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Abstract—Measuring the 3D shape of semi-transparent sur-
faces with projector-camera 3D scanners is a difficult task
because these surfaces weakly reflect light in a diffuse manner,
and transmit a large part of the incident light. The task is even
harder in the presence of participating background surfaces. The
two methods proposed in this paper use sinusoidal patterns, each
with a frequency chosen in the frequency range allowed by the
projection optics of the projector-camera system. They differ
in the way in which the camera-projector correspondence map
is established, as well as in the number of patterns and the
processing time required. The first method utilizes the discrete
Fourier transform, performed on the intensity signal measured
at a camera pixel, to inventory projector columns illuminating
directly and indirectly the scene point imaged by that pixel.
The second method goes beyond discrete Fourier transform and
achieves the same goal by fitting a proposed analytical model
to the measured intensity signal. Once the one (camera pixel)
to many (projector columns) correspondence is established, a
surface continuity constraint is applied to extract the one to one
correspondence map linked to the semi-transparent surface. This
map is used to determine the 3D point cloud of the surface by
triangulation. Experimental results demonstrate the performance
(accuracy, reliability) achieved by the proposed methods.

Index Terms—3D shape, semi-transparent surfaces, structured
light, fringe projection, curve fitting, parameter estimation,
Discrete Fourier Transform.

I. INTRODUCTION

The appealing characteristics (micrometric accuracy, dense
reconstruction, portability, operation speed, reliability and low
cost) of structured-light 3D scanners, make them very popular
for digitizing opaque surfaces in industrial and metrological
applications [1], [2]. They are particularly suited to applica-
tions where safety is a concern since they operate with light
in the visible spectrum, typically provided by consumer-grade
projectors [3], [4]. They operate in three main steps. First,
light patterns are generated using a specific coding strategy and
sequentially projected on the scene by the projector. Second,
the camera, having a different viewpoint than the projector,
sequentially captures the appearance of the illuminated scene.
Images recorded by the camera are decoded (processed) to
establish the camera-projector correspondence map which
serves to triangulate the surface points and calculate their 3D
coordinates by making use of a prior geometrical calibration of
the projector-camera pair [5]. Although projector-camera 3D
scanners have been used successfully to measure the 3D shape
of opaque surfaces ( [3], [4], [6]), measuring the 3D shape

State-of-the-art
(Phase shift-based methods)

Our methods
(DFT, curve fitting)

Semi-transparent

surfaces

Fig. 1. Overview of results obtained with the proposed methods.

of semi-transparent surfaces with this type of 3D scanners
remains a big challenge as shown in Figure 1.
Semi-transparent surfaces weakly reflect the incident light
in a diffuse manner, and transmit a great amount of it. Unlike
opaque surfaces, the transmittance of semi-transparent surfaces
is very high. Unlike transparent surfaces, their reflectance,
although very small, is not negligible. The ideal scenario for
a projector-camera system involves a semi-transparent surface
with no background surface or with background surfaces at
infinity as schematized in Figure 2a. The light arrives at the
camera after a single bounce off the semi-transparent surface.
State-of-the-art methods ( [3], [4], [6]) are expected to yield
satisfactory results in such an ideal scenario. The reality is
that most common scenarios involve participating background
surfaces (Figure 2b), subsurface scatterings/reflections (Fig-
ure 2c), or both (Figure 2d). In these scenarios, the appearance
of the semi-transparent surface is influenced by its shape
and surrounding surfaces. The light beam from the projector
reaches the camera after more than one bounce in the scene,
or with a significant level of perturbing illumination. State-of-
the-art methods fail in these cases where the light transport
model between the projector, the scene and the camera is
complex. Therefore, new methods need to be developed to
reliably measure the 3D shape of semi-transparent surfaces.
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Fig. 2. 3D shape measurement of semi-transparent surfaces using a projector-camera system. Left: projector-camera setup. Right: geometric equivalent. We
use sinusoidal patterns to establish the correspondence between projector columns ¢, responsible for the direct illumination of point @, and camera pixel
v(z, y) receiving light from point Q. This correspondence is utilized to determine the 3D coordinates of @ by triangulation. (a) The ideal scenario involves a
semi-transparent surface with no background surface or background surfaces at infinity. In this case, state-of-the-art methods should provide accurate results
as long as the surface reflects enough light. Point @ is illuminated only by the direct illumination L+ coming from projector column c.. (b) In the presence of
participating background surfaces, point @ is also illuminated by the perturbing light L; originating from projector column ¢; and reflected by a background
surface. (c) Illumination L originating from projector column ¢ reaches point @ after subsurface scatterings within the semi-transparent object. (d) Scenarios
involving participating background surfaces, subsurface scatterings and interreflections (L, not shown) is very challenging. The illumination L arriving at
camera pixel v is a combination of the direct illumination L, and indirect illuminations Ls, Ly and L,.. We must extract L, from L to connect v to cx«.

In this paper, we propose two methods for the 3D shape
measurement of semi-transparent surfaces using a projector-
camera system. Both methods use sinusoidal patterns whose
frequencies are selected in the frequency range allowed by
the projection optics of the system. They differ in the way
in which the camera-projector correspondence map is estab-
lished, as well as in the number of patterns and the processing
time required. The first method exploits the discrete Fourier
transform (DFT) performed on the intensity signal measured at
a camera pixel to inventory the projector columns illuminating
directly and indirectly the scene point imaged at that pixel. The
curve fitting-based method goes beyond DFT and achieves
the same goal by fitting a proposed analytical model to
the measured intensity signal. Both methods produce a one
(camera pixel) to many (projector columns) correspondence
between a camera pixel and projectors columns illuminating,
directly or indirectly, the scene point imaged at that pixel.
This results in several camera-projector correspondence maps,
each of them yielding a 3D point cloud. A surface continuity
constraint is applied to extract the 3D point cloud of the target
semi-transparent surface. Our methods work much better than
state-of-the-art methods as summarized in Figure 1.

This paper offers the following contributions:

e« We develop (theory and practical implementation) a
DFT-based method for 3D shape measurement of semi-
transparent surfaces.

« We develop (theory and practical implementation) a curve
fitting-based method for 3D shape measurement of semi-
transparent surfaces.

o We propose the component subtraction procedure to ex-
plicitly inventory projector columns illuminating a given
scene point.

o We propose a method to estimate the direct and indirect
illuminations received by a semi-transparent surface.

o« We propose a surface continuity constraint to extract
the 3D point cloud of a semi-transparent surface from
a mixture of real and fictitious 3D points.

In Section II, we position the proposed methods in the state
of the art. In Section III, we model intensity signal measured
in projector-camera systems. We elaborate on the proposed
DFT-based and curve fitting-based methods in Section IV

and Section V respectively. The surface continuity constraint
is discussed in Section VI. We illustrate our methods in
Section VII. Experimental results are discussed in Section VIII
and the paper ends by a conclusion in Section IX.

II. RELATED WORKS

State-of-the-art works related to 3D shape measurement
of semi-transparent surfaces using a projector-camera system
include methods addressing multipath light propagation, and
methods for reconstructing transparent objects. We give an
overview of related works and adopt a taxonomy in six classes
(intrusive, phase measurement, multipath correction, multi-
frequency, shape from distortion and learning-based methods).
For an in-depth review, readers should refer to [4], [7]-[9].

1) Intrusive methods: Before measuring transparent sur-
faces, one can cover them with a thin layer of diffuse material
(e.g. powder or paint). However this surface treatment is not
viable in industrial environment because it is time consuming,
and can lead to an overestimation of the size of the surface
[10]. Scanning from heating is another intrusive method. A
high-power laser is utilized to locally heat up the surface while
it is captured by an infrared camera [11]. However, the high
power laser can pose security issues, and the heating process
can be long and destructive.

2) Phase measurement profilometry methods: Phase mea-
surement profilometry methods recover the 3D shape through
the per pixel phase computed using fringe patterns. They
demonstrated micrometric accuracy in measuring the 3D shape
of diffuse opaque surfaces [3], [4], [6] after robust phase
unwrapping [12]. These methods assume that the projector
light reaches the camera after a single bounce on the scene
(single path light propagation). They generally fail to measure
surfaces in the presence of multipath light propagation, unless
additional assumptions are made [13]-[15].

3) Multipath correction methods: Multipath light propaga-
tion refers to scenarios where a camera pixel receives light
originating from two or more projector pixels/columns. It
is the case in the presence of interreflections or subsurface
scatterings/reflections. It is also the case when the camera
observes a stepped geometry (discontinuity), or when a semi-
transparent surface has a participating background. One must
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extract the contribution of the target surface from intensity sig-
nal measured by each camera pixel. This was achieved using
discrete Fourier transform to acquire transparent surfaces [16]
and opaque surfaces in the presence of interreflections [17].
High frequency patterns were used for scenes under global
illumination [13]-[15], [18]. Multipath correction was also
achieved by using unstructured light [19], or by combining
a sparse Bayesian learning framework with novel application-
specific constraints [20]. Others authors designed patterns that
are resilient to indirect light paths [13], [15], [18], [19], or
proposed iterative projection approaches [21], [22]. Methods
relying on special hardware, e.g. polarizer [14] or a custom
modification of the optics [23], were also proposed.

4) Multi-frequency methods: Multi-frequency illumination
methods have been proposed for phase unwrapping in phase
measurement profilometry [13]-[15], [24], to acquire surfaces
after multipath correction [13]-[17], [24], to obtain the ap-
pearance of inner slices of translucent objects [25], and in
deflectometry techniques [26], [27].

5) Methods for measuring 3D shape from distortion:
Methods relying on distortion to measure the 3D shape of
transparent objects operate by scrutinizing, either from a single
camera viewpoint ( [16], [28], [29]) or from several camera
viewpoints ( [30]-[32]), the distortion of known patterns dis-
played/projected behind or near the target transparent object.
These distortions are due to the refraction [29], [30], [33],
or reflection of light [16]. Shape from refraction methods
include model-based reconstruction methods which require
a parametrization of the measured surface [29], direct ray
measurement methods where it is assumed that no more than
two refractions occur [33], and intrusive methods where the
objects is immersed in a liquid to simplify the light transport
model [34]. A position normal consistency constraint is used
in [35], while [31] and [32] use surface and refraction normal
consistency, surface projection and silhouette consistency, and
surface smoothness to refine a coarse 3D model through an
optimization process. In the reflection-based method proposed
in [16], patterns of different frequencies are projected on
the transparent surface. The surface points are determined
by exploiting the discrete Fourier transform. In deflectometry
techniques, the specular reflection of fringe patterns on the
target surface are captured by the camera. The computed phase
is used to recover the surface 3D shape [26], [27]. Some
authors proposed to use the polarization state of the reflected
light to acquire (semi-) transparent surfaces [14], [36].

6) Learning-based methods: Learning-based methods uti-
lize neural networks to reconstruct transparent objects [9].
Existing training datasets are constituted in a large proportion
by synthetic data capturing different (shape, texture, material)
transparent objects under various environments [37], [38].
In [39], a convolutional neural network uses a single input
image to estimate the 3D shape and normals of a transparent
surface. Depth completion is performed by exploiting a local
implicit neural representation built on ray-voxel pairs [38],
by using deep convolutional network [37], or by using a
generative adversial network [40]. Multi-view methods operate
with several images and are less efficient (computational cost)
but more robust (poor lighting, cluttered objects) than single

view approaches. The methods proposed in [41] refines the
visual hull of the object based on the predictions of normals.
By representing a 3D scene as a continuous function, neural
radiance field can be exploited to reconstruct transparent
objects [42]. The drawbacks of learning-based methods is
that they need large annotated datasets for training, and can
not yet achieve the accuracy required in industrial metrology
applications where the reliability and consistency of 3D mea-
surements are of great importance [8].

7) Positioning the proposed methods in the state of the
art: The proposed DFT-based and curve fitting-based meth-
ods are not intrusive and rely on the reflection of light to
operate. They are fundamentally different from laser scanning
approaches [43], and from single pixel imaging methods [44].
They utilize multi-frequency sinusoidal patterns to explicitly
address multipath light propagation. The proposed methods do
not rely on phase measurement; rather, they use a nonlinear
formulation (DFT, curve fitting). Most methods proposed to
measure the 3D shape of transparent surfaces uses either
special hardware or is built under restrictive assumptions
(known refractive index and number of refraction, known 3D
shape estimate; use of high frequency patterns; simple or
parametrizable surface geometry, linear modulation transfer
function of the projector-camera system, etc.). Furthermore,
although learning-based methods show promising results for
applications requiring only coarse 3D models (e.g. robot nav-
igation and grasping), they are not yet suitable for industrial
metrology applications. Essential advantages of our methods
is that they use a projector-camera pair without additional
hardware (to implement our methods on existing systems, only
software modification is required to generate the patterns and
process the captured images using DFT or curve fitting), they
have no restrictive assumption, and they provide accurate 3D
model for semi transparent surfaces. The only requirement
is that the semi-transparent surface reflects enough light for
the camera to measure a signal above its noise level. The
DFT-based method is inspired by our previous work on the
3D shape measurement of opaque surfaces in the presence
of inter-reflections [17]. Measuring the 3D shape of semi-
transparent surfaces is a distinct and challenging problem.
Here, we demonstrate that DFT can be used to solve that
problem efficiently. The idea of using DFT was also proposed
to reconstruct transparent surfaces [16]. The proposed DFT-
based method goes further than [16] by considering the
perturbing illumination from background surfaces, by provid-
ing an in-deep theoretical fundamental (frequency selection,
accuracy expected, influence of the projection optics), and by
elaborating on practical implementations (projection hardware,
acquisition speed and processing speed). The curve fitting-
based method goes beyond DFT and achieves similar accuracy
with much fewer patterns. To our best knowledge, this paper
is the first to propose the use of multi-frequency patterns and
curve fitting to measure the 3D shape of semi-transparent
surfaces.

III. SIGNAL MODELING IN PROJECTOR-CAMERA SYSTEMS

In this section, we model the intensity signal measured
by the camera of a projector-camera system after projecting

© 2024 Crown Copyright. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.
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multi-frequency sinusoidal patterns. A sinusoidal pattern of
frequency f can be generated using the following equation:

P(c, f) = Ps + Ppcos(2n fe), (D

where P4 and Pp are constants. The projector column is
¢ € [1;¢maz], and cpmaq is the total number of projector
columns. The frequency f (unit:(projector pia:el)_l) takes
a set of discrete values Ry = {f1, f2, -, far} such that
fm € [O;fmax}yfm > fm—1,m = 1,2,--- M. fiq, is the
maximum frequency allowed by the projection optics of the
projector-camera system.When we project sinusoidal patterns
(1) on the scene, the camera captures intensity signal I(v, f)
at camera pixel v. We have:

k=K
> [Ak + By cos(2n fer)], f € it
k=1 '

Isata .f € §R§f

where A is the amplitude offset (including camera noise) and
B is the amplitude contrast. These amplitudes are defined for
each camera pixel v and vary with the pattern frequency f:
A= A(v, f) and B = B(v, f). K refers to the number of
projector columns illuminating, directly or indirectly, scene
point ) imaged at camera pixel v (Figure 2). The illumination
component k originates from the projector column cj. R%*
and f} are subsets of iy such that R}* U R} = R and
§R;}S ﬂ?R; = 0. These subsets are defined for each camera pixel.
The measured intensity I(v, f) at camera pixel v reaches the
saturation value I,,; for each frequency in 3%;

We empirically modeled the relationship between ampli-
tudes A and B, and the pattern frequency f. For that, we used
an opaque surface on which there was no indirect illumination
(in (2), K =1 and §R}” = Ry). For each frequency in Ry, we
applied the n-step Phase Shift method ( [3]) and computed A
and B. To ensure the consistency of the empirical observations,
we repeated the same process using three projector-camera
systems built with different hardware components and having
different specifications. Figure 3 shows the evolution of ampli-
tudes A and B with respect to the pattern frequency f. These
curves suggest that, regardless of the projector-camera system,
the amplitude contrast B behaves as a Gaussian function with
respect to frequency f, and that the amplitude offset A can
be described by a polynomial P, (f) of degree p. For f >=0
(i.e, across the entire frequency range), a polynomial of degree
p = 3 can be adopted to describe A. In the interval [0, 0.2],
A is constant (polynomial of degree p = 0).

By imposing fra: = 0.2, i.e., by working only with fre-
quencies chosen in the interval [0,0.2] where A is a constant,
intensity model (2) becomes:

I(U’f) = 2

K, ()’

a+ > bge VoK) cos(2mer f), f € Ry
k=1

Isataf € §R}

I(v, f) =

3

The elements of R’;* and %7 all belong to the interval [0, 0.2].
Parameters a, by, pur > 0, and o > 0 are real constants all
linked to camera pixel v: a = a(v), by, = bi(v), p = px(v),
and o), = o1 (v).

Amplitude A Amplitude B

—
v -2
i —
é S ZMMMM," oA dLian ) Pata
; ~ "’”"(W" W "' LU L "UNJW” T 1 ——Model
£ 18| —Data—Model P, 7 Do
2l 0 01 02 03 04 05 0 01 02 03 04 05
Frequency(Hz) Frequency(Hz)
[\]
£ ‘T'O o [y L —Doata
o = 21 —Model
% X118 x
2 & [ —Data—Model P, P, @0
2] 0 01 02 03 04 05 0 01 02 03 04 05
Frequency(Hz) Frequency (Hz)
en
* TN 1
E T L1 T — Data
g =" M =05 — Model
2 : —Data —Model Py — Py ; o
2] 0 01 02 03 04 05 0 01 02 03 04 05

Frequency (Hz) Frequency (Hz)

Fig. 3. Empirical models for amplitudes A and B. We used three projector-
camera systems having different specifications, including baseline (BL),
standoff distance (SoD), and measurement volume (MV = Height X
Width x DepthO f Field). Projectors had the same resolution (1024 x 768).
System 1 (large MV'): camera (1920 x 988, 16bit), BL = 80cm, SoD =
200cm, MV = 180cm x 100cm x 150cm. System 2 (medium MV):
camera (4096 x 2200, 10bit), BL = 26cm, SoD = 36cm, MV =
33cm x 22cm X 16em. System 3 (small MV'): camera (3400 x 2200, 12bit),
BL = 15¢m, SoD = 22c¢m, MV = 23mm X 33mm X 13mm. Regardless
of the system, amplitude contrast B behaves as a Gaussian function with
respect to f. Amplitude offset A can be described by a polynomial Py (f) of
degree p. For f >= 0 (full range of frequencies), the value p = 3 (P3) can
be chosen to describe A. In the interval 0 < f < 0.2, A is constant (Pop).

Among the K projector columns participating in the illumi-
nation of scene point ) imaged at camera pixel v, at most one,
we refer to it as c,, is responsible for the direct illumination
received by (). Other projector columns are responsible for
the indirect illumination of scene point (. Discrete Fourier
transform can be used to determine projector columns ¢y, k =
1,2,---, K as the peak positions (see Section IV). Beyond
DFT, we can formulate a parameter estimation problem and
fit model (3) to intensity signal measured at camera pixel v
(see Section V).

IV. DFT-BASED METHOD

The DFT-based method has the same formulation as the
Frequency Shifted method that we proposed to measure the
3D shape of opaque surfaces in the presence of interreflec-
tions [17].

A. Coding strategy: the selected frequencies satisfy the
Shannon-Nyquist sampling condition

The method utilizes sinusoidal patterns (1) with frequencies
fm(m =1,2,---, Mygs) given by:

fm = f1+ (m—=1DAS, frn € [0; frnaa] “4)

In (4), f1 is the minimum frequency. The maximum frequency
allowed by the projection optics of the projector-camera sys-
tem is foaz. In theory, frae is equal to 0.5pizels™!. In
practice, it must be determined empirically (Section III) since
digital projectors can hardly project high-frequency sinusoidal
patterns with enough contrast. The sampling step size Af
is chosen so that the Shannon-Nyquist sampling condition is
satisfied. For a projector with ¢4, columns we should have

Af <1/(2¢max)- (&)

By defining f,, as the width of the sampling interval, we obtain
the number of patterns as follows:

Mdft Z 1+ 2fwcmaz (6)
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B. Decoding strategy: DFT is used to establish the one
(camera pixel) to many (projector columns) correspondence

After projecting Mgs; sinusoidal patterns, the measured
intensity at each camera pixel v is given by model (3). It is the
sum of the individual contributions of the K projector columns
participating directly and indirectly to the illumination of the
scene point imaged at camera pixel v. Intituively, looking
at model (3), a sum of exponentially damped sines, we can
determine projector columns cix(k = 1,2,---,K) as the
position of relevant peaks present in the DFT magnitude of
intensity signal I(v, f). These positions are determined with
subpixel precision using peak detection methods [45]. Thus K
is the number of peaks detected, and ci, is the position of the
k" highest peak along the c—axis (see Section VII).

At the end of this process we establish a one camera
pixel v to K projector columns correspondence. As result,
up to K camera-projector correspondence maps can be built.
The first correspondence map is formed by projector columns
related to the highest peak at each camera pixel; the second
correspondence map is formed by projector columns linked to
the second highest peak at each camera pixel, and so on. We
can also sort the peaks in ascending order along the c—axis.
The K correspondence maps obtained are used to computed
K 3D point clouds by using the geometrical calibration of the
projector-camera pair (triangulation). It is very likely that the
k" 3D point cloud will be a mixture of 3D points belonging
and 3D points not belonging to the semi-transparent surface.
A surface continuity constraint is applied on these K 3D point
clouds to extract the 3D point cloud of the semi-transparent
surface (see Section VI and Section VII). The acquisition and
processing steps for the DFT-based method are schematized
in Figure 4.

The accuracy in locating peaks in the DFT magnitude
mainly depends on the step size Ac along the c—axis. This
step size is given by:

Ac = 1/(Mdft . Af) (7)

We want Ac to be as small as possible. In general, this can
be achieved by increasing either the number of patterns M s,
(note that we want to project as few patterns as possible) or the
sampling step Af (up to the Nyquist rate). Both possibilities
require increasing the sampling interval. Unfortunately, due to
the projection optics, the frequency sampling interval [0; f,qz]
of a projector-camera system is bounded. This implies that
Ac has a minimum bound: Ac > 1/f,4.. The immediate
consequence of this is that the DFT-based approach is unable
to inventory (number of peaks in the DFT magnitude) the
projector columns illuminating a given scene point when these
projector columns are close to each other. Formally, if we
define dc = |c; — ¢o| as the spacing between two projector
columns c; and cy illuminating a given scene point, the DFT
magnitude will only show one peak (instead of two) if Ac >
de/2 [17].

V. CURVE FITTING-BASED METHOD

A. Beyond DFT

Discrete Fourier transform has two inherent characteristics
that can negatively impact the performance of the DFT-based

method. First, due to sampling theory, DFT requires a large
number of samples/patterns to ensure minimum accuracy; this
results in a low acquisition speed. Second, the accuracy of DFT
increases when the step size Ac, given by (7), decreases. Since
projector-camera systems have a limited frequency sampling
range [0; fimaz), Ac has a minimum bound equal to 1/ f 0z
(typically Ac > b5pixels). Therefore, if two very close
projector columns illuminate a given scene point, it will be
impossible to identify them individually using DFT; this will
lead to an inaccurate 3D point. DFT is model independent. It
provides the representation of the input signal vector in another
(c—) domain. Curve fitting relies entirely on an analytical
model, and provides the “mathematical formula” of the signal.
Therefore, unlike DFT, curve fitting can works with fewer
samples and reliably inventory the number of components in
model (3), even when very close projector columns illuminate
a scene point. Through simulations, we verified that the two
components (projector columns) of a signal with 64 samples
can be accurately determined by curve fitting, even when
they are separated by only 2 pixels (instead of 5 pixels for
DFT with a signal of 768 samples). Nevertheless, fitting
data to a nonlinear model is an iterative process whose
speed of convergence to the solution strongly depends on the
initialization of the problem.

B. Coding strategy: randomly selected frequencies

The proposed curve fitting-based method uses sinusoidal
patterns (1) with frequencies (f,,, € Ry, m =1,2,--- , M¢y)
randomly selected in the range of frequencies allowed by
the projector-camera system. Formally, the sampling range
[0; frmaz] is discretized at the Nyquist rate to yield Mgz fre-
quencies (see Section IV-A). Then, M, frequencies (M. <
Mygys¢) are randomly selected among the My, available fre-
quencies.

C. Decoding strategy: curve fitting is used to establish the one
(camera pixel) to many (projector columns) correspondence

After projecting M.y sinusoidal patterns, intensity signal
measured at each camera pixel v is analytically described by
model (3). This model is a sum of K exponentially damped
sinusoids, each sinusoid being the contribution of a projector
column illuminating directly or indirectly the scene point
imaged at camera pixel v. The model has 4K + 1 parameters:
a, b, w;, 0;, and ¢;, i = 1,--- , K. We determine these pa-
rameters, in particular projector columns cx, k =1,2,--- | K,
by fitting model (3) to the measured intensity signal. Since
model (3) is a nonlinear function of its parameters, the
curve fitting problem is solved iteratively. For that, we must
formulate a parameter estimation problem (Section V-C1).
We must perform the parameter sensitivity and identifiability
analysis (Section V-C2). We need to find a way to initialize
the problem to ensure systematic convergence to the solution
(Section V-C3). Finally, the nonlinear optimization process
must be fast and reliable (Section V-C4).

1) Parameter Estimation Problem: Let’s define vector
0 = [avbla"’ 7bK7H17"' YyHK,01, " 0K, C1, " 7CK] of
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DFT-based method (M4, images) operates in three steps: DFT computation, peak detection, and 3D points sorting (surface continuity constraint).
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Raw 3D Point Clouds Constraint Correspondence Map | |3D Point Cloud
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Curve fitting-based method (M. images) operates in three steps: parameter initialization, curve fitting, and 3D points sorting (surface continuity constraint).

Fig. 4. Acquisition and processing steps for the two proposed methods. Acquisition consists in generating Mg or M, sinusoidal patterns, projecting them
sequentially by the projector, and capturing the illuminated scene with the camera. Processing is performed on a per pixel basis in three steps.

size N = 4K 41 as the parameter vector associated to model
(3) which takes the following general form:

I(v, f) = (v, [,0), f € Ry (8)
Intensity | (v, f) measured at camera pixel v is written as
I(v,f) =X(v.f).f € Ry ©)
We define the following error
¢=1I(v.f)=I(v.f), (10)

and we want to estimate parameter vector © that minimizes
the following cost function &:

m=M_y

S 1w, fins ©) — X0, )]

m=1

£= 1D
Starting with an initial guess, parameter vector O is iteratively
updated until cost function (11) is minimized up to a desired
precision. The achieved accuracy depends on whether model
(3) is sensitive to its parameters or not, and whether parameter
vector O is identifiable or not.

2) Parameter sensitivity and identifiability: The sensitivity
coefficient S; of model (8) to parameter O is [46]:

Si (’U, f ) = %72
The higher the sensitivity coefficient S;, the more important
the parameter ©% is for model (8). Parameter identifiabil-
ity analysis aims to determine identifiable parameters. The
cost function (11) can reach its minimum for one and only
one combination of values of identifiable parameters. The
sensitivity coefficients of identifiable parameters are linearly
independent. The following conclusions are drawn from nu-
merical simulations: (i) model (3) is sensitive to each of its
parameters; (ii) parameter c is the most important parameter;
(iii) parameter a, b and c are identifiable.

3) Parameter Initialization using component subtraction:
Numerical simulations also revealed that: (iv) the initial value
of parameter ¢ must deviates by less than 2 from its true
value; (v) parameters a, b and p can all be initialized to 0;
(vi) the initial value for parameter o should be different from
0 and less than 0.2. The convergence of the minimization
process to the global minimum is guaranteed if (iv), (V)
and (vi) are adopted. Motivated by (ii), we introduce the
component subtraction method, a brute search approach, to
initialize parameter ¢ so that (iv) is satisfied. The idea is
to approximate model (3) by a sum of K pure sinusoidal
functions ry cos(2me f), k = 1,2,--- , K. We determine the

=1,2,---,N (12)

first component {ry;c1} as the values of {r;c} that minimize
the deviation between the original signal and the sinusoidal
function r cos(2mcf). This is achieved through an exhaustive
search on r and c¢. Once {ri;ci} is found, the original
signal is updated by subtracting the component 7 cos(2mwcy f).
The obtained signal is then used to determine the second
component {rq;ce} and so on. This process is repeated until
the standard deviation of the updated signal is smaller than
a desired threshold . Algorithm 1 summarizes the proposed
component subtraction method which determines the number
of informative components of the measured intensity signal
at camera pixel v. It allows to inventory projector columns
illuminating the scene point imaged at camera pixel v.

Algorithm 1 : Component subtraction method

Input: I(v, f), R¢, Cmaz, and €
Normalize I (v, f). Initialize the deviation E; = ||I(v, f)||2
While £, >z do E; = E;
For c =1 to cpaz
Forr=0to 1
E=||I(v, f) — rcos(2mcf)||2
If £ < F, then > Deviation decreases
Ei=E;r,=r;c;=c

EndIf
EndFor
EndFor
C=CUcg; > Keep ¢;

Remove component: I(v, f) = I(v, f) — r; cos(2me; f)
Compute the deviation E;: E; = ||I(v, f)||2
EndWhile.
Output: C

4) Levenberg Marquardt algorithm: In this paper, we im-
plemented the Levenberg Marquardt (LM) algorithm described
in Algorithm 2 to estimate parameter vector © that minimizes
cost function (11). LM method is very efficient. It behaves like
a gradient-descent method when the updated parameter vector
@updt is far from O, otherwise, it acts like the Gauss-Newton
method [47]. Computation are performed on a per pixel basis
with intensity signal I(v, f), selected frequencies Ry, initial
parameter vector ©;,;, and error threshold ey, as main
inputs. We remind that M is the number of patterns/samples
and N is the number of parameters of model (3). In each itera-
tion, sensitivity coefficients S;,7 = 1,2,--- , N are computed
using (12) to assemble the M.y x N Jacobian matrix .J. We
have Jm,i = Si(v,fm);m =12 ,Mcf;i =1,2,--- 7]\/v.
The N x N matrix J'J and N x 1 vector J!( are also
assembled. Defining A as a tunable scalable parameter, and
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Algorithm 2 : Levenberg Marquardt algorithm implemented

Algorithm 3 : Surface growing algorithm

Input: I(v, f), Ry, ©;, and ep
Normalize I(v, f) to 1. Set © = ©;. Initialize A = 103
Compute error ¢ using (10) with © = 6]
Compute cost function ¢ using (11) with © = ©
While (£ > e/) do
Compute Sensitivities S using (12) with © = ©
Assemble the Jacobian .J, and matrices J!J and J¢(
Solve (JtJ + AA)de = —JU(¢ for dg
Update (:)updt =0+ do
Compute error Cypq: using (10) with © = (:)updt
Compute cost function &4 using (11) with © = C:)updt
If $upar < € then > Update is accepted
A= 1073; 0= ®’updt; ¢= Cu,pdﬁ §= €updt
Else > Update is rejected
A=10A
EndIf
EndWhile.

Output: ©

identity matrix A, the step size de utilized to update parameter
vector © is determined by solving the following system of
equations:

(J'T + AA)de = —J¢ (13)

Parameter vector is then updated as (:)updt =0 +deo, and cost
function &,p,q; is computed using (11). if &,,q; has decreased,
éupdt is kept, otherwise we increase A without updating .
Iterations stop when £ is below a desired error threshold e, ;.
The acquisition and processing steps for the curve fitting-based
method are schematized in Figure 4.

5) Fitting error: We analyzed the fitting (root-mean-square)
error obtained with 35 semi-transparent surfaces. Approxi-
mately 5 x 10° fits were performed per surface. We observed
that if the measured intensity signal power is greater than 24,
then a fitting error of ~ 0.05 can be expected. This is a fairly
low value that confirms the validity of the proposed model (3).
Obviously, this error decreases as the signal power increases.

VI. SURFACE CONTINUITY CONSTRAINT

Let’s recall that the proposed methods produce a one
(camera pixel) to many (projector columns) correspondence
between a camera pixel and projector columns illuminating,
directly and indirectly, the scene point imaged by that camera
pixel. This yields np camera-projector correspondence maps.
Thus np 3D point clouds P;,¢ = 1,2,--- ,np are obtained
under the epipolar constraint. Each 3D point cloud is a mixture
of 3D points belonging to the semi-transparent surface and 3D
points, either real (e.g., belonging to background surfaces) or
fictitious, not belonging to the semi-transparent surface. We
must extract the 3D point cloud of the target semi-transparent
surface from these np 3D point clouds.

The surface continuity constraint exploits the fact that since
any real surface is continuous, its digitized version must
consist of a set of 3D points having a strong continuity
constraint with their neighbors. Locally, neighboring 3D points
belonging to the semi-transparent surface should be very close
to each other. Additionally, the semi-transparent surface is the

x(v): value of x at pixel v. |x|: number of pixels in x.
Euist(p,p'): Euclidean distance between 3D points p and p'.
Input: pixel seed S..q, 3D point cloud seed Pgeeq, candidate
point cloud P, and threshold ¢,
ng = —1;
While Ng 75 |8€ed| do Ng = |8€ed|

Build Ng..q that contains the neighboring pixels of Seeq

For n =1 to |Nseed|

Ve = Nseea(n) > Pixel candidate

N,.: neighbor pixels of v, that belong t0 Seeq
i=| Ny, |

d= ; 4 Eaist (P(Uc)a Pseed (ch (Z)))/|ch|

If d < ¢, then > Good continuity
Seed = Seed Uwve and Pgeed = Pseed U P(Uc)
EndIf
EndFor
EndWhile.
Output: S..q and Pseeq

Algorithm 4 : Surface Continuity constraint

Input: Pixel v eeq, point clouds {P;}:=77, threshold e,
Arrange (per pixel) {Pi}fz’l“’ in ascending order of distance
Initialize Sy f = Vseea and Psyrf = P1(Vseed)
For i =1 to np
Apply Algorithm 3 with inputs Sy, ¢, Psurf, and P;
Surf = Seed and Psurf = Pseed
EndFor
Output: S,y and Py p

closest surface to the projector-camera system: most light rays
from the camera pixels will hit the semi-transparent surface
before any other surface in the scene. Unlike filtering methods,
the surface continuity constraint does not recover a smoother
surface from a combination of measurements. Rather, it sorts
points of the np 3D point clouds and keeps at each camera
pixel only the 3D point belonging to the semi-transparent
surface. This 3D point is the one which has a strong constraint
of continuity with its neighborhood (it belongs to a surface),
and is the point closest to the camera (the semi-transparent
surface is the surface closest to the camera).

The core of the proposed surface continuity constraint is
the surface growing process described in Algorithm 3. It is
built on the region growing algorithm [48], and describes the
surface by the group of pixels S..q, and the group of 3D
points Pseeq. The group Nseeq of the neighboring pixels of
Sceq 1s determined. A pixel is a neighbor of S..q if it does
not belong to S..q and have at least one of its neighbors
(8—neighborhood connectivity) belonging to S..q. For each
candidate neighboring pixel v, € Ngeeq We build the group
N,, of its neighbors belonging to S..q. We then calculate
the mean Euclidean distance between the 3D point P(v.) at
pixel v, and 3D points at pixels in A/, . Candidate pixel v, is
added to Sceq (3D point P(v.) is added to Pgeeq) if the mean
Euclidean distance is less than a chosen surface continuity
threshold e4.. This process iterates until the size of S..q no
longer increases. Algorithm 4 implements the proposed surface
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Fig. 5. Illustration of our methods. (a) The scene captured by the camera when all projector columns are turned on (total illumination). DFT-based method. (b)
Signals at point ()1 (top) and Q2 (bottom) have 768 samples. (c) DFT magnitude of these signals. Points Q1 and (2 are illuminated by one (one peak) and
two (two peaks) projector columns respectively. (d-e) We obtain two correspondence maps and thus (f-g) two 3D point clouds. Curve fitting-based method. (h)
Results of fitting model (3) to intensity signals (32 samples) at point Q1 (top) and Q2 (bottom). Points Q1 and Q2 are illuminated by one (one component) and
two (two components) projector columns respectively. (i) Histogram of the fitting error demonstrates the validity of our proposed model. (j-k) Correspondence
maps and (I-m) 3D point clouds obtained. In both methods the surface continuity constraint yields the (n) correspondence map and (p) 3D point cloud of the

semi-transparent surface. This allows the (q) direct and (r) indirect components of the total illumination (a) to be separated.

continuity constraint. We first rearrange the np 3D point
clouds in an increasing order of distance from the camera.
At each pixel, the 3D point cloud P; contains the 3D point
closest to the camera. A seed pixel vgeeq randomly chosen
and the 3D point cloud P; are used to initialize the group of
pixels Syr¢ and the group of 3D points Py, linked to the
semi-transparent surface. By looping over the np rearranged
3D point clouds, the semi transparent surface is progressively
extracted by providing the necessary inputs to Algorithm 3.

Direct and indirect illuminations: Each 3D point in
Pyyry is related to the projector column c, responsible for
the direct illumination of the surface point. The component
{bs, s, Ox, i} Obtained using curve fitting is utilized to
estimate the direct illumination I;(v, f) as follows:

Ii(v, f) = b*e_(f;%)2 cos(2me, f) (14)

The indirect illumination I;4(v, f) is therefore estimated as:

k=K e \2
Liag(v, f) = Z bke_(T) cos(2mer f), e # e (15)
k=1

VII. ILLUSTRATIVE EXAMPLE

In this section we provide and illustrative example for the
proposed methods. The scene is constituted by a planar semi-
transparent surface placed in front of an opaque white cup
acting as a participating background. Figure 5a shows the
scene from the camera viewpoint when all projector columns
are turned on. Point (), belongs to a region of the semi-
transparent surface where background surfaces are at infinity,
whereas point Q5 belongs to the region with a participating
background surface. We selected 768 frequencies (Section IV)
and generate the sinusoidal patterns. The measured intensity
signals at point )7 and @2 are presented in Figure 5b. The
DFT magnitude for these signals are given in Figure Sc. Point
1 is illuminated by only one projector column (peak at

c1 = 602.51) , and point ()2 receives light from two projector
columns (peaks at ¢; = 431.79 and co = 356.47). We have a
one (camera pixel) to two (projector columns) correspondence.
Figure 5d and Se present the first and second camera-projector
correspondence map respectively. The corresponding 3D point
clouds are shown in Figure 5f and Figure 5g. For the curve
fitting-based method, we selected 32 frequencies (Section V).
Figure 5h show the results obtained by fitting model (3)
to intensity signals measured at points J; and (5. Point
(21 is illuminated by one projector column ¢; = 601.77,
while projector columns ¢; = 432.53 and co = 356.47
illuminate point (2. Figure 5i is the histogram of the fitting
(root-mean-square) error. The median error is ~ 0.05, which
is quite small, showing the validity of the proposed model
(3). We obtain two camera-projector correspondence maps
(Figure 5j-k) and two 3D point clouds (Figure 51-m). The 3D
points belonging to the semi-transparent surface are distributed
between the two 3D point clouds obtained.Figure 5n-p presents
the results (correspondence map and 3D point cloud) obtained
by applying the surface continuity constraint. Figure 5q and
Figure 5r show the direct and indirect illuminations received
by the planar semi-transparent surface.

VIII. EXPERIMENTAL RESULTS AND DISCUSSION
A. Practical implementation

We used the system 2 (see its specifications in Figure
3) to evaluate the effectiveness of the proposed methods. It
was constituted by a HR-12000M camera ( Emergent Vision
Technologies) and a ML750ST consumer-grade projector (Op-
toma). The projection optics included a cylindrical lens to
improve the quality of the generated sinusoidal patterns [49],
and the maximum frequency was fi,q.c = 0.2. Acquisition
speed of the system was 30H z.

All the proposed algorithms work pixel by pixel and are
therefore parallelizable. We implemented these algorithms on
graphics processing units (GPU) using OpenCL. We utilized
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cIFFT library for parallel DFT computation, and we have made
original GPU implementations for the component subtraction
algorithm, the Levenberg Marquardt algorithm, and the surface
continuity constraint. We used a consumer-grade computer
running Windows 10 (64 bit) and equipped with a 4.00GHz
Intel(R) Core(TM) i7-6700K CPU, a 48GB core memory and
a GTX-1070Ti GPU. Overall, for HD images (1920 x 1080
pixels), the processing time was approximately 25s for the
DFT-based method. The curve fitting-based method takes five
times longer than the DFT- based method.

To compare our results, we also implemented the gold stan-
dard n-step Phase Shift (PS) method (32 patterns, i.e., n = 25
phase offsets +7 Gray codes for phase unwrapping, period
of 15 pixels) [3], and the Line Scanning (LS) method (1024
patterns) inspired from the laser scanning method [43]. PS
method summarizes well the results that can be expected with
phase shift-based methods when measuring semi-transparent
surfaces. In LS, the projector columns are turned on one after
the other and a threshold is applied to establish the camera-
projector correspondences. The DFT-based and curve fitting
(CF)-based methods were configured to use 768 patterns and
64 patterns respectively. System settings, including camera
gain, camera lens aperture, and projector power, were adjusted
from scene to scene to minimize pixel saturation and avoid
measuring low level signals. However, for a given scene, the
same settings were utilized for all implemented (PS, LS, DFT-
based, CF-based) methods. The proposed surface continuity
constraint was used in our (DFT, CF) methods and in LS. We
utilized 5. = 1mm in all our experiments.

B. Qualitative results

We considered semi-transparent surfaces of different shapes,
transmittances, thicknesses and materials. Figure 6 summa-
rizes results obtained with state-of-the-art PS and LS methods,
and proposed DFT-based and CF-based methods. For each
methods, we provide one pose of the 3D point cloud, the 2D
Z—map, a 1D profile taken on the Z—map, and the total,
direct and indirect illuminations received by the surface.

The Face Mask, Mold Cover and Plastic Film are three
semi-transparent surfaces placed in front of participating
background surfaces. PS method fails in reconstructing these
semi-transparent surfaces, and LS performs pretty well.
The proposed methods give also good results. The Cone,
Bowl in Bowl, and Ball are semi-transparent objects whose
rear part acts as a participating background. PS also fails
in these cases. LS fails when the camera pixel measures a
low level signal or when the measured signal is dominated
by contributions from the background (see Cone and Ball).
DFT-based method performs well, except when there is pixel
saturation (see Bowl in Bowl). Curve fitting-based method
also provides good results, even in the presence of pixel
saturation. The background surfaces of the Glass Skull and
the Plastic Bear include their back parts and others surfaces.

PS (32 patterns) yields the worst reconstruction. LS (1024
patterns) is affected by the choice of the threshold (bottom
region of Plastic Bear). DFT-based (768 patterns) and CF-
based (64 patterns) methods show reliable results. Subsur-
face scatterings exist in the liquid-filled Tube and in the

Printed Duck. Except PS, all tested methods are successful
in reconstructing these semi-transparent surfaces, but with
different number of patterns.

C. Discussion

To quantitatively evaluate the proposed methods, we fitted
a plan on an opaque planar gauge block, and a sphere on
an opaque spherical gauge block. We also used a flat semi-
transparent surface, part of which was covered with white
paint. We finally fitted a quadric surface on the Cup and
Cone. The root-means-square deviation (rmsd) was used as
the quantitative metric. The results summarized in Figure 7
show that our methods are more accurate and consistent
than LS and PS. They give low rmsd of the same order
of magnitude (between 0.08 and 0.23) for all surfaces. This
confirms the qualitative observations in Figure 6, and the
potential offered by our methods for metrological applications.
Nonetheless, we suspect that the overall accuracy achieved by
the proposed methods will depends on the reflectance of the
semi-transparent surface as well as the sensitivity and inherent
noise level of the camera. In near future we will carry out an
in-depth quantitative assessment of the proposed methods.

While offering similar performance, the two proposed meth-
ods have different acquisition and processing time. The DFT-
based method has a long acquisition time due to the high
number of frame required, and has a linearithmic (M log M)
time complexity. Data acquisition for the curve fitting-based
method is more than ten times faster than acquisition time for
the DFT-based method. However, its computing time (> 2min
for HD images on GTX-1070Ti) is more than five time that
of the DFT-based method (~ 25s for HD images on GTX-
1070Ti). However, it should be noted that these processing
times can be greatly improved by code optimization. We
must stress the fact that, for the curve fitting-based method,
50% of the computing time is devoted to the initialization
(component subtraction method) of the parameter estimation
problem, a key and mandatory step to ensure convergence
towards the global minimum of the cost function. The ex-
haustive search approach adopted for parameter initialization
is computationally stable and allows for on-the-fly inventory
of all components of the received illumination. In future work,
we will consider relying on neural networks to initialize our
problem. We expect a fast inference time, but this approach
may require setting the maximum number of components in
advance to reduce the size of the training data to be generated.

In this paper we extracted the semi-transparent surface as
the first interface in front of the projector-camera system.
Nothing prevents repeating the extraction process (surface
continuity constraint) to also measure the background surfaces
when possible. A framework for structured-light tomography
will be introduced in future work.

The underlying assumption of the proposed methods is that
the light reflected from the semi-transparent surface is strong
enough to be captured with a signal-to-noise ratio greater
than the camera noise level. At the moment, we are not
able to provide, either theoretically or empirically, a minimum
signal-to-noise ratio that guarantees accurate results with the
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Fig. 6. Results for some semi-transparent surfaces. First column: picture of scene (top) and camera viewpoint (middle). Other columns: 3D point cloud (top),
Z— map (middle), and 1D profile along the black line in the Z—map (bottom). For clarity, background surfaces have been removed in 3D point clouds.
Last column: Separation of the total illumination (top) into its estimated direct (middle) and indirect (bottom) components. *We used the proposed surface
continuity constraint in Line Scanning method.
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Fig. 7. Quantitative results. (rmsd; N): the root-mean-square deviation rmsd is computed using N 3D points inside the region bounded by the red lines.
Our methods are more accurate and consistent than LS and PS. They give low rmsd of the same order of magnitude for all surfaces.

proposed methods. However, the power of intensity signals
measured on all tested surfaces presented in Figure 6 were
greater than 24. Another limitation is that both proposed
methods are not yet ready for real-time applications using
commercial off-the-shelf hardware. However, the reliability,
robustness and accuracy provided by these methods can be
successfully exploited for applications that do not require real-
time operations.

IX. CONCLUSION

In this paper we presented the DFT-based and curve fitting-
based methods for measuring the 3D shape of semi-transparent
surfaces. Both methods project sinusoidal patterns of different
frequencies to encode the projector columns. Camera-projector
correspondence maps are established using DFT or curve
fitting, and a surface continuity constraint is applied to extract
the target semi-transparent surface. These methods show very
good results and outperform state-of-the-art methods in terms
of reconstruction quality, accuracy, and reliability. Although
the acquisition speed (DFT-based method) and computing time
(curve fitting-based method) required can be a limitation, the
proposed methods have the potential to be used for metro-
logical applications. In future work, we would like to define
the minimum signal-to-noise ratio (minimum reflectance of
the surface) required by our methods. We will also work to
improve the calculation time required by the initialization step
in the curve fitting based method. We further aim to apply
the proposed ideas to multi-view reconstruction of transparent
objects.
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