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Introduction

It was desired to analyse the behaviour of the

front and rear shock absorbers of a two-ski landing gear

for an aircraft passing from level ground on to a slope of

+10° at speeds of 20, 40 and 60 m.p.h.

Assumptions and Method

Fig. 1 is a sketch of the installation employed.

A levered-suspension support, at each pedestal, acts on an

oleo-spring or oleo-air shock absorber strut. The front

suspension lever is free to move fore and aft in its slotted

point of support. This permits the two points of attachment

to the chassis to remain at a fixed distance apart despite
variations in deflection between front and rear struts. To

simplify the mathematical treatment of the problem, it was
found necessary to assume the installation of both front and
rear pedestal to be identical in every respect. Hence the
free movement of the lever arm in the front pedestal had to

be ignored. Furthermore, for the sake of mathematical
simplicity during the analysis, the lever-suspension support
and the oleo spring at each pedestal had to be replaced by
an "equivalent" spring(#).

(*) Equivalent spring means the spring producing the same

vertical displacement as the given instal
lation ao tao

same load.
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If the spring constant of the oleo spring is k'

then from the data given for the shock absorber strut we

can ᐃ k, the spring constant of the "equivalent" spring
(Fig. 2).

let y be the displacement of the "equivalent" spring
let y' be the displacement of the oleo spring

then

yt- i y

further, the force on.the oleo spring 18 k'y'

the force on the "equivalent" spriag is ky

hence

18 ky + 6k y! = 0

18 ky + 6 k i γ-ο

ook eget

Another essential assumption has been made with

reference to the damping action. The coefficient of damping
has been taken as a constant, although it should have been

a function of the displacement. No numerical value for the

damping coefficient has been supplied. To make the problem

more definite and considering optimum working operation of
the springs, it was decided to assume critical damping which
means dynamically that the vibrating system is brought to

rest in the shortest time. Obviously, calculations can be

performed with a specified damping constant by a slight

alteration of the solution of the differential equation (1).

The centre of gravity of the aircraft has been

assumed to lie half way between the attachment of the

pedestals. This fact has an important bearing on the

structure of the equations of motion (equations (1) and (2)
shown on page 3) which then are a pair of simultaneous linear
differential equations with dependent variables separated.

Under these assumptions, the problem reduces then

to finding the motion of a system with a single mass on two
springs mounted in parallel. This is known in dynamics as
a coupled system, and will be dealt with on the following
pages.



Page No. 3

Report No. MA-172

Equations of Motion of Coupled Vibrations

Fig. 3 represents a system with a single mass and

two degrees of freedom. The centre of gravity G is constrained

to move vertically and the mass rotate about its. centre of

gravity.

In general both linear and angular displacement

occur at the same time, and for small amplitudes the spring

forces produced by the motion are proportional to the

displacements.

If the springs are alike in every respect and their
mutual distance is 2d, the spring constant is k, and the

damping coefficient is c, we shall be able to describe the

motion at any instant t. Furthermore, let m be the total

mass, neglecting the mass of the spring, and let I be the

moment of inertia of the mass about G.

Suppose first the mass moves vertically with no

rotation, the displacement being y downwards. Spring

exerts a restoring force ky upwards, and:this force has a

moment k d.y about G in the counter-clockwise direction;

similarly the spring (Q exerts a restoring force ky upwards
and this force has a moment-k d.y about G. The frictional
force in each spring is of magnitude cy and is directed up-
wards. The moments of these dissipating forces about G are
again equal but of opposite sign and will contribute nothing

to the total moment.

: Thus the net force in the ᐌ direction is 2 ky +

2 cy directed upwards.

Now suppose the mass to rotate through a small

angle 6 without linear motion of the centre of gravity.

The rotation being about G, the displacements at the points

of attachment of the springs are-dO and d@ downwards, as β

is positive when clockwise (Fig. 4). The forces exerted by
the springs are therefore kd@ + cdO for spring @ and
-(kd0 + οἆθ) for spring à .respectively. These forces have
a total moment 2(kd20 + cd20) in the counter-clockwise sense
about G. The net forces in the y direction are zero.

Hence the equations of motion are

-my = 2 ky + 2 cy (1)

~16= 2kd20 + 2ca?ó (2)
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Equations (1) and (2) characterize the motion,
assuming the base points of the springs to be at rest relative

to the ground. If these base points simultaneously perform
a prescribed motion along a given curve, equations (1) and
(2) have to be referred to an absolute frame of reference
(x, 7) (Fig. 5).

Let 5,7 be the Cartesian coordinates of the centre
of gravity relative to [x y] and © the angle of pitch when

the vibrating system is in its equilibrium position at any

instant t.

Let Y and ᐛ be the linear and angular displacements
respectively measured from the instantaneous equilibrium

position. Then

yeoY+7,

0-239498,

EE course, Y and § satisfy the equations of motion (1)

and (2

mY + 2cY + ᗾᐪ = 0 (1')

IS + 2ea?7$ + 2ka29—=0 (81)

or

m'y ~ 1) + 6 (7 - 7) + 2k (y - 7) = 0

I (6 - 8) + 2e (6 - 6) + 2k (0 - 8) = 0

Turning now from these general considerations to

our specific problem, let us denote the uniform horizontal

velocity by v, the inclination of our s.ope by «, and the

height of the centre of gravity G, when in its equilibrium

position, by h, (c.f. Fig. 6); also let t = O be the
instant when the centre of gravity G reaches the point S.

for- s<t ᑡ - = 7=h Y= 0

y-h*0-h,ye-y-0

for £4 ᑾ < e T=-h+vttenx, 7=0
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Consider now the time interval - $ ᑈ 6 ᑈ $, i.e.
when the front spring travels on the slope while the rear

spring is still on the level ground (Fig. 7, springs in

equilibrium position).

R[vt-a,0], S[vtea, (vta) tano], T [vt-a,n], v[vt«a, (vt+d) tance)

. .6(¥,1) = αἶνε, ᗪ+ᕒ tane vt+a)] $; = h+e tang (vt+d)

ᐁ ᓗ ten 8 ~ ᐂtenalvted)(4) 8 ~ 0

The general solution of equation (11)

i.e. mY + 2cY + 2kY = 0

is obtained as follows, using operators

(mb? + 2cD + 2k) y = 0

1ᙂ - - ο/η > fe? - Επί

If we assume critical damping, i.e. 2 = 2mk, which means
physically that the system is brought to rest in the

shortest time then

-pt
ᐪ = (ᐃ, ᑾ + 8, de P^ 1s the general solution of

equation (1') where p = ᗒ and A, and B, are arbitrary

constants, later to be adjusted to the boundary conditions

of the problem.

Similarly, the general solution of equation (21)

i.e. of IN + 2ca?$ + 2xa29 = 0

frp? + 2ca2p + ρκαξ]9 «ο

2
ᕵ ~ - 249 ja?- ext

under the above assumption for c, (critical damping of the
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vertical motion of the centre of gravity), we obtain

c?a? < ext

hence the pitching will be damped (but not critically).

¢ ᔕ 9 - ᓴ 75 cos (wt ~ €)

where A= Bee

ext - PEEL

and A and € are arbjtrary fonstants.

we

H
i
e

It must be pointed out that equations (1') and
(2') hold for any instant of the motion (-e«t« ᐤ). The
ensuing calculations will be aimed at providing a continuous
solution for both coordinates and velocities, throughout the

entire motion. Toygchteve this the discontinuity of the

solutions at t = + ᑈ will have to be smoothed out. Or in

mathematical symbols,

y(x$- 0) = y(x« 0)(5a) 6(38- 0) = O(FÈ+ 0)(6a)
and

y(3$- 0) = g(3$ +0) (50) 6(±$- 9) = ὃ(53 +0) (6b)

As shown on page 4

-oct< -$ yeh, στο

ᓏ da 1 -pt
- get< $ y = hà tanx(vt+d)+e"P° (Ay t+B,)

y -i tane e"Pt(-pA, t-pB, +A, )

Applying (5a) we get, taking the upper sign,
24 c

7(-$) = #««ᐪ (a, SB, ) - ¥

`. - ᙵ $
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and from (5b) pa ‹

ᔾ ( .$ ᐪ vy(-9 = 8 tanx+ ᕪ (pag ᐨ pK + a) = 0

_ 38
se A, -- tanxe V ,

.pà

Bp - -8 tanxe ᐪ

. -p(t«à
hence/y = h*£ tana (vt+d) - ᐐ tan«(vt«d)e Σί v)

a
-p(t+=)

alo Ny = hte tanax(vt+a) i-e ᑒ v

® d
N ' = (++$) -ᗪ ($+)
ae |? - vtanx-# tanc ve ᐪ + tanx (vt+d)pe i

-p(t+4) | -p(t+4)
= + tan [v]i- e v E (vt+d) pe v ]

Applying (5a) and (5b) taking the lower sign, we can write

2pa a

y($) = hty tan« af] = h*d tanx [ Le]

_2pa _gpd _2pa
y(2) = à tanx [+(1-= ᐪ )+2ape a à tane[vi(2pa-v)e v]
now ind<t<o

-pt
yee? (Agt + Be) (Ag, Βρ arbitrary constants)

Hehe vt tane

-pt
ᐪ = 8 + vt tanx+e ᒤ (Agt+ Bg)

ο -pty = ᐁ tanx+ e E [-paet ᐨ pBo + Λο]
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From (5a) and (5b) taking the lower sign:

BI! ~2pa
a ,

7($) = rd tana+ 9 ᐪ [8 ᔧ÷ Bo) = ÷ à tene [1 o ᐪ]

2pa
-pà -zpe

HE) =v tanx+ e Y ᐨ À ᐨ pBo + Ag] =i tana[v+(2pd-v)e v

Solving for Ag and Bo, we get

- 38
Ag $ « Bp = -ᾱ tan« e V

-38 -pà _£pd
v tene e ᒤ [pa tan«e 8 * Ag] = à tana {v + (2pà-v)e ` ]

-pà .gpd

$ tan«x+ Age ᐪ - + vtanxe `

8~2pd
v 4Ag = -δ tan (139 Je” = ~ v tanxcosh pa

, apd
Bg = -d tanxe ᕽ + d tanxcosh E = ᐛ tan sinh E

hence, summarizing:

y-h (-ᔡ «t ᓬ -9

-p(t«8)
7 = 8 + ᐐ tanx(vtea)fi- ο ᐪ] (et ᓬ 9

y = h+vt tano tane Pt[a sinh BS vt cosh gj e £t«o)

A similar procedure gives 0, the pitching angle

referred to the absolute coordinate system

0- $46
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- =< ᑾ < - ᐵ, ᐛ-0, 8=0,0 = ~0 (c.f. Fig. 4)

from the differential equation (2')
we obtain the general solution

2

Qea -x where A= oa
= Ae cos (wt - €)

w= $ Vzx1-c?a?

and A and € are arbitrary constants.

-det<d ᐦ ᐋ = (wird) tan ᓬ [ο.5. (4) page 5]

8 = Ae cos (mt - €)

$$ 0 = (e+) tans, Ae^^* cos (wt - €)

à ~ ᑲᔨX _ nem [, cos (wt- €) + w sin (wt- €)]

Continuity at t = -ᾱ gives, using relation (6a) (6b)

Ad
-ᾱ) = ae V wa =οί 7 Α9 ᐁ cos (= +6) = 0

ας Wo tem £ or 5

+E

o(.4) „ᓗ y tan x v - x)0(-5) Td - Ae ES w sin 5] ο

E
ο y tane v

oo Ama Saw e
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a

Oc (vt+d) tane ᐌ tanᐸ EI)a - + + wa24 Zwd cos (wt ξ + >)

-A(Set)
° ~ IDE [(+ᖤ4)-ᕒ» ᕽ sinw (65) (-d<t<)

D -A(Ret)
0 = bene v-Ze Ÿ (wcosw (0.5) - Asin (wt +!)

dy t AHan ος ᐪ ν 2wde ($) = $225 (2a - Ze sin 598]

a (8 tano v ¬ 2wa 2wda6 (=) = v-te + cos £— - sin «να

Consider (det «ο) a possible solution will be

- ×
@ = tanx+ Be cos (wt - e) (7)

i.e. 8 = tana, and Y= Be** gos (wt - ᐹ, )
where B, € are arbitrary constants and since « is small
we replace it by tan x. Attention may be drawn to the fact

that solution (7), in addition, gives for t --» oo
' θ- ᓌ '

Applying conditions of continuity at t - $

6 = tanx+ Be cos (wt - ᗕ, )

ὃ = - BeAt [acos (wt ¬ €) + ® sin (wt ~ e, j]

Aa 2rd

= wa ν ν 2wdtan@+ Be cos (= - ᗙ) = tafix- gq tan«e sin =
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«Έλα
λά

-Be V. wd wd vtan«[ e 2wdBe [eos (38- € )*w sin(TE- €, ] -vienen. 7 ᔡ costWO Asin’ να]

_ 18 2wà

hence Be - pi tan«e V sin ÉTÉ see (32 - €)

aa + 2wa 2wdwe -e (ᒑ cos ey - À sin )
Xeos( XS. & )+w sin( MS. Je

ν ᐪ “hd

E 2àw wa _e sin 5T* see (= €)

2ra

κο - # cos Bud
55. < 256 ᐋ

818

e - cos Bud
ten (M - ¢) =

) sin 596

4λᾶ 2λὰ 2wà

1«eV - 2eᐁ cos Ἐν

sin Ένα
sec (8 - a)=

21d 818ux y 232 a 53 Y_tanxl 2λᾶ . og g2WdB=-,PtanoVe +e 2 cos=- sad 2(cosh' τ ́ «cos77 )

further, to get ει

cos(wt - &) = cos (wt- T E -ει) =

= cos (πε3) cos (XS. €,)-sin (wt-E3) sin (S8 ει)
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2wà Ba 2wdsin See Mu Ξνά
cos (νὰ -ει)) - ᑕ. sin(¥4.. ει) Pe ανν=== =

828

cos\wt~ €, )ecos(wt- ¥YS) gin2¥S-sin( wt-%2) (e ᐁ 5.--1
P

and hence

-X ++) 2rd
O-tan« ~.-~guqtan«e M feos w(t-£ᕒ) s1n2%2- sin w(t-2)(e V - cosi]

À -λὰ d

= tan [ome “Te M sin w(t+d) = M sin eg)

Summarizing, we have

ᓏ
@= ο (-=<$ <- ρ)

ᓏ
-A(Ret)

= tan 2Xe ᐪ à à àe 2d [ien xe sin w( t+) (= $t 3)

et da

θ- tanaf- ve *t B sin %($+$) --e Vsin w(t-EN:ᑈ< ᑾ < o)

Hitherto the theoretical analysis furnishes results

for the independent motion of the centre of gravity and the

angle of pitch in terms of time. Without further difficulty,

the calculations will be extended on the following pages to

obtain the deflections of both front and rear springs as

functions of the time.

The Deflections of the Springs

Let ; 0) be the absolute displacement of the front spring

yl?) be the absolute displacement of the rear spring.

then yi) = y + 86

;9) =y- dO

then the deflections of the springs relative to the ground are
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for the front spring yO) _ yi). η ~ ᗭ (x)

for the rear spring yt2) - y. ᐪ -h

for - $ = tz ᐁ we obtain

ᓏ - +( ++

τα h+$ tana(vt+a) [1--θ ᑊ: ᑦ Le ᐌ Da w(t+d)]|

a

=h+ tan s( ver b (etre PU? +Z sin «($+$)8 ᐨ NG)

and Ἶ (+9) = (vtt+d) tanx

NE ᓈ ᑸ
= + tana[(vt+d)o 38 sin w(t«S)e

3 ᓏ -X&y P itane (++) [ice 3573 - tgnaf ve Y ο Mart) sin (4d)

505-9 =n

d

then + 1) Mort )

+!) EIC ο= + tana[(vt+d)e $ e ᐪ sin w(t+8)}

a
Considering ᓀ ᐹ ᔮ ᐸ ᖅ

for the front spring 7(vt+d) = (vt+d) tana

for the rear spring »(vt-d) = (vt-à) tanx

1, +vt paf + tanx e”Pt a sinh pa -vt cosh Bd) να tanx

-+ᒥ 5 14ν d+d tana (1^. 16 [e sin w(t+d )-e" sin M)

(#) for the front spring 7 must be taken at η (ed )

for the back spring 1 must be taken at η (9-θ) :



Page No. 14

Report No. MA-172

Ad M
++ tan of "(a sinh?95-vt cosh) “st (e Vstnwt«S)-e" sinw t-4))

ν ᐌ ` 2w v v

(2) CS -pt pd ga). ᑈY vt x+ tanxe [a sirh BÓ - vt cosh E. LHSAT tan

Od à

-à tan 8. fe Vsin vid) sin ᐊ)

(2) x À dj AM àdai = tanaferPtfa sinh)S-vt coshPd4Y ᓁ le ᐁ sinwt+S)-e sinw t~2}
ᐪ ν aw v ν

and, of course, for ~ œ<t < ~ $

yl) y(2) «ο.

Conclusion and Summary of Results with Nomenclature

All the formulae required for a continuous solution

of the problem follow. They involve the horizontal speed of

the plane and the angle of elevation (assumed to be small) as
independent parameters. It must be borne in mind, however,

that this is the solution for the "equivalent" spring. It is
an easy matter to obtain the results for the given oleo springs

using the equivalent spring constant.

The Deflection of the Front Springs

yl) Lo —— in -ooct ᓬ ᐨ $

ᓉ (++ -1+($
ye -btan«[(vt+d)e Pi Titan w(t+L)e de de<ted

ᐌ v ᐩ - v

~Ad xd

ve tanafe-Pt(astnn2d-vt cosnbd)-Y ᓂᒃ ᖤ Vαἴωνί t43)-oYstn ᓀ%-ᐛ]
v ᐁ 2w v v
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The Deflection of the Rear Springs

(2) i - $
Y?) -0 NE "T eta ᐨ $

ᓏ a
-p(t+$) aQ GS

w
τι) ÷ tana[lvt+à)e sin EE cts $

Ad

(2) -pt à ahy ᐨ *ᒃ [„ ᐁ _ à) -Y'"-tan«je fa sinhBe-vt coshP- "5x? ᒌ sin w(t+S)

Ad
ᓗ c -ᾱ dee" sin w(t 2 00000 in ve teo

Angle of Pitch

0-20 0000000 - ceo«ct

L
S ᑊ

«
I
o

ᓏ

tan c Xt-+(+ᑾ
9 = ^38 [vere V sin¥ (++3)] Sooo mee

ᐊᓬᓬ l
a

ep ot QM E

θ- seno. - ie [ο V sin w(t+d)-6 ᐁ sin w(t-$)} ᒃ. $ ᕒ t«co

where ᗪ -

B
I
O

ru
I

Vex1-cPa?< ᑍ

ᐅ

κ Li

«
o
l

x
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The following data must be known:

2d

k!

(k =
1 k!

total mass of aircraft and cargo less mass of

skis.

pitching moment of inertia of the aeroplane with

respect to the centre of gravity

distance between shock struts

spring constant of oleo-spring

spring constant of equivalent spring)

damping constant (i.e. damping force per unit

vertical velocity) In this mathematical analysis
critical damping is assumed, and is thus known

ο- fx ¡
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