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Designing Majorana Quasiparticles in InAsP Quantum
Dots in InP Nanowires with Variational Quantum

Eigenvalue Solver

Mahan Mohseni,* lann Cunha, Daniel Miravet, Alina Wania Rodrigues, Hassan Allami,
Ibsal Assi, Marek Korkusinski, and Pawel Hawrylak

This work presents steps toward the design of Majorana zero modes (MZM)
in InAsP quantum dots embedded in an InP semiconducting nanowire in contact
with a p-type superconductor described by the Kitaev Hamiltonian. The single-
particle spectrum is obtained from million atom atomistic calculations with
QNANO and many-electron spectra using exact diagonalization and the
hybrid variational quantum eigensolver (VQE) method. A variational ansatz is
constructed to capture the ground state of the system by utilizing a generalized
form of the analytical solution for a particular set of parameters. By system-
atically deviating from the analytically solvable regime while maintaining
the system in the topological phase, the effectiveness of the variational
function in reproducing the correct ground state and topological properties of
the system is evaluated. This is done through a quantum algorithm for a many-
body state containing MZM. The results are compared with exact solution in
topological phase and demonstrate the capability of VQE, along with classical
simulations, to accurately model the many-body spectra in topologically

nontrivial state.

1. Introduction

We explore here an array of InAsP semiconductor quantum
dots (QDs) in InP nanowire as a host for Majorana quasiparticles
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for topological quantum computation.
Topological ~quantum  computation!'~!
is a robust framework for realizing fault-
tolerant quantum computing,®® which
aims to perform computations reliably
despite the presence of noise and
errors.}1011]

A promising candidate for implement-
ing this protection is Majorana zero modes
(MZM).'?l MZMs are quasiparticles that
arise in topological phases of matter, partic-
ularly in systems that combine strong spin—
orbit coupling with superconductivity.!"’!
Their non-abelian statistics enable fault-
tolerant quantum gates through the pro-
cess of braiding-exchanging the positions
of MZM modes. Unlike conventional
qubits, which are vulnerable to local noises,
the information stored in MZMs is distrib-
uted non-locally, making it protected from
decoherence.

A candidate to host MZMs is the 1D
chain of InAs QDs in InP nanowirel’*"
containing spinless fermions with nearest-neighbor hopping
and p-wave superconducting pairing, namely the Kitaev
chain.®*¢17 In its topological phase (TP), the Kitaev chain hosts
MZMs at its ends, where the fermionic excitations split into two
spatially separated Majorana particles, each localized at opposite
ends of the chain.*¢17]

We describe here one electron properties of the nanowire
using QNANO code!™®'” and many-body properties using exact
diagonalization (ED) on a classical computer!’”! and VQE on a
quantum computer.

While ED method provides exact solutions, its applicability is
limited by the exponential growth of the Hilbert space.
For instance, for chain with N =25 QDs the Hamiltonian matrix
has the dimension 2%°. Hence ED is limited to relatively
small systems. In this study, we try to find an estimate of the
ground state energy of the Kitaev Hamiltonian on a quantum
computer,?>?! using the VQE method. We use analytical and
numerical ED to compute the full energy spectrum!'”) and then
implement VQE to compute even and odd ground states by con-
structing a quantum circuit guided by the analytical solution.!"”’
By comparing the VQE results with those from ED, we demon-
strate that VQE provides an accurate estimate of the ground state
energy for large systems.

© 2025 The Author(s). physica status solidi (b) basic solid state physics
published by Wiley-VCH GmbH
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2. Semiconductor Nanowire as Kitaev Chain

The Kitaev chain considered in this work is implemented in a
hexagonal InP nanowire with an array of embedded InAsP
QDs in the proximity of a p-wave superconductor and in the
presence of applied external magnetic field.””***”) The QD
nanowire is schematically shown in Figure 1. We performed
microscopic calculations of single-particle spectrum using
QNANO codel™' for electron in one and two InAsP QDs
embedded within an InP nanowire to determine the energy of
the lowest conduction band states in a QD and interdot tunneling
t in the InAsP QD array. QNANO calculations are based on ab
initio-based tight-binding model, where the QD nanowire is cre-
ated Dy first establishing an InP matrix and defining a hexagonal
nanowire within it, as illustrated in Figure 2a,b. Next, random
P atoms are replaced with As atoms at a concentration of 20%.
Figure 2c displays the energy levels of the electron in the conduc-
tion band of a double QD, highlighting the characteristics s, p,
and d shells of an isolated QD, which are split due to the tunnel-
ing between the two QDs. Despite the random distribution of
As atoms, the spectrum reveals a well-defined s shell followed
by two states of the p shell.['>2%2%

By applying a strong magnetic field along the nanowire, we
can isolate the low energy spin component and treat those elec-
trons as spinless. In this context, for p-wave superconductor the
non-interactive Kitaev Hamiltonian!"*'” is given as

Magnetic Field

QD Nanowire

P-wave Superconductor

Figure 1. Schematic visualization of the chain of QDs (in black) in a nano-
wire (red). The QD nanowire is placed on top of a p-wave superconductor
(violet). The external magnetic field (blue) is along the nanowire.

www.pss-b.com

N-1 N-1 N
= tz 1+1C + h.c.) Z( i l+hc) Zcfci (1)
i=1 i=1 i=1

where ¢](c;) is the fermionic creation (annihilation) operator of
an electron in dot i, t is tunneling matrix element between adja-
cent conduction s-levels, A is the pairing energy for two electrons
on adjacent conduction levels, and y is the chemical potential
measured from the conduction energy level. This Hamiltonian
is valid as long as the t and A are small compared with energy
levels of s and p-shell.

2.1. Exact Diagonalization and Many-Body Spectrum of Kitaev
Chain

The many-body spectrum of the Kitaev Hamiltonian was obtained
earlier in ref. [17] and we summarize it here for completeness. The
ED method involves expanding the wave function in terms of all
configurations for even and odd number of electrons, constructing
the full Hamiltonian matrix in the space of configurations and
diagonalizing it to obtain its eigenvalues and eigenvectors, provid-
ing exact solutions for finite-sized systems. In case of N spinless
orbitals, there are 2V configurations constructed as

N
|y = [T )=o) (2)

i=1

where |0) is the vacuum of electrons, ;=1 or 0, corresponds to
having 1 or 0 electron in orbital i.

The pairing term in the Kitaev Hamiltonian changes the par-
ticle number but conserves parity, hence the eigenstates are lin-
ear combinations of electronic configurations with different
electron numbers but given parity

V)= Chup M. Dy (3)

M, py

where we are populating N sites with M =0,1,...,N electrons, and
for a given number of electrons M we generate electron config-
urations py. In order to obtain the coefficients Cj,, , we apply

(€) 160 . : T T

1.554 4

4 1.454 =m B

X (nm)

X (nm)

T - r
0 5 10 15 20
eigenvalue index

Figure 2. a) Side cross sections of double QDs nanowire. b) Top cross sections of double QDs nanowire. c) Single-particle spectrum of conduction band
electron in a double quantum dot. The splitting of two degenerate s-levels due to tunneling is visible. The degeneracy is due to spin.
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Figure 3. Ground state energy difference of the even and odd subspaces
for a chain of 5 QDs, by using ED, with t = —1. The contours show the
boundaries between the trivial and the TP with various precision, based on
the size of the chain.

the Hamiltonian to this state, and by using the orthogonality of
the configurations we obtain the eigenvalue equation

S (M Hllpys M)Cy, = EC “”
b M

Since the Kitaev Hamiltonian in Equation (1) only
changes particle number in pairs, the matrix element
(4,7 M '|H|py, M) is non-zero only if M and M’ have the same
parity, that is, if they are both even or odd. This parity symmetry
allows us to break the Hilbert space into two decoupled subspa-
ces of even and odd configurations.

Results of the ED for N =5 QDs are shown in Figure 3, where
the energy difference between the even and odd electron num-
bers is plotted.'”! The system is in TP as long as the difference is
zero. The MZMs appear when the system is in the TP, where the
ground state is doubly degenerate, with one state corresponding
to the even and the other one corresponding to the odd subspace.
The TP is centered at t=A and u= 0, for which analytical
solution exists. It can be shown that as long as 2[t| > y, the sys-
tem remains in the TP,**% as seen in Figure 3. The numerical
ED can be carried out for small chains for any set of parameters,
but alternative methods have to be applied for large systems.

We now turn to the main objective of this work, that is, the
application of VQE method and quantum computer to determin-
ing the ground states for even/odd number of electrons and pres-
ence or absence of the TP with MZMs.

3. Variational Quantum Eigensolver for a Kitaev
Chain

The VQE is a hybrid method that aims to estimate the ground
state energy of a given Hamiltonian through a quantum-classical
computational approach.’**? The benefit of quantum comes
from the capacity to manage and manipulate the variational
states as quantum circuits.?*** The variational state is generated
by a unitary operation (quantum circuit) acting on an initial state.
By using a classical optimizer to fine-tune the variational

Phys. Status Solidi B 2025, 2400552 2400552 (3 of 8)
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parameters of the quantum circuit, VQE minimizes the energy
for large systems.!*>=37)

The first step in the VQE workflow is to express the
Hamiltonian H in terms of Pauli operators, through the
Jordan-Wigner (JW) transformation. A quantum circuit with
adjustable gates, parameterized by parameters 6, is then applied
to generate the quantum state |y/(6)), where 6 represents a set of
parameters used in a quantum circuit, allowing the Hamiltonian
written in Pauli operators to act on the state |y(f)). The expecta-
tion value of the energy is measured using the quantum com-
puter as follows:

E(0) = (w(0)|Hly (6)) (%)

The measured energy E(f) is fed into the classical optimizer,
which adjusts the parameters 0 to minimize the energy. This pro-
cess is iterated, repeating the quantum circuit execution and the
measurement, with the optimizer refining @ until the minimum
energy is found. Ultimately, the optimized parameters corre-
spond to the approximate ground state of the Hamiltonian, pro-
viding a solution to the problem.

3.1. Jordan-Wigner (JW) Transformation-Kitaev Chain on a
Quantum Computer

The JW transformation maps fermionic operators into spin oper-
ators represented by the Pauli matrices, and spin operators into
qubits of a quantum computer.?#3

The JW transformation for spinless fermions is defined as

o =e'ust (6a)

G =S eb (6b)

where Sji =S+ iSj}.' are the rising and lowering spin operators

for site j, and S = 1 & are the spin-1 operators. The phase factor ®;

can be express as

j—1 1
@ :HZ<E+S§,) )

m=1

1
2

which introduces non-locality in the mapping, ensuring that the
fermionic operators obey the correct anti-commutation relations.
Therefore, by using the exponential term as ¢*/® = [, 1, (-25%,),
as previously demonstrated in refs. [40,41], the fermionic products
transform as

clei=S'S; (8)
clati = Sis S )
C:r+152r =—5,S (10)

After this transformation, the fermionic states |0) and |1), rep-
resenting the vacant or occupied site, correspond to spin-down
||) and spin-up |T), respectively. This establishes a direct corre-
spondence between the fermionic and spin bases. Finally, the
Hamiltonian in Equation (1) is transformed into spin
Hamiltonian

© 2025 The Author(s). physica status solidi (b) basic solid state physics
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Figure 4. Energy spectra matching of the fermionic and spin Hamiltonian
in the analytical solution case. The even (odd) eigenvalue indices corre-
spond to the even (odd) subspace eigenvalues.

H:_i_ ZSZ+ZZ[t+A VSl + (b — )y, ST
(11)

expressed in terms of the spin operators S¥, S!, and S?. By com-
parison with the XY model,

:—hZSZ+ZUy R A (12)

we see that the Kitaev Hamiltonian in spin representation is
essentially an XY model, with u acting as the external magnetic
field along the z-direction, ], asthet — A term, and J, as the t +- A
term.

In Figure 4, we show results using ED of the fermionic Kitaev
Hamiltonian and spin Kitaev Hamiltonian obtained through JW
transformation. This figure shows that the spectra are identical
and we can proceed to implementing VQE on a quantum
computer.

3.2. Quantum Circuit and Variational Wave Function

We utilize four ansitze (quantum circuits) throughout the varia-
tional calculation, namely even, odd, efficient SU(2), and
Hamiltonain variational ansatz (HVA).**** Inspired by the fact
that in the TP, the ground state of even (odd) subspace has equal
contribution of all even (odd) configurations, we construct the
even (odd) ansatz based on this feature, that is, we consider
all configurations in the subspace, and assign variational param-
eters to them.

The efficient SU(2) consists of layers of single-qubit opera-
tions spanned by the SU(2) group and CX entanglements.
HVA is directly built from the Hamiltonian (see Appendix A).
As an illustration, we look at the even ansatz for three qubits
in Figure 5. This ansatz essentially creates all the even configu-
rations using the R, and CNOT operations, and assigns varia-
tional parameters to each configuration.

Phys. Status Solidi B 2025, 2400552 2400552 (4 of 8)
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Figure 5. The quantum circuit for the even ansatz with three qubits. The
gates are applied as: a set of R, gates applied to each qubit. Then, CNOT
gates are applied in a forward direction between consecutive qubits. After
that, reverse CNOT gates are applied in reverse order. Finally, a single R,
gate is applied only to the first qubit (qubit 0).

N-1 N-1
[W(0))even = RS (By31) ] €x0+19 TT ex ¥+
j=1 j=1
(13)

N
< [T RY 6)lwo)
j=1

4. Results of VQE

4.1. Comparison of Quantum Circuits for Variational Ansitze

In order to make a transparent comparison between the perfor-
mance of different ansitze, we examine the loss function behav-
ior, which in this case is the ground state energy.

As shown in Figure 6, although HVA is the fastest to reach
convergence, the even, SU2, and odd ansitze have smaller error,
especially in the non-analytical solution case. Each ansatz stops at
a particular optimization step once the classical optimizer
decides it has converged. For each ansatz, the best number of
parameters is used from studying the relative error behavior
for various number of parameters, discussed in Appendix B.

In Figure 6a, the performance of each ansatz is shown in the
analytical solution regime. The ground state energy for even,
odd, and SU2 ansitze is closer to the exact ground state energy,
compared to HVA.

In Figure 6b, although there is no analytical solution for the
choice of parameters, the system still lies in the TP. The exact
ground state energy is obtained using numerical ED. The perfor-
mance of each ansatz is displayed for their best number of
parameters in Appendix B. Although the optimization process
is more challenging in this case, the ground state energy
for even, odd, and SU2 ansitze indicate reliable performance,
while HVA stops in the early optimization steps, with a signifi-
cant error.

This reveals a clear distinction in the performance of the dif-
ferent ansitze when comparing the relative error. For the even,
odd, and SU2 ansatzes, convergence to the actual ground state
energy is achieved with an insignificant relative error. In con-
trast, despite the fast convergence, the HVA ansatz shows a
higher relative error, specifically in the non-analytical case.

4.2. Error Sensitivity within the Topological Phase

Having demonstrated the convergence of the variational func-
tions, we now explore the sensitivity of the approximated ground
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Figure 6. Ground state energy as a function of optimization steps for four ansitze: Even, odd, SU2, and HVA, for a chain of 10 QDs. The comparison
highlights the convergence pattern and efficiency of each ansatz in minimizing the ground state energy. a) corresponds to the analytical case with A =t
and u =0, while b) represents a case outside the analytical regime but still within the topological phase, with A =2t and u = —0.2t. The optimal number

of parameters is used in both cases.
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Figure 7. Evolution of the relative error in the parameter space for various ansitze, for a chain of 10 QDs. The choice of the parameters A/|t| and
u/|t| is such that the system remains in the TP. The dark regions indicate areas of lower relative error, with the analytical solution located at the

center of the plots.

state energy as the parameters scale up in the TP. To do so, we
analyze the relative error for each ansatz while we tune the
parameters within the TP in the parameter space.

Figure 7 visualizes the performance of each variational ansatz
by displaying the relative error as a function of A/|t| and u/|.
The special case where the analytical solution case is at the center
of each figure. Except for the HVA case, as the parameters deviate

Phys. Status Solidi B 2025, 2400552 2400552 (5 of 8)

from this case, the relative error increases. Each ansatz exhibits a
unique error profile, highlighting differences in how well they
adapt to variations in the Hamiltonian. However, the even,
odd, and SU2 ansitze outperform HVA. This disparity of perfor-
mance highlights the suitability of the even, odd, and SU2
ansitze for accurately modeling the system compared to more
complex alternatives like the HVA.
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5. Conclusion

In summary, we presented steps toward designing Majorana
Quasiparticles in InAsP QD in InP Nanowires on p-wave supercon-
ductor with QNANO and variational quantum eigenvalue (VQE)
solver on a quantum computer. We used VQE approach to estimate
the ground state energy of the seminconducting QD nanowire in
the proximity of a p-wave superconductor, in the presence of
applied external magnetic field, described by the Kitaev chain.
We used QNANO to obtain single-particle spectra and showed that
by constructing the optimal quantum circuit for variational wave
function from the analytical solution of the system, we can deter-
mine the odd and even ground state energy and hence determine
the topological phase of the Kitaev chain. Moreover, the topological
features of the wave function remain preserved, thus enabling the
system to host MZMs. Future work will focus on simulating spin-
full fermions in semiconducting InAs quantum dots in InP nano-
wires with Rashba spin—orbit coupling on s-type superconductors.

Appendix A: Ansatz Construction

As mentioned before, we use four different ansitze, namely
even, odd, efficient SU(2), and HVA. The even ansatz is already
described in Figure 5. The odd ansatz is a variational function
that contains all the odd subspace configurations (Figure Al).

N N-1 N1 -
0))oda = H Rg) (On+)) H CXUt1) H CX(N=jj=N+1)
=1 J=1 j=1

N -
< [T RY6)lwo)
j=1

The efficient SU(2) (Figure A2 and A3), namely from the spe-
cial unitary group, consists of layers of single-qubit rotations
(R, and R; gates) and entangling gates (CNOT) arranged to cap-
ture correlations between qubits. By applying these operations
across multiple layers, the ansatz can approximate the ground
state of complex quantum systems with fewer resources than
more traditional methods.

(AT)

N N-1
[y (0)sua) = H R({) (03i1) 921 H CXU+1d)
j=1 j=t
y (A2)
X H Rg}/) (92N+2]71)Rg)(92N+2j)|l//0>
j=1

10) —| Ry (0h)

10) — By (62) —4

P— R (04)

Fan)
AN

R.(65)

A\
Ve
A\

A\

‘0> Ry(g?)) S R, (96)

Figure A1. The quantum circuit for the odd ansatz with three qubits. The
gates are applied as: a set of R, gates applied to each qubit. Then, CNOT
gates are applied in a forward direction between consecutive qubits. After
that, revers CNOT gates applied in the reverse order. Finally, a set of R,
gate is applied to each qubit.
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Figure A2. Quantum circuit of the SU2 ansatz with three qubits and one
layer of linear entanglement.

[0) — Rz(05)
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Rxx(62) Ryy (04)
[0) ——— Rz(07)

Figure A3. The quantum circuit for the HVA with three qubits.

The last ansatz we consider is the HVA. To construct it, we
decompose the Kitaev Hamiltonian, express in Equation (12),
in to a sum of non-communing terms

N

i = t_|A|Z<J+1Sj‘) H'A'Z(MS})*%ZS%*

=

(A3)

For a decompose Hamiltonian [T = 3! | ¢;AV), where {c} are
the real coefficient, each term in the Hamiltonian corresponds to
a unitary variational operator UJ = exp(—iejﬁl U)), associated
with a variatinoal parameters 6;, that contributes to the overall
HVA circuit. Then, the Kitaev HVA is constructed as

ﬁ[N on{ (5.5}

k=1[j=1 A4
N1 (A4)

x eXp{—lf)Y (SJY+1 sj) } ﬂ exp{_iejzs;}]
j=1

J=1

Another step it to apply a second-order Trotter—Suzuki
decomposition to implement each exponential operator Uj.
This method approximates the time evolution operator by apply-
ing each term in sequence, alternating the order of application to
reduce errors, from what is already established.!**!

Appendix B: Ansatz Optimization

To improve the performance of each ansatz, we optimize them
based on the number of layers and how we can minimize the
relative error. To do so, we plot the relative error versus the num-
ber of layers (parameters) of each ansatz. For a given number of
layers, we take the minimum energy of 10 initial runs. The entire
optimization is done using the COBYLA optimizer available in
the Qiskit package, and 30000 shots.

© 2025 The Author(s). physica status solidi (b) basic solid state physics
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Figure A4. Relative error as a function of the number of parameters for
different ansitze in the analytical solution regime, A=t and u =0, for a
chain of 10 QDs. The maximum number of layers is 10.

In Figure A4, each ansatz is evaluated across varying numbers
of layers, with the number of layers ranging from 1 to 10. The
relative error is plotted on the y-axis

Evqe

(AS)
while the nurrflg)er of parameters on the x-axis, allowing for a
direct comparison of how the error changes with increasing
the number of layers for each ansatz. The number of parameters
per layer for the even, odd, SU2, and HVA ansitze are 11, 20, 40,
and 28, respectively.

Error :‘1 —
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