude of a l l  t21e s t resses .  

The other  conGition o f  p r inc ipa l  s t r e s s e s  d s  only poss ible  
i n  a rnediu;l ahicll possesses t e n s i l c  s trength.  Expa~s ion  
o f  a hole by rnearl-s of a b o l t  (see r'10'~i f i gu res  i n  I-Ifttte: 
I,;ecilanik der b i l d s m ~ e n  Ktfrpep, vol. 1. ) 



To represent L l ~ e  diffei-ent in1 equation, one needs 
to lmon only that in this special case the fopr,iclae ( 3 2 )  are 
independent of Q for syiilmetrical reasons, thus one has the 
following values 

Taking the condition (54) into consideration, one gets 

1 a l ?  a2F - (K - 1) - - - ar' r d r  - 0  a 

By solving this differential equation one gets 

and obtains':: 

To fil~d the constant C, one takes o as the stress 
Ra CI 

R 
on the shaft itsell. One puts r = a and gets C = -.& . 
The stresses than have the values 

For the accepted value of p = Oc36v or more exactly 
3 = 0.35354, 

i.e., the stress increases in direct proportion as the dis- 
tance from the shaft. 

* The same problem was solved by Hartmnn in a different way. 
See Nadai, IIandbucli der Physik, vol. 6: Das Gleichgenicht 
locherer 1,Iassen. 



Taking in to  consideration tha t  lonest  f r i c t i o n  
~ n g l e  f o r  mining media i s  20° and thus p = 0,36k, i t  i s  evident 
thr , t  f o r  soixe mining depth equilibriunl w i l l  be e~t : l l~l ished 
around the shaf t  aild the medium must conie t o  rest .  Therefore, 
a t  some depth the 2ressure on the shaf t  czn drop t o  the lonest  
cohesion values. This was mentioned f o r  the recison tha t  it 
:-~ould be hard to  explain the openings i n  the ground made by 
s m a l l  animals i n  ground n i t h  poor cohesion ~~1.opcrties. If a 
poorly stressed zone would not appear around a shaf t  i n  time 
there 7:rould be no explanation f o r  the f a c t  tha t  a f t e r  a cer ta in  
length of  time the openings i n  a rnirle come to  rest .  

To prove tha t  the equations (58) are  the only solu- 
t ion  t o  the problem, it  i s  necessary t o  determine the boundzry 
coliditions on the border of the Zlow zone and prove tha t  
equations (56) s a t i s f y  t h i s  condition. Since the medium con- 
sists of e l a s t i c  grains  Hooke's law holds a s  long a s  the quot- 
i en t  of praincipal s t r e s ses  i s  kept belon tlie c r i t i c a l  values. 
Outside of tlie i'lovi zone, the quotient w i l l  dro~:  from i t s  
c r i t i c a l  values ( a t  the boundary of tile i'loi-I zone) t o  the value 
one ( a t  i n f i n i t y )  so tha t  the i'o~mulaz of the layer f o r  t h i s  
case are  independent of Q and have the L'ollo-:jing values, since 
a t  i n f i n i t y  the pr incipal  s t resses  a re  ec;u~al t o  each other. 

I"Jith the a id  of ~ i r y ' s  s t r e s s  function: 

F = C + Cl log r + c2r2 + C r3 log r 
0 3 

where i n  t h i s  case C, can be made equal Lo zero, since the 
angle a t  the centre $emins  constant outside the c r i t i c a l  
zone, a f t e r  introducing the boundary conditions, we a r r ive  
a t  the f o l l o v r i ~ g  equations, 



where p i s  the compressive pressure a t  inf ' inity, p' the corn- 
pressive pressure a t  the boundary of the f l 0 7 ; j  zone and b the 
radius of the f l o ~  zone. To compute the value of p '  one 
assumes tha t  the sum of the two pr incipal  s t resses  must be 
constant and equals: 

On the boundary of the flow zone, ot reaches the 
la rges t  possible value which, on the one hand i s  found by 
the use o f  equation (54), and on the other hand by equation 
(63), therefore, the equation 

f o l l o ~ ~ s ,  from which % can eas i ly  be computed; 

If one subs t i tu tes  t h i s  value i n  equations (58) and also puts 
r = b, one ge ts  

and f r o m  tha t ,  the value b can be corrguted. \*hen equilibrium 
i s  reached, the values of the pr incipal  s t r e s ses  within the 
f l o e  zone are  a s  f o l l o ~ ~ ~ s  

K-2 
OR = ORa (:) 
OT = ( K - 1 ) a  Ra (2)Koq 

Outside the 
s t resses .  

f l ov  zone, the follo~ving a re  the values of the 



20 
and 
the 

the values of the 
1~ = 0.5773 (solid 
bottom they are ,g 

stresses for p = 0.75 (dotted 
lines) are given on the top, 
iven Por !-L " 0.35354 where it 

wns aszurned, for oR = 1,y= 2.4 and h = 1000 ma Y:ith 
a 

these values, one gets the following values for the original 
horizontal pressure p, for a vertical value of 240 kg./cm? 
(Y x h): 

i I CoefT. of : Quotient 
I friction y / K - 1 
I , 

E y ~ ; t  / Flor zone 
b 

Pressure ; 
I 

P 

60 
80 

I 
120 

I 
1 

The third column gives the value of the exponent 
so that the stresses are proportional to the cube or the 
square of the distance,respectively, for the first tao 
coefficients of friction. For the last coefTicient of 
frictfon the stress increases proportienstely to the distance. 
As can be seen from Fig. 20, radius b of' the flol:: zone 
increases from b = 2.8845 a at p = 0075 to S = 80 a at 
y = 0,35354. This proves that in clay the coiquted stresses 
will be arrived at, after a very 10i~ time since the rnove- 
ment or the mediurn is slow due to the hie21 coefTicient of 
friction, 

In practice when considering shafts that are 
concrete-line(- and shafts built in media ::ri-i;h a low co- 
efficient oi" friction one can never predict th? vvalue of 

R since it iegenfis mainly on the matcrinl removed during 
excavation. Therefore, one can gather that in media ~ i t h  a 
high coefficient of friction, equilibrium  ill come in a 
relatively short time and the effective pressure on the 
shaft v:ill be very low and practically inde~pcndent of the 
depth since the third principal stress aZ must take the value 

and therefore equilibrium exists. 



In  introducing the t h i r d  pr inc ipa l  s t r e s s ,  l ~ h i c h  has 
been s o  f a r  considered constnnt i n  coinputbng s t r e s s e s  outside 
the  f l o w  zone, and a l s o  introduci~le; i t s  ol~ml neight ,  i n  three 
dimensional com,outations one i s  forced to  prove t h a t  the t h i r d  
p r inc ipa l  s t r e s s  can never be negative or smaller than o 
other-vise the s t r e s s e s  w i l l  not be i n  equilibrium. To Ra ' 
give the proof from bas i c  pr inc ip les ,  Fit;, 21 should be ob- 
served i n  nhich a spher ical  opening within a p l a s t i c  medium 
i s  taken i n t o  consideration. S~xpposc t h a t  a concentric 
element i s  cut  out of the mater ia l  surrounding t h i s  openiw 
a t  a radius r and v e r t i c a l l y  above it. Take r; as  the r a d i a l  
s t r e s s ,  y a s  the spec i f ic  veight  and d$ a s  the a w l e  between 
the  l i n e s ,  d r  as  the thickness of the element, and a as the 
radius of the spher ical  opening. 

The mediun s h o ~ l d  have the freedom t o  expand and 
flow in to  the opening as i n  the preceding exam13les. For 
symmetrical reasons the s ide& of the element m u s t  be planes 
OF 1)rincipal  s t r e s s  so t h a t  no shearing s t r e s s e s  can occur. 
O n  the  other hand, the pr incipal  s t r e s s e s  on the s ides  must 
have the value (K - 1 ) ~  and t h z t  on the top surface 

(when the  bottom s t r e s s  i s  taken as  o), 

Taking the v e r t i c a l  a s  the p o j e c t i o n  ax is ,  one ge t s  
the folloviirq- equ? t ion: 

ao r2 dp d$2 - 2ar dr d$2 = 0. - -- 
ax, 

 lie i n f i n i t e l y  small values of t he  four th  order lilere neglected, ) 
Cancelling the common f a c t o r s  and dividing the equation by r, 
one obtains the  d i f f e r e n t i a l  equation: 

the so lu t ion  cf vhich i s  a s  f o l l o ~ ~ ~ s :  

Subs t i t u t i rq  f o r  r = a, o = o one g e t s  a' 

and the equation becomes o~5' the form: 



For y = 0 t h i s  equation i s  e f f e c t i v e  f o r  any d i r ec t ion  and 
represents  three-dimensional s t r e s s  conditions. But if one 
takes the spec i f i c  vrkight i n t o  considerat ion (i.e., y # 0 )  
then the  equation is  va l id  f o r  the  0 2  ax i s  only. 

Considering now the  lowest value K = 3 one ge t s :  

therefore  the equation csn have no negative values where 
o, > ya. 

Taking a = 400 cm. and y = 2.5 so t h a t  the  first 
member f o r  a = 1 kg./cm? disappears and o increases  i n  pro- 
por t ion t o  tEe distance. The flo7:? zone w i l l  extend t o  a 
t h i r d  p a r t  of the  observed depth rneasured from the o r ig in  
of the  coordinates s ince  a t  t h a t  point  both > r i n c i p a l  s t r e s s e s  
reach the  primary value. 

For K = 2.5 one ge t s :  

r o =  a a z -  r y r  log  - a 
because 

l i m  
K + 2.5 

On the  surface  a = 0,  therefore  

r 0 a .  log  g = - 
aY 

Because r:a = 250, aa must be equal t o  5.52146 
lcg./cm? t o  prevent the floiv of the  medium a t  a  = k n .  
r = 1000 m. and p = 0.204. Since a  f r i c t i o n  angle of 11°30' 
does not  come i n t o  cons ide r :~ t ion  i n  p rac t i ce ,  the above gives  
t h e o r e t i c a l  values only. 



To cor!lpare the tao examples, one considers that, 
neglecting the weight of the sphere in equation (71), the 
stress for K = 3 increases as follotvs: 

compared to the slice (equation (59)) for shich the follov~ing 
formula is valid: 

For shafts the latter equation i.s used (equation (74)), 
thereforbe equation (73) becomes invnlici, 

To prove that the vertical value of the principal 
stress is always positive, one considers that the vertical 
principal stress on the sphere (oc) is a fmction of the 
horizontal principal stress (oh) 8s fo~lovis: 

In order that os should not becor:le negative, a 
should be positive and the rerninder of the equation 9s 
always less then oh. In the case of shafts, ~h is found 
by the use of equation (74). Substitutiw this value in 
equation (75), one obtains 

To prevent any tension stresses in this case, it is 
necessary that oa 2 aye The true value of as must be between - 
the extreme limits of equation (75) and (76), so that in 
ecluation (75) it nmy be co~sidered that the third principal 
stress is inclined at d$/2 to the radius. Equation (76) 
is derived by taking the principal stress planes parallel 
to the considered radius, With that, it is proved that 
as long as aa 2 ay it is impossible for tension stresses 
to appear, and-the investigation can be considered as 
corrpleted. It can be concluded that in order to keep a 
shaft open and safe in any medium, a? must be larger than 
ya so that equilibrium can be estzbllshed. 



To a l y ~ r o x i ~ n t e  tile ~ ~ o u i C  of 1;~.tei7i:11 t h ~ t  must be 
taken out of the shaf't t o  obtain ecluilibriur:~ con6-itions, one 
takes the extended volume equal to:  

Taking y = 2.4, IL = 0.35354, h = 1000 r;l,, a = 3m., 
m = 5 aild E = 300,000 kc,/c~-n?, then f e r  the p ~ i m r g  s t r e s s  
co l~di t ion  one gets e = 0.000~6. Since t k e  f l o z  zone has a dia- 
rieter of' !180 m., f o r  the t o t a l  priinary vol.u;:ne f o r  each lileter 
of' shaf t  one ge t s  V1 = 173 m? After the s t r e s ses  re lax,  the 
volutne i s  equal t o  Vp = 912.3 m?, i f  one takes o, as a u n i t  and 
uz a s  the vzlue of  the l a rges t  p r inc ipa l  ~ t - ~ e s s .  

Thc differelzce of  76.7 in? reyjresel~ts the amount of 
mater ia l  t ha t  must f l o w  in to  the s 2 l ~ f t  t o  reazli eil_xilibriux. 
By mnlcin~ the shaf t  deeper (a  = jci. ) the  a??oimt of excavated 
1ncl.teria1 i s  a1~ou"c26 1113, thus oae can concl-c-l'e tlizt i n  general 
more -than 100 1x2 of' ground must be removed to  reuc:~ f i n a l  
e q u i l i b r i m .  

According to  K. ~ e r z a ~ h i ' ' ) ,  the c a t e r  content of' 
c l ~ ~ y  is a function of' the p e s s u r e .  -. In  Piz. 22 the re la t ion-  
ship betrieen the pressure and water content of  a rutlit volume 
of c lay i s  shovm d i a ~ i a a r , m t i c a l l f i  Jis C;?X be seen from the 
above diazran, the water content decreases t c  one-half of the 
o r ig ina l  value cihea the pressure incren.ses f ~ o n  0 t o  8 atmos- 
pheres, On the other hand, if  pressure i s  decze:;l..sed c lay 
w i l l  absorb the aater .  This ex2lzins the  lcaoi;il?. f a c t  t ha t  
there i s  very l i t t l e  di f ference,  between an opei;ing driven 
through c lay  and one driven i n  clayey sandstone, since the 
water ~ 0 i 2 t e ~ t  i n  the clay i s  very lo.?! due ttr, the high prirmry 
pressure and the c lay shows a high cohes i~n .  In  a felr~ days 
the o p e n i ; ~  s- tapts  t o  break and the mno-mt cf' -mteprlal 1,:1hich 
n u s t  be  rerioved to  keey the opening is even l:~.r~,rer than tha t  
calculated above. This is because the oi~enin:;; not only de- 
2ends on the press-ue but  a l s o  on the w-aunt of moistu-re tha t  
i s  b e i w  absor%zd, 

This continues very s10~11y and the volune aijproaches 
the new equilibrium s t r e s s  asymptoticnlly. 'I'llus i t  i s  obvious 
tha t  the ne7:r s t r e s s  condition : ' i i l l  reach equilibrium after an 
inf ' in i te ly  long time. These tao f a c t o r s  (time, and the mater ia l  
removed froin the sha f t )  force  the miners t o  l i n e  the shar t ,  and 
the c i v i l  engineer t o  l i n e  tunnels. In  Simplon ( l a rges t  tunnel 
i n  Europe) the tunnel on a kO rn, s t r e t c h  has a l i n i n g  of' 2 m, 
averqp thic:cness, 



I n  Fig. 23 ( l e f t )  the e f f e c t  of the pressure on the  
rad ius  of the f l o ~  zone i s  shovm dia , - r~~~xnat ic r t l ly  f o r  p = 0.35j5kY 
a = jm. ,  y = 2.4 and h = 1000 m. I 1 ,  2 3  ( r i z h t )  the volume 
f o r  the values i s  p;iven. It can be seen tha t  the f l o w  zone and 
volumes decrease very rap id ly  'ciith the  increcir:~ i n  pressure. 

The above inves t iga t ion  discusses an unfzvourable case. 
2 Non take c = 15 kc./cm. , p = 0,5774 (very s o f t  c lay  sandsto~le)  

and one ge t s  a value of 6 m, f o r  the radius of the f l 0  zone 
f o r  h = 1000 rn., Y = 2.4, m = 5 ,  a = 3 m, and E = 300,000 l=./cm? 
The volume ex~7snsion i s  28.5 m. per  me-;re of depth. T;le l a s t  
number correspo:ii"cs t o  a decrease of the prlrmrg r?ciius of the 
shaf t  by approxin? t e l y  1 cm. 

Before going t o  the ncxt case, the  r e l a t i o n  of the 
ri f l o n  zone t o  the depth s l~ould be sho:'rn, l:G!;fn~ the horizoiztal 

and usiw equation (65) one g e t s  Lhe folloi:iing e2q)ression 
f o r  the radius  b of the Plow zone: 

Natural ly only values which pos i t ive  and equal 
t o  o r  l a r g e r  than one a re  va l id  in  the r a d i c a l  sign. I n  

Fig.24 the flo7:i zone is  represented f o r  a - 411.~ y = 2.5, 

 OR^ = 5 kg,/cm?, p = 0.35354, therefore  I{ = 3 (dot ted l i n e ) ,  

0.5773, thus K = 4 (l-irol:en l i n e s )  and p = 0.75, thus 
K = 5 ( s o l i d  l i ne ) .  It my be o13served that the smallest  
increase of t he  floTc! zone occurs a t  the highest  value of 
coefficie:lt  of friction. 

Horizontal Tunnels o r ,  Adits 

Here an inves t iga t ion  of horlzontai  open in,;^ driven 
f o r  a distance h i n t o  a p l a s t i c ,  homo~~eneous niedlum 7;~lll be 
m~de. 
s l i t s ,  
the ad 

- 
A s  i n  the  -precedinZ exam3les, t h i s  opening s h a l l  have 
o r  be yie lding,  ii!hich l l r i l l  aliotTi the  nledium surrounding 

.it t o  y i e l d  and become f r e e  of s t r e s ses ,  To br ing  the 
diagram of the  s t r e s s  condit ions from space t o  a plane cond- 
i t i o n ,  one takes i n t o  cons ide r~ . t i on  a lxyer  n o r ~ i a l  t o  the 
tunnel ax i s  i s  a s u r f i c i e n t  distance froin the end po in t s  
of the tunnel. One inmgines the  polar  coordinates put i n  t h i s  
cross  sec t ion  i n  such a way t h a t  the  o r i ~ : i n  co i~ ic ides  u i t h  
the project ion of the tunnel ax i s ,  a.nd t h a t  the  angle g5 be 
measwed from the ve r t i ca l .  



From Fig, 25 one g e t s  the equations: 

1 
a7 - ot = - r y  C O S  # a d -  'r + I? -- i 

a 7  2 1 ; + r -  + - = r y  s i n  # a r  a$ 

Introducing the s t r e s s  f -~ulc t ion F, by differentia-tiion, 
one can express the  s t r e s s e s  a s  fo l loTt~s :  

If the s t r e s s e s  s3tism the equation 

and the  boundcry conditions, then the problem can b e  consid- 
ered a s  solved, 

Introducing the func t ion  

vhere A, represents  the  pa13ameter which depends on 
boundary conditions, one can f ind ,  i n  spec i a l  cases  tP6) 
an approximate solut ion,  For the  observed case, it i s  
d i f f i c u l t  t o  detem~line the condit ions f o r  t he  boundaries of 
the flow zone a s  its form i s  unlcnovm. S t i l l  one I I L C ~  assume 
t h a t  the outer  l i m i t  o f  the  f l o n  zone has the shape of 2n 
e l l i p s e  as w i l l  be seen f r o m  the follo!;ring e ~ ~ ~ l a n ~ . t i o n s ,  



Talring A B Fig. 26 a s  a curve m3.cle of sand g ra ins  
so t h a t  it  cznnot t rznsmit  any tension s t r e s s e s  bu t  is able  
t o  ui ths tand cornpres::,ion, furtherr;lore taking T 211G T + dT 
as  tangent ia l  T'orces :-~hich appe3.r i n  the arc produced, P and 
P' as t ~ ; o  f ixed  points  on the cume A B, ds a s  an i n f i n i t e l y  
srimll p a r t  of the  saine curve, 2nd f i r i a l l y  or and T, 2s t he  
produced s t r e s s e s  nhich a r e  i n  t h i s  case civen by equations 
( 1 )  and (3)  o r  5 ~ 0 ~ x 2  (21) ,  onc g e t s  t an~c ; l - t  an2 rrnd3.u~ of 
thc point  P a s  the  ppo jec t ion ax8s : 

(T  + dT) cos dQ - 'i! + zds = 0 

(T  + d ~ )  s i n  ?LO - a CIS = 0. r 

Subs t i tu t ing  the values o f  z o ,iv::-n by the 
f o l ~ m l n e  i n  these equations, and by negl_ect!ka the smll 
v a l ~ e s  of thc second order one geJ;s; the  equntiol1:i;: 

B y  e l iminat inz  ds  one obtains 

dT 1 -z!K-  2 )  s i n  2 9 d d  - = -  
T 2 K + (K - 2 )  cos 29 ' 

and by in tegra t ion  one g e t s  

m 
l. = C 9 

VK + ( K  - 2) cos 26 

ahe17e one f'incls the value f o r  the in tezrn t ion  constant C 
on the b a s i s  t h a t  T = pa rrllen Q = v/2, -,-:here i; i s  the v e r t i c a l  
pi?rincipal s t r e s s  and a i s  the hori;:ontt~l raiiius of the closed 
curve. On the b a s i s  of smnletry, each br::nch o f  the curve 
s u ~ ) ~ ' i o ~ t s  the ha l f  of the pressure,  therefore  one ge t s :  

Subs t i tu t in~; .  t h i s  value i n  the  second equation of p o u p  ( 6 ~ ) ~  
one g e t s  



from a f t e r  t ak ing  

d s  = pa$, 

the  fol lowing equat ion is obtained: 

~ ( I z  - 1 )  a 42 
P = 

+[K + ( K  - 2 )  cos 2$13 

-,-~hich represen t s  r ad iu s  of cwvature of the e l l i p s e :  

i n  l:~hich the  tl::o axes have the  quot ient  

This was t o  be  e q e c t e d  s ince  both  r e s u l t i n g  diameters g ive  
zn e l l i p s e  of the following equztion: 

Thece observat ions shoa t h a t  an e l l i p t i c a l  a r c  i s  
q u i t e  capable of  .\:ithatending t he  s t r e s s  ~zhich  i s  earpressed 
by formulz (21) ,  But the re  i s  s t i l l  the quest ion  t ~ s  t o  ~ [ h e t h e r  
t h i s  e l l i p s e  i'ornls t he  l i m i t  of the  flo7,;r zone, s i nce  the 
nuiil2er of urd;;no;:lls i s  l a r g e r  than the  nuniber- of ecluations as 
can be seen fl7or.l t he  fo l l o~ i - iw  discussioa.  

the func t ion  f o r  F, 

and u s i w  fornn;ilse (35),  ( 3 7 ) ,  ( 3 0 ) ,  (13) snd (40), one g e t s  
t he  stress f o r  an e l l i p t i c a l  opening :;illich i s  uxCer unif'orrn 
inner  p ressure  p a s  f o l l o ~ ~ i s :  



cosh 2c - cosh 2 sirdl 2E 

silih 2E (1 + 
cosh 2c0 - cos 2~ 

= - cosh 2c - cos 2'q T 
@!+.a) > :  cosh 2E - cos 2~ 

I 
T = cosh 2E - cosh 2 

1' (cash 2.5 - cos 2:72 sin 29 

B y  c u b s t i t u t i n ~  f o r  C = go,  then the ecgmtion of' the 
f ollo7:~ing f 'orr~: 

0 - sinh 2E 
= go - - 2P cosh 250 - Eos 2'q 

and f o r  5 + a 

B y  l e t t i n g  P .  be the inner uniform pressure and p the l a rge r  
pr incipal  s taess  acting a t  i n f i n i t y ,  by super:rrrposin.g one 
ge t s  the f o l l o w i ~  equation b using equation (50) and the 
second equation of group (84b 

0 -. - p r n s i n h 2 ~ ~ + ( m - 2 ) ( 1 - e  2i0 cos 211) 
Tc = .50 m - 1  cosh 2E0 - cos 2~ 

2 sinh 2G0 - Pi - cosh 2 ~ 0  - cos 277 P i  . 
Becsuse 50 snd pi a re  unlznovm and one 113s no addi- 

t ional  equation to  use, i t  i s  im-possible t o  solve the ~~roblern. 
Thus, an a rb i t r a ry  number can be taken f o r  go i n  the roll-owing 
r~mnner. Introducing the follor-ring: 



i n t o  group (80) and considerine; equat ion (81) ,  i t  is  poss ib le  
t o  f i n d  a so lu t i on  by using the  se r i ez .  Rer.le:!ibcring t h a t  
e ~ x - : t i o n  (81) i s  not  l i n e a r  we come t o  t he  conclusion t h a t  
so lv ing by t h i s  method would be much too tedious. 

The determinat ion of the l i m i t  o r  the flo7c~ zone i s  
of minor importalice in t h i s  i nves t i ga t i on  s ince  the  volume 
only can be determined by it, while one i s  t o  prove t h n t  an 
equilibriui?l  condi t ion  is  v a l i d  a l s o  f o r  the  l ones t  c o e f f i c i e n t  
of f ' r ic t ion .  Thus i t  is  no t  :iorth vrhile t o  pyoceed by the  ind- 
i c a t ed  method and the i nves t i ga t i on  c2n be r e z s o ~ e d  on e more 
simple basis, :-rhich c o n s i s t s  of deterr:linlxc the  l i r n i t s  of the 
flo:. :~ zone on the  symmetry a x i s  only, and v i t h  t h z t  the  l i m i t -  
i ng  vulues. 

Since both  s t r e s s e s  have the  l i n l t i n c  value on the  
s;rll:metl-~y ax i s ,  f o ~  Q = 0, the  f i rs t  deiaivr~-i;ive,s 

nusl; disappear ,  so  t hn t  equat ion ( 7 9 )  n i l 1  be ~ i i i lp ly  e:ipressed 
by equation: 

a o ~  
a ~ + r T  - O T + r y = O  (G5) 

(The sar-~e eqxat ion could a l s o  be obtciilzeci fllor.~ 1;he ecjcili'oriurn 
con2i t ion  of an clerilent \:rhen # = 0. ) 

By introd-ucing a s t r e s s  func t ion  F one z c t s  the  
fo l lov~ing  values  f o r  t h e  s t r e s s e s ,  as cou25 be  l)roveC. by 
&iff eren4ti::tion. 

Cor~di t ion  (81) f i r a l l y  a l l o y s  one tcj s e t  up the  f'olloi.':ing Gif ' f -  
e r e n t i a l  equation: 



Af'ter double integration one obtains the equation 

but, if, for r = a one puts aR =% the stresses are of the 
f ollo~ring f'oi-111: 8 

K-2 K-2 - y a r  + =  
OR - (5) - K - 3 (a) K - 3 

One can get the same solution i-1ithou.t introducing 
the stress function if one puts or = (K - l)oR ancl determines oR 
by integration. For the lovrest value of the coefficient of 
friction p = O m j 5 j 5 1 +  one gets (see equation (72)): 

@ = n- changes the sign of the part of the equation containing Y, 
so that % has values between 

for any angle of $, where the negative sign is valid for 
Q = 0 and the positive sign for = n. 

To eliminate the influence of y in ec~uation (853.1, 
one must put 

a?; 
aT = - ry cos $; = Y sin 9, 3 

as it can be seen from equation ( 7 9 ) ,  that is, 



.r; = - r y  s i n  $ + r y  s i n  $ = 0 

so t h a t  the influence of y i n  equations 25b) vanishes, then 
a a t t a i n s  the  value given by equations (581, whereon it i s  R inf'erred t h a t  t h i s  value of angle $5 represents  a pr inc ipa l  
d i rect ion.  This r e s u l t ,  a s  well a s  the  cord i t ions  a r r ived  a t  
on the  y-axis, prove t h a t  the funct ion (82 )  nrust have many 
parameters t o  f i n d  a use fu l  approximate solution. 

Considering t h a t  one f i n d s  the  value of the flow 
zone v e r t i c a l l y  above the  invest igated a d i t  o r  tunnel by 
equation (05c),  one comes t o  the conclusion t h a t  one can 
a l so  f i n d  the  smallest  value of a which i s  ab le  t o  pro- 
duce equilibrium by equat ion (85~7: 

The sun of the two p r inc ipa l  s t r e s s e s  

0 R + aT = 3 ( oBa - ya l og  - a > 
must be equal t o  the sum of the  tao primary p r inc ipa l  s t r e s s e s  
on the boundary of the flow zone, t ha t  is 

5 ( aRa - ya log  ;; h - r  
2 y 9  

and then 

To ge t  the highest  value f o r  the second part. r = - and the  
s t r e s s  becomes the f o l l o v ~ i n g  value: El ' 

 OR^ = ay ($ + log  ") 2a . 

I n  other  \-lords, t o  ge t  equilibriunl a t  a l l ,  oRa m y  not  be 
smaller than the above given value. 

For a = 3m., y = 2.5 and h = 1000 m. the value 
o r  a w i l l  be 4.215 ke../cm? Ra 

' J i th t ha t ,  the proof i s  provided t h a t ,  i n  t h i s  case, one 
can obta in  equilibrium a l so ,  if only the pressure on the  
construction a t  a depth o f  1000 K. and a = 3 i ~ ,  Y = 2.5, 
i s  l a rge r  or  eciual t o  4.215 ~cg./crnB 



For the  general  case, the  s rml les t  v ~ . l ~ ~ e  of aRa 
w i l l  be equal t o  

I C 2 - 5 K + 7  K-2 
a y a  - - R a  min. 1C - 3 XK - 1)(K - 3) 

Then the  flair$ zone becomes of the follonring value: 

For K = 4 we get :  
,' 

a Ra min. = y a p - : )  , 

I n  Fig. 27 the  f l o n  zones a re  dlagramrnatically shown 
fop 1-1 = 0.35354, a = 3n, y  = 2.5, h = 1000 rn. and the  follow- 

2 2 
1% values a r e  used f o r  aRa : 4.215 kg.,/cn. , 4.5 l:g./cln~ , 

--- 
6.0 kg./crn?, 

loo 9' cm? and 30 kC;./c:.:? The calcula ted crlovrn 
iieights a re  1/2 h, 1 5 h, 1/15 h, 1/22 h, and 1/100 h (approx- 
imately). It can be seen t h a t  aFla cannot be ni:lalleia than 

4.215 le;./cm? as  othervrise the f l o n  zore would be an open 
curve because 3ORa can never reach the value of the  sum of the  

primary s t resses .  Since the  f l o n  zone f o r  oRa = yh coincides 

with a c i r c u l a r  c o l l a r  construction,  i.e., it. i s  a c i r c l e ,  
and thus a closed curve, and f o r  

the  same a l so  represen ts  a closed curve, nhF1.e 

the  f lovr  zone m i l s t  be an open curve, i t  i s  ol~vious t h a t  i n  
s p i t e  of the  lack of information a s  t o  the shape of the 
flow zone, i t  c2n be taken as an e l l i p s e  and the a d i t  put 
i n  tlie l o w r  focus. The rlow zones i n  Fig, 27 oere draxn 
under t h i s  asscmption, and in connection with t h a t  one puts ,  
f o r  numerical e c c e n t r i c i t y  and para-neter p, 7:~hen A and B are 
taken as the  outer  l i rn i t s  given B;,r formulae (135c), the 
follo7:~iw equations : 

E = A - B  
A + B  



The equation of the  e l l i p s e  v ~ i l l  then be determined by 
the  fo l lov ing  f orlrula: 

b = 2 A B  
A i- B - ( A  - 13) cos Q 

where b reprlesexts  the  rad ius  from the  or ig in .  

Expressed i n  rectangular  coordinates the equation is: 

It cnn be seen from Fig. 27 t h a t  a scsll change of oRa 
has a l a r s e  influence on the  shape of the  i'lo-;J zone. This 
condit ion s h o ~ s  tha t  t o  nmlre an exact  detcriilination of the  
form of a flol:? zone i s  luithout pwpose,  due .to the s t r e s s  cond- 
i t i o n s  which a r e  independent of the  flovr zoae l i m i t s  ( i .  e, , 
those near the a d i t ) .  It v ~ i l l  be deterciined only by the s t r e s s  
a and a l so  through equation ( 7 9 ) ,  v i l ~ ~ s ~  l i x i t i n g  values a r e  
&8xn. 

I n  the case o r  a cohesive rnediui, i,ialiy of -the a l r e a w  
computed r e s u l t s  a r e  v a l i d  i f ,  i n s t e sd  of' the reac t ing  force  

" ~ a  f o r  the  c i r c u l a r  c o l l a r  construct ion,  one uses the  e l a s t i c  

r eac t ion  of the  mediw-n according t o  arch c r ~ n s t ~ * u c t i o n  (7::hen it  
does not  crw5ule). I n  t h i s  c3.se, one mu;-.t c o n ~ i d e r  t h x e  zones, 
namely, 

1. The e l a s t i c  zone outsicle the  r ' la7--  mlie. 
2. The f l o ~  zone i t c e l r .  
3. The cl,?.stic zone a t  the join-?. 

P2obably ore sllo~ald deal  7:!it1~ four  zones i.n l ~ r a c t i c e .  The zone 
a t  the  jo in t  may be taken a s  the  crv:::P~lfn;;. zone s ince  i t  x i11  
cr.w:lble Cue t o  the i r r e ~ u l a r i t g  OF the  gassc-ges i n  tlie g r o ~ ~ ~ d  
u,ztder consicleration, which l i e s  i n  the i1ul.e~ 1laS.f of the 
e l l i p s e  deternli~eci by equation (51). F u r t i ~ e i ~ ,  onc can count 
on a zone, :-ihich i s  o r i g i n a l l y  i n  the p l a s t i c  co:;.?~iticn, which 
r . ~ i l l ,  by the f 3 . c ~  lo se  the  s t r e s s  con2-itio;1r~ st; the 
sheari lq-  st13esse:: w i l l  be le:;:; t!lan the b!?e;lL!c she=ir;.in,- s t r e s s  
and n i l 1  therefore  o f f e r  a c e r t a i n  r e s i s t ance  ( a s  long as i t  
does no t  crwnble). This r e s i s t ance  can be designz.teCi by oRn. 
Outside t h i s  zone is found the  ac tua l  zone, i . e , ,  
the  zone nhose ntliesses ii- crease -::lth the  ii ist2cce f r o n  the  
origin.  F i n a l l y  an e l a s t i c  zone shou26 e x i s t  oatsiGe the 
f'lo~?; zone, I n  t h i s  zone the  t angent iz l  str3esse:; decrezse 
.;,,ith the d is tance ,  



One cnn assurne tha t  a pin<-f o19r;leri ,:~ielcling C O R S ~ ~ I L C -  

t i o n  i n  cohesive nedic mus't praove t o  be sati:,facl;ory beczuse 
i t  pemnits unstressint.  and y e t  diminishes cruri:bling, so t h a t  
the s i ~ q p l a r  s t r e s s  d i s t r i b u t i o n  which has been i r~ves t iga t ed  
i n  t h i s  chzpter per ta ins ,  and thus i n  a shor t  time equilibi.ivm 
can come zbout, Hov:ever, i n  the  case of a tunnel driven through 
c lay  a t  a $-epth of a few 1000 n. below the surface,  i t  ! v i l l  be 
qu i te  su i t ab l e  t o  construct  a wall which can vrithstznd 40 t o  50 
kg./cm? and regula te  the  outer  pressure through the s l i t s  so 
t h a t  it w i l l  not exceed the  predetermined l i m i t ,  A t  depth of 
3000 m. the  sum of the two p r i m a r  s t r e s s e s  l x i l l  probably not 
be s c a l l e r  than 1000 t o  1200 1cg./k? 

To r,mke a th ick r ing  construction r;oulci not be very 
advisable, because then the  p r e s s w e  condit ions i:rould be 

2 very un2avowable, By l e t t i n g  the  preszure Crop t o  40 kg./cn, 
then a t  a = 3 ,  the  f l o w  zone becornes oP a d.irx;~eter of 60 m. 
(approximately) if y = 2.8, h = 3000, p, = @,,j5535?r-. The arnount 
of niaterial  t h a t  has t o  be removed can be t .~pproximted t o  
5m?, which i s  hardly one s i x t h  of the mater ia l  removed a t  the  
beginning. But on the other hand one must rcnemer  t h a t  the  
tunnel wal l s  can be of a smaller thickness, Tllis means t h a t  
there  w i l l  be l e s s  mater ia l  removed a t  the beginning. 

S t r e s s  Conditions i n  Stratified,&pound 

In coal  mining, the  tern1 "homogeneous gxaound'' i s  not  
va l id  since the d i f f e ren t  l aye r s  which were Z'ormed a t  cl ifferent  
times a re  not necessar i ly  of t he  sane composition. Since 
d i f f e ren t  l ayers  may have been c ~ u s c d  by dFfferen1; forces ,  
physical  properties, such 3s s i z e  of gra ins ,  cer;:entiw medium 
as well  as e l a s t i c  anc? -pla&ic propert ies,  may be noticezbly d i f f -  
erent ,  

Observed from the  standpoint of *U;ils lilvestigntion, 
a coal stratum cannot have the  sane properties as  a sandstone 
and sandstone ~iill have qu i t e  d i f f e r e n t  ;11~opcrt.les f porn clay. 
To proceed n i t h  the  inves t iga t ion  it i s  therePore necessmy to 
nor!:: with n l imi ted  medium so tha t  the  a s ~ u x p t i o n s  correspond 
a t  l e a s t  approxlnntely t o  the ac tua l  cir.clzr;:stances. 

I t  i s  known t h a t  s t r a t a  l i e  i n  such a way tha t  t h e i r  
border planes can be considered pa ra l l e l .  I n  the fol lovrin~;  
work i t  w i l l  be assumed t h a t  the  bordesi lq  l a y e r s  l i e  i n  
p a r n l l e l  p l~ .nes ,  This assumption enables one t o  ass-mle t h a t  
the  t1;ickness of the layer  under considerat ion i s  constant 
over the e n t i r e  f i e l d  of observation. O n  the other  hand, i t  
i s  assumed t h a t  the proper t ies  p, E and m a.rc constant f o r  
t h i s  purpose provided they are within the  es tabl ished l i m i t s ,  



It nus t  be assumed t h a t  on border zones betv;een d i f f e r e n t  
s t r a t a  these values take a sudden jwq and can -then be taken 
a s  constant again within tile netF? range, To establ-ish the  s t r e s s  
ccndit ions,  one may assmile t h a t  a hor izonta l  openins has been 
driven i n  a hor izonta l  l aye r  of c lay  v;hose th l c l~ness  i s  lesn  
than the height  of the  opening. It is f u r t h e r  assumed tha t  the 
openint; i s  of such a construction t h a t  the  c lay  has the opport- 
un i ty  t o  flolir i n to  i t  t o  r e l i e v e  the surraouncis of s t r e s s .  The 
l aye r s  above and below the  open in^ l n i l l  be layers of sandstone 
with a high cohesion and of g rea t  thickness so t h a t ,  with equiv- 
a l e n t  zurfls of the p r inc ipa l  s t r e s s e s ,  %hey mzy be considered 
r i g i d  a s  compared with the  c lay  strztum. 

Since the sandstone l aye r s  extend very f a r  compared 
t o  the s i z e  of  the opening, i t  i s  i n  order t o  say t h a t  they 
extend in to  inf in i ty  i n  the hor~ izonta l  d i r ec t ion  s o  t h a t  when 
a layer ,  taken -perpenCi.cular t o  the  hor izonta l  axl.s, is con- 
sidered,  we may br ing  the  problem inl;a a tido,=~climensional case. 
This xmkes the problen; much simpler. For spxe t . r  l c a l  reasons, 
r e ~ t a i ~ ~ l z r  axes n i l 1  be chosen, the  x-axis keing i n  the hori- 
zontal  plane of the c lay layer  anl. the 2,--.-axf-s i n  tile verDica1 
syn~rnetr~ical plane, Because the c lay  l aye r  is oP such s n l s t l l  
thickness co rq~n~ed  t o  the  depth i t s  weight c:ii2 be neglected, 
thus rimking 211 f ac to r s  containing y diso.p:?ear, 

The nlethod o f  solving pro'wlems SO f'zr- has involved 
the  determination of s t r e s ses  by the use 05 lil-le s t r e s s  f m c t i o n  
F. Here it; beco1;ies d i f f i c u l t  t o  fol l-03 t h i s  p~c~cec7~ure hecause 
of condit ion (81)  ; t h i s  es tab l i shes  a d:iTfc:r"e:j.tial equation of  
the  second order and secoiid ile;;ree ~ ~ ~ h i c i ~ .  cerl be aol.;~.ed only 
with d i f f i c u l t y .  

I n  t h i s  case, Hartn?am~.'s method (11) af solving t h i s  
problem lends i t s e l f  veyy well, I n  equation ( 2 3  1 ;f tile v z r l -  
able 3- .is taken f o r  z ,  and the  var iable  x tskeici f o r  9, Q repres- 
erits the  angle of  the p r inc ipa l  corzpreesion dir.ec.l;ion ( i. e. , 
the  d i r e c t i o n  of the  l a r g e s t  s t r e s s )  ?rit0h the 25--axis. Since 
the x-axis i s  novr the s3rllmetrhy ax i s ,  if' ;:re z . ~ . i h s l i t u t . e  the 
above-ment f orled formula i n t o  the  equ:itio:is ; 



and if we introduce the new variable Z Tor a, by rneans of the 
equation: 

one gets the following equations: 

a az 252 - + sin p cos 2$ - 2 cos P sin 2$ ax ax 
a2 a4 + sin p sin 2$ - + 2 coS p COS 29 - = 0 
ay ay 

az a~ - - sin p cos 24 - + 2 cos p sin 2$ ay aY 
3 
ay 

a2 9 = 0. + sin p sin 20 + 2 20s P coo 22  ax 

In order to have $ depend on one varlable only in 
both equations, one multiplies the first equztion by cos $, the 
second by sin 2$ , Adding the equations one obtalns the 
first equation, and in a similar say the second equation, 
in the following nay: 

az cos 26 + a ax sin 2qi + sin p;5;; + 2 eos p ay + o  
az 

(88) 
- sin 2# + 3 cos 2$ - sinp- + 2 cosp% = O aY ?Y 

To determine the stress condition fcr Lhe given 
case, one assumes that the two bordering planes are laid 
parallel to the x-axis, At some point the principal stresses 
must have the angles: 

with the same axis since the bordera planes represent slip 
planes, In other words the angle $ formed by the stress 
trajectory with the x-axis must be independent of' x and 
thus must be a function of y. 

For this case $ = f (y), one gets the follovring from 
equation ( 8 8 ) :  

Cy = 2$ sin p - sin 24 + C2 

z cos p = cos 2$ + Cx + C1 
( 8 9 )  



and the stresses attain the following values: 

S C O S  2f5 + ccx + Cl) 
( 3 ~  = ce (1 + sin p cos 2$) - C I  

=p(cos 29 + cx + c1) 
CT = ce eosp 
Y 

(1 - sin p cos 2g) - cl ( 9 0 )  

rn'=(COS 29 + Cx + c1) 
T = ce cosp sin p sin 29 

To determine the values of the constants, one takes 
the stress at the joint~cohesionless mediuni as a . I% the 
medium possesses cohesion then oa will retain th8 same value 
as lorg as the resistance of the collar has a smaller value 
than the cohesj-on, This is because the boundary between the 
elastic and t'ne plastic media will then be determined by the 
value of the cohesion, 

The resistance at the jo.int canno't be a constant but 

therefore, CI = -Ca and one gets: 
tanp - [cos 29 + ~(x-a) 1, 

= oa(l + sin p cos 20)e cosp Ox 

In the determination of t h e  constant C it should be 
remembered that the thickness of the layer does not come into 
consideration in. equation ( 8 9 ) -  This conditicn lets one sus- 
pect that C is a function of h. Eecause the first of the 
equations ( 8 9 )  represents one of the equations 02 the stress 
trajectory, orre can conclude that tlae cor~stant C can be deter- 
mined by the stress t,ra jectory, As was already stated, $ 
 represent.^ the direction of the priricipul co~ression (pressure), 
therefore the following relations must be valid. 

and also 
dx 2(sin P - cos 255) , & . - = 
d$ tan q5 C 



- - 
By integration one gets: 

Cx = (sin p - 1) log sin2$ - 2 cos2$ + Const. 

One of the stress trajectories in parametric representation is: 

Cy = 2$ sin p - sin 29 + C2 

Cx = 2(sin p - 1) log sin # - cos 2 $ + Const. 

Because the x-axis is the symmetry axis, the larger 
or the smaller principal stress must coincide with it, for 
y = 0,$ = 0 or # = q, which is possible only if 

2 

Thus, it is necessary to take the two eqxations into 
consideration at the same time. 

\ Cty = 2$ sin p - sin 29 Z 
! C"y = (24, - n) sin p - sin 29 

To determine the value of C, conej.d.er that for 
y = -h or y = +h, f.e. on the wall, the principal stress 
forms the angle 

( 2  - 8 ) or also - ( F g )  
with the x-axis. By letting the first angle (v/4 - p/2) in- 
crease continuously, then the value n/2 niust be reached after 
turning through (7~14 + p/2). 'CJith that it is proved that 
this value is valid for C!! = -?I- sin p, and one gets 

st? = (n  +2p) sin P + 2 cos p a 

2 h  

Now by increasing the second angle - ( 7 r / 4  - p/2), 
continuously, one gets a value of zero after turning through 
(~/4 - p/2). By putting this value in the first equation 
one gets: 

C ,  = ( 2 0 -  T )  sin p + 2 cos p 
2 h  

Thus, the val.ue of all the constants has been determined. 



To determine the second stress t~ajecto~y, one must 
take the relation: 

or 

dx 
C q = 2 tan $ (sin p - cos 2$) 

and after integration one gets 

Cx = 2(1 + sin p) log cos g5 - cos 29 + Const. 

The slip lines can be determined by taking 

= ton t (t - s)] 
a 

But because 

one gets 

dx 2(sin P - cos 26) cos ( 2 4  - p) . C - -  
d# - 1 + sin ( 2 6  - p) 

lrlultiplying out the nunerator and dividing by the 
denominator one gets the equation: 

dx C - = - 2  cos p + 2 s i n 2 $ .  
d$ 

By integration one obtains: 

Cx =-2$ cos p - cos 2q5 + Const. 

For the other slip line one gets: 

Cx = 29 cos p - cos 29 + Const. 

Sur~mrizirq, one gets the follo~~ing equations ror 
the stress trajeotories and slip lines in a case nhere the 
larger principal stress malces the angle ~ i t h  the x-axis: 

2 



2 1  - a )  s i n  p - s i n  24 
y1234  = [ r  + 2p) s i n  p + 2 cosp 

2 ( s i n  p - 1) 1o.q s i n  4 - cos 2 6  
+ Const. X I  = 2 (n- + 2p) s i n  p + 2 cos p 

 sin p + 1) log cos q5 - COE 24  
+ Coilst, X2 = 2 (n  + 2p) s i n  p + 2 cos p 

- + 2 4  cos p - cos 2 
X34  = (r + 2p) s i n  p + 2'cos p h + Const. 

and f o r  the case where the la rger  pr incipal  s t r e s s  coincides 
with the x-axis one gets :  

2 s i n p  - s i n  24 
Y1.34 = 2 s i n  p + 2 cos p 

h 

s i n  p - 1)  lo,^ s in2$  - cos 26 
+ Const, x 1 = 2 (  (2p  - n )  s i n  p + 2 cos p I 

2 1 + s i n  log cos @ - cos 2 h + const, 
X2 = +-~)a) s i n  p + 2 cos p 

- 
X 3 4  = 2 +2# cos p - cos 2 

p p  - n )  s i n  p + cos p h + Const, 

The subscripts I and 2 represent the s t r e s s  t ra-  
jector ies  and the su l~sc r i p t s  3 and 4,  the s l i p  l i ne s  :3. Eqm-  
t ions  (92) a re  val id  f o r  values: 

and the equations (92a) are valid f o r  the values: 

* These formulae are after I'radai published i n  Handbuch 
der Physik, vol, V I ;  hoaever they contain several ty-go- 
graphical errors. 



In Pig. 29 the stress trajectories (dotted lines) 
and the slip lines (solid lines) are sho::;n for the first case. 
Fig. 30 shol:rs the condition for the second case, r!hen p = 30'. 

To determine C2 as it comes into consideration in 
practical mining operations, one goes through the following 
procedure. Because the layer is horizontal, the larger of 
the two principal stresses must be per-pel~dicular to the 
layer, i.e., it forma an angle n/2 with the x-axis. 

Considering an adit driven into a clay bank, ox will 
then drop to the smallest value at the joint itself. It is 
then necessary for a to drop in value, 2:1d therefope there 
will appear a partidly unstressed zone around the adit. 
Cracks m ~ y  occur in the roof and floor within the ellipse 
given in equation (51). 

On the other hand, from equation (53) one can see 
thatq attains the largest value for q = v/'2 ~ h i c h  now is 
determined by the value of oY. Tl~us iP the clay reaches 
a new equilibrium condition, the larger prii~cipal stress 
must make an angle 7~/2 aith the x-axis, This ;3roves that 
eqaation (92) cornes into consideration and the stresses be- 
come of the folloning forms: 

) 
o = o,(l + sin p cos 20) x 

X i 
tan e I,,, ,+ + 1 2 ~  + 7- r )  sin p +  &cCos2 x-n 1 ! 

x eCOS p 2 

o = o,(l - sin p cos 20) x 
Y 

/ 
tan p kOs 2$ + (2p + n) sin p + 1 coo p 

X 
ecos l' 2 j 1 ( 9 3 )  

'i 
z = o, sin p sin 295 x 

2p + 7- r )  sin p +- 2 cos p 
I 

X 

e 2 

To get the right picture of the stress conditions, 
it is convenient to divide the stresses fnto two factors: 



t a n  p ( 2 p  + r )  s i n  p + 2 cosp x-a 
x e~~~ p 2 h 

The f i r s t  f a c t o r  depe;ids e n t i r e l y  on angle q5 and 
therefore  on y, a h i l e  the  second i s  a funct ion of x. By 
put t ing x = a  the  second f a c t o r  ~Iill become equal t o  1, and 
f o r  t h i s  unfavournble case the s t r e s s e s  become of the following 
values f o r  K = 3 o r  p = 19'30'. 

0,376 cos 29 o = o ( 1  + 0.334 cos 20) e 
X 8 

o = o,(l - 0.334 cos 26) e 0.376 cos 29 
3.' 

9 

0.376 cos 2$ z = 0.334 oa s i n  29 e . 
Fig. 31 shows the value of the stres,;es. ( ox dotted,  

rc broken l i n e ,  a s o l i d  l i nes ) .  
Y 

It can be seen a t  once t h a t  Lhe lar;;.cst value of each 
component i s  reached a t  y = a o r  Qj = 35'15'. A s  previously 
mentioned, the  flovr zone clepcnds on the sum of the p r inc ipa l  
s t resses .  Tile sum f o r  y = Oo35S54, ( Q  = v/2) is: 

x-a 0.53 -s- - 0.376 
80 = 2 a a x e  . 

Fig. 32 shows the sum of the pr inc ipa l  s t r e s s e s  
d i a g r m x a t i c a l l y  f o r  h = a. 

A t  a depth of 1000 m. and y = 2,4 the sun o f  the  
primary p r inc ipa l  s t r e s s e s  has the  value of 350 kz./crn?, 
so  t h a t  the  r lon  zone i s  ( f o r  the ~ , ~ a v o u r a b l e  case 
p, = 0.35354 .;rhen 11 = a )  extend-ed t o  a d is tance of approx- 
imately 10,5 a i n  the  c lay  bank. 

For oa = 10 k,g./c~n? a value of about 5.5 a is 
reached, a circumstance which again gives  the p r o ~ f  t h a t  
the  res i s tance  a t  the jo int  o r  i n  o ther  7 r r ~ T d ~  the cohesion 
of the  medium i s  of grea t  importance, On the other  hand, 
the  thickness of the  c lay  l aye r  a l so  has q u i t e  an influence 
on the s t r e s s  condition because i t  appears i n  the exr~onent. 
I n  Pig. 33 the  s t r e s s  condit ions a r e  shov:n f o r  various 
thicknesses of the c lay layer.  



rnary 
This 

It can be seen tha t  f o r  h = 3 a ,  the 
2 r i n c i p l  s t r e s ses  1 , v i l l  be reached outs i  
proves tha t  by increasing the thicl.:ness 

sum of the pr i -  
de the cliagrain. 
of the clay layer ,  

the s t r e s s  condition approaches the condition discussed i n  the 
nrevious sect ion u n t i l  i t  c:u1 f i n a l l y  be rc-rlresenteci 'uy the 
lavrs found i n  tha t  section. I n  Zig. 34, the values of the 
princiiml s t resses  a re  @ ~ ~ a i ~ h i c ~ l l ~ r  represented (0 lax .  top, 
a min. bot torn)  f o r  p = lgO>O'.  

S m r l z i n g ,  one can sag tha t  even tlie smallest clay 
lager  has an inf'luence on the s t r e s s  conditions since i t  causes, 
f i r s t  of a l l ,  an uns-tressing zone on the joints  due t o  the losi 
cohesion and high p l a s t i c i t y ,  Under these conciitioi~s Tor the 
same value of' Poisc:oht s n~csuer, ;-le have a riluch 1t::rger ~ 1 ~ - ~ $ 3 l i n g  
zone i n  the roof and f loor  than ?:re l:;ouLd have i n  a purely 
e l a s t i c  ground, These conditions a lso  point oat the d i f f i -  
cu l t i e s  ~riiich :::auld a r i s e  i n  colnputstion~ fo i ?  a thick sea3 OF 
coal 1:illich coatains smll layers  of clay, Tile crumbling zone 
zould be much la rger  than tha t  indicated by eq-wtion (51). 
Fig. 20 sho::~s the cruS.~ling zone. 

c- ~ i r e s s  - Conditions i n  D i s  twbeCii Grouncl 

The s t r e s s  colidition i n  ur~$~iz-L-cc~'~ed ~~-0uncl i s  given 
by eq-x~t ion (1)  ~rh ich  reyreaents the l m g e s t  pr inc ipa l  s t ress .  
In  disturbed ground the la rges t  pr incipal  stress can be a fulc- 
t ion  of Poisson's nuiiil~er znd the coerf ic ient  of f r i c t i o n  a t  a 
given point, a s  can be seen is Fig. 34. 

S t ress  Conditions with a Horizontal Surface 

If the ground i s  exposed t o  horizontal  tectonic prcss- 
ure forces  ( tangent ia l  foxes) ,  the primary horizontal  :>pin- 
c ipa l  s t r e s s  can acquire the value ph. In  e l a s t i c  ground it 
can be elcpressed by the f'olloning equation: 

where p represents 
This sm%e eqimtion 
su3st i tuted f o r  rn ( 

I the primary 
i s  val id  f o r  
equation (51 

ve r t i c a l  x~rinc 
a p l a s t i c  medi 
) Ecluatiol~s 

i p a l  s t ress .  

can also be emnployedunchanged in  this-case,  if  one takes p 
f o r  ph. It i s  understood tha t  p does not have t o  be exactly 
horizont2l but m y  be a t  an arb i  r a ry  angle to  the d i rec t ion  
of the tectonic  force. 

'2 

The pressure r e l a t ions  around an opening i n  an 
e l a s t i c  medium v~ould be more favourable because the s t r e s s -  
f r ee  zone ( F ~ G ,  35) .;;.ill be on the s ides  ra ther  than ac t  



vertically on the con~truction. In plastic 1-liedis, because the 
flow zone has higher values, one has to deal nith stres~es 
which cnl;sc largela Ilressures on -the sai:;c construction. In 
str:ltif ied arovxd certain strata ni th low coefficients of - 
friction, such as clay or cotll, vrhich CLur3ing the acti~n of the 
tectonic forces have f'lOli!ed, exist under high 17ressure so that 
with approach to them special i?rccautionary met-sures must be 
adopted. If the ground is under torsion forces then the hor- 
izontal principal stresses m y  be equal to eero because it is 
knovm that the tor~ion produces tension stresses which can 
balance those of corn;)ression. 

In the case of an opening driven normal 
pxaincipal stress, which has a value of zero, the 
tion of groGp (40) becomes of the f'ollovring form: 

to the 
s e c ond e qua- 

- sinh 2r0 + 1 - e2E0 cos 217 
On - cosh 250 - cos 2q 

that is to say the tension forces at the croyin disappear only 
if co = 0, so that at the roof of the drift fractwes which 
appezr muzt extend theoretically to inf iliity, a condition, 
which on approaching a fault, explains observed Cifriculties. 

In the above investigation, the surface v:as assumed 
to be horizontal, while the inclination to the horizontal at 
large depths can be neglectecl. 

Stress Conditions with an Inclined Surface 

In driving an opening at very shallon 2epths into 
layers of clay, dangerous st7-esses iI-iEy be set u-i, as can be 
seen from the rolloint;' delib2r:.tion. 

Let us take ax as thc hox3izoctal stress in the 
clay layer (~ig. 3 6 ) ,  Oy as the vertical stress, h as the 
thickness of the clay layer and y as the vertical distance 
between the upper surface and a point in the clay layer, 
which has x as the abscissa, where the origin of the co- 
ordinates is chosen on the edge OF the clay, so that the 
vertical pressure exerted on the clay layep can be expressed 
by the follovring equation: 



Since there was a slope produced during erosion, 
a represents the larger principal stress during the deposition 
OF this lager. Therefore the smaller principal stress was equal 
to 

As soon as the clay layer v~as freed by erosion, the clay 
started to flow on the edge and therefore the stress conditions 
in the clay layer anrere basically changed. 

To determine the equilibrium conditions, one must 
take the value 0 from equation ( 9 3 )  for 

Y 

This value is: 

x-a 
e tan p [ ( Z p  + T )  tan p + 2 1 -%- , 

Because the origin of the coordinates is on the 
edge of the layer, one puts x = 0 ,  Ox = cj-p and- gets: 

X 
= % x e  tan P [ ( ~ P  + r) tan P  + 2]-ii; 

Y (94) 

represents the burden of the soil bank or when one 
deals w th a cohesive medium, it represents the sum of both i'ihere 3 
resistances. 

It can be seen that the stress condition will be 
represented by the follo~vixq two equations: 

X 
CT = o b x e  tan p [ ( 2 p  + r) tan P + 21 

2~ 

To eliminate the double meaniw, one makes the 
folloniw deliberation, The first of equations ( 3 5 )  will be 
determined through the slope of the soil banlr and the steep 



wall, vhile the second equation depends on the stress cond- 
ition of thc clay layer, The second e~uation is not valid as 
long as 0 < a because there is no limitiw condition for 

IY 2 ~ 9  
the stresses. But in the case of U > IY 232 ' the clay layer 
cannot withstand the pressure and the clay starts to flow to- 
viards the edge. The shearing stress produced in the top layer 
of sandstone causes a force in the outl-iard direction, This 
force may :~e emresced as follov~s: 

Force = tan pob S tan p [ ( ~ p  + T) tan p  + 2 ]&  dx 

or 

P = 
h4 Leian P [ ( ~ P  + p + 2e 

2p + rr tan p  + 2 o 

This force causes tension stresses on the top 
sand layers; and they can be expressed by the follov~ing 
f orrrrula : 

X 

2 h 0% tan pL(2.p + 71) tan P +2 ] ( 9 7 )  
'tension= 'mi n)  tanp+2J 0. 

If this stress is larger than the tensile strength 
of the rock, it will cause a fracture in the roof, thus chang- 
ing the stress conditions as given in the following delibera- 
tion. Equations ( 9 3 )  are valid only when sandstone banks are 
able to iiithstand the produced shearing stresses, If the roof 
layer is dragged along then the shearing stress disappears at 
the top of the clay layer and the stress condition is equal to 
the primary stress which exists in the lower part of the clay 
layer, Therefore, the nelz stress condition can be represented 
by equation ( ~ 3 ) ,  if one takes into consideration the values 
of Q betv~een 7r/4 - p/2 and 7r/2 only and takes the double value 
for h. One then gets: 

Ox = a, (1 + sin p  cos 2q5) x 

t a n c o s  2 +  + (21, + r r )  sin p + 2 cas p 

x e cos h- "1 h I 



a = 4, (1 - sin p cos 2#) x Y 
2~ + n)  sin p + 2 cos p 

4 I 

i 

7 = a, sin p sin 2$ x 

Now it is possible to determine a that is, the 
value of the vertical stress on the upger bJ&dnry of the clay 
layer after the roof layer is fractured. It is 

tan p [ (2p  + 7 r )  tan p + 21  x 
0 = o C e  
3~ 

43 
(99) 

where 
0 
tan p 

= 4, (1 + sin p) e cos p 
Oc . 

Taking noa that the quotient of the two stresses at 
the edge 

4, 
sin p 
1-sin p - = (1 - sin p) e 

OC 

for clay (y = 0.35354) differs but little froin unity (lo$), 
one cornes to the co~iclusion that a basic change must occur 
in the surface in order that eyitilibrium :my again be reached. 

In Fig. 37 both equilibrium condit,ions are shown 
2 diagrammticslly for 4, - oc = 1 kg./cin., y = 2 and h = 3m 

ABC represents the primary position of the soil bank and 
the steep wall. AD represents the primnry stress condition 
of the clay and AE represents the limiting condition after 
disruption. It can be seen that the shaded part must slide 
acay to make the tension stresses disappear in the roof. 
Because the vertical stress is represented in metres of earth 
the line AE represents the natural slope of the surl'ace. A 
well in the clay layer b-iould drop the cohesion to a fraction 
of a lcilogram so that the stress on the edge depends only 
on the thickness of the t,alus layer. 



Fig. 37 expla ins  the  huge e a r t h s l i d e s  on s teep  s lopes  
caused by cons t rue  t ion :':ark, Construct ion a orl;, d i s rup t s  the  
roof l aye r s  and t o  obta in  equil ibrium a  'basic chmge i n  s t r e s s  
condi t ions  must occur i n  the  c l ay  layer .  The e a r t h s l i d e  produces 
a ner-; s lope and hence neu s t r e s s  conditio2:s i n  -bhe sunface .  This 
can be  applied t o  e a r t h  dams by exrpressing the  s t laess  condi t ions  
i n  the  hanging ea r th  masses by the Ranlrine fori;nrla, which i s  
obtained by subs t i t u t i ng  

u = [ ~ ( 1  + s i n  p cos 2 $ )  - x s i n  p s i n  a$ ]  (100) cos p 

i n t o  equation (28) ( @  i s  constant  i n  t h i s  case and is there fore  
independent of y  and x). The slope of the e a r t h  dams is  a  log- 
a r i thmica l  curve nhose f l a t n e s s  increases  with decre:lsiw load 
a t  the foo t  of the d m  ( a  - uc) and *<jith the  decrecse i n  the  
coe f f i c i en t  of f r i c t i o n  o!? the  uniierfiost layer. 

Fig, 37 ex-plains the  f o l locing observed f a c t s  : 

( 1 )  the  low slope angle of t he  Copsoil v!ith s!-ra~;~py 
underground; 

(2 )  the  des t ruc t ion  of' an e a r t h  dm a f t e r  sudden 
draadovtn of a rese rvo i r ;  

(3)  i n v a l i d i t y  of the Rankine theory f o r  e a r t h  dtims 
whose coe f f i c i en t  of f r i c t i o n  changes; 

(4) the huge s l i d e s  i n  coal  mines nhicll a r e  near  
s loping surfaces ,  (e,g. the Lebu Lilnes i n  c h i l e ) ,  and, 

(5)  the pecu l ia r  pos i t i on  o r  the  s l o ~ ~ e  z f t e r  an 
e a r t h s l i d e  and the low slope folloailq:; equi.li1~r:i~ml, 

From the  prece2ing computations, i t  car1 be seen t h a t  
i f  an opening i s  dr iven i n  e l a s t i c  ground under pressures  which 
a r e  below the  e l a s t i c  l i m l t  a s ingula r  change i n  s t r e s s  condi- 
t i o n s  occurs. On the boundaries of the openiw tens ion s t r e s s e s  
occur i n  c e r t a i n  zones, These tens ion s t r e s s e s  c r ez t e  a s t r e s s -  
l e s s  or  s l i g h t l y  s t r e s sed  zone a i t h i n  c e r t a i n  l i m i t s .  

The e l l i p t i c a l  s t r e s s l e s s  zone i s  independent of 
depth a s  well  as  the  shape of the  opening s ince  the  di~nensior-s 
of t h i s  zone depend only-on the  ;:ridth of tile opening and 
Poisson's  number, Let rn be Poisson's number alrd b the  viidth 
of the  opening. The s t r e s s l e s s  zone then has the  following 
equation: 



The s t r e s ses  a t  the crown o f  the e l l i p s e  disappear 
completely; but  the highest value o f  the compression s t r e s ses  
can be e:.:pressed by the equation: 

where p reqlresents the l a rge r  primary pr inc ipa l  s t ress .  

Uith the &iving of the opening i n  a p l a s t i c  mediurn, 
a s l i g h t l y  s t ressed zone i s  formed around it. The radius o f  
t h i s  zonc depends on the dimensions and the depth o f  the 
opening as  .;?ell a s  the value of the coeff'icient of f r i c t i o n ,  
spec i f ic  weight and the pressure on the vialls o f  the opening, 

For lev? values of the coeff ic ient  o f  f r i c t i o n  the 
pressure on the c a l l s  depends on the depth of the openiw-; 
but  if e n o ~ c h  mte:7ial  flws in to  the opening the pressure 
drops t o  2. f r ac t ion  of the prinmry value. For p rac t i ca l  
depths t h i s  pressure var ies  frorri 2-5 kG,/cr.1? This shoivs t h a t  
i t  is  possible f o r  the medium t o  reach a s t ~ s s  condition which 
i s  necess:;ry t o  arch the openinz, This con<-ition i s  possible 
only vhcn a c e r t ~ i n  m o ~ m t  of :;urroundir,g material  f l o l ~ ~  in to  
the opening. 

The author can make the observtl'cion, tha t  with ear th  
under pressure, the pressure can be oPizinal ly  large enovgh 
t o  ru-ptwre the tunnel walls,  t ha t ,  however, f o r  the same 
tunnel rvalls with slits,  a s  soon as the arch formd-tion i n  the 
medium is comnenced and tlie mount o r  moisture of the clcy 
which corres2onds t o  the pressure has been reached, the ear th  
pressure has the power t o  r e s i s t ,  a proof' t hz t  only a small 
pressure i s  f i n a l l y  established on the tm- el v~al ls .  

In s t r a t i f i e d  mound a zone of l o w  s t r e s ses  a l so  
exis ts ,  I ts  dirnensions~c~e~end on the thickness of the clay 
layer  avhich has been cut ,  the coeff ic ient  o f  f r i c t i o n  o f  the 
clay an& on the pressure exerted on the t m e l  - :~~l ls .  

With shallov~er depths and i n  inclined ground, bas ic  
changes i n  s t r e s s  conditions a re  produced i n  s t r a t i f i e d  ground, 
This may cause large ear th  s l i d e s  which w i l l  r e s u l t  i n  a 
very low na tura l  slope, 



The s i r&uler  s t r e s s  conCition i n  st)-::itified ii;rould 
\:iitli inc l ined surface explains the  d i f f f c u l t i e s  obselved i n  
the  const ruct ion o r  e a r t h  d a m  ;.in6 p e ~ m i t s  one t o  SLp;7.~r COT;- 

c lus ions  f o r  the  construct  ion of e a r t h  da::s, 

Asswning thn t  i n  a homogeileovcs i s o t ~ ~ o p i c  e l n s t  i c  
nedium the ailc!,tation is proportional t o  the stz3esses riid 
t hn t  i n  a homogeneous p l a s t i c  ~nediurii the  hi2lx::st value of 
the  slleariw s t r e s s  i s  the p ~ o d u c t  of the coe f f i c i en t  of 
f r i c t i o n  and the norrinal s t r e s s ,  we can e s t ab l i sh  a r;lather;~t- 
i c a l  theory of ground pressures,  This theory e:z-->lains z.n6 
proves the s t r e s s l e s s  zone i n  an e l a s t i c  m c d i u r n  3.nd the 
s l i c h t l y  st:-esscd zone i n  F. p l ~ s t i c  rnediv111 i-.;l~el-~ 31? o:)cning 
is  dr iven throwh the  par t i cu la i l  medimi. 

I n  s t r a t i f i e d  ground, i t  :;'as sllo-:in 3.nd expl-ained 
t h a t  a 1 0 7 7  s t r e s s  zone e x i s t s  around En openins as n e l l  a s  
$he surfnce inc l ina t ion  on the s t r e s s  condit ion of the 
s t r a t u m  x i t h  ~ , ~ t _ l  coefi ' icient of f r i c t i c ~ .  
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