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Semiclassically, laser pulses can be used to implement arbitrary transformations
on atomic systems; quantum mechanically, residual atom-field entanglement spoils this
promise. Transcoherent states are field states that fix this problem in the fully quantized
regime by generating perfect coherence in an atom initially in its ground or excited state.
We extend this fully quantized paradigm in four directions: First, we introduce field
states that transform an atom from its ground or excited state to any point on the Bloch
sphere without residual atom-field entanglement. The best strong pulses for carrying
out rotations by angle θ are are squeezed in photon-number variance by a factor of
sinc θ. Next, we investigate implementing rotation gates, showing that the optimal
Gaussian field state for enacting a θ pulse on an atom in an arbitrary, unknown initial
state is number squeezed by less: sinc θ

2 . Third, we extend these investigations to fields
interacting with multiple atoms simultaneously, discovering once again that number
squeezing by π

2 is optimal for enacting π
2 pulses on all of the atoms simultaneously,

with small corrections on the order of the ratio of the number of atoms to the average
number of photons. Finally, we find field states that best perform arbitrary rotations
by θ through nonlinear interactions involving m-photon absorption, where the same
optimal squeezing factor is found to be sinc θ. Backaction in a wide variety of atom-field
interactions can thus be mitigated by squeezing the control fields by optimal amounts.
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1 Introduction
Coherence underlies quantum phenomena. Familiar from waves, coherence gives rise to inter-

ference effects that power quantum systems to be different from and more useful than everyday
objects. Quantum coherence enables computation [1], measurement [2], teleportation [3], and more,
making it an important resource to quantify [4, 5, 6, 7]. Our ability to generate and transform
coherence is thus vital to the success of these ventures. Here, we show how to ideally transfer
arbitrary amounts of coherence from light to atomic systems.

Previous work found the ideal states of light for transferring maximal coherence to a single
atom: transcoherent states do this job and can be approximated by easier-to-generate squeezed
light in the appropriate limits [8]. These are important to the plethora of applications requiring
maximally coherent atomic states, such as quantum engines [9] and quantum state preparation
with quantum logic gates [10]. In other applications, arbitrary superpositions of a two-level atom’s
ground and excited states |g〉 and |e〉 may be desired, with the most general state being

|θ, φ〉 ≡ cos θ2 |g〉+ sin θ2e
iφ |e〉 ; (1)

the atom may be a physical atom or any other physical system with two energy levels, known as
a qubit. We find the ideal states for all of these applications and demonstrate how they avoid
residual light-atom entanglement and other deleterious effects that ruin the quality of the atomic
coherence.

Light is routinely used for controlling atomic states. Strong, classical light with a frequency
close to the transition frequency of a two-level atom induces “Rabi flopping” that coherently drives
the atom between |g〉 and |e〉 at the Rabi frequency Ω0

√
n̄, where Ω0 is the single-excitation Rabi

frequency [sometimes known as the vacuum Rabi frequency, taking values from kHz to tens of MHz
in atomic systems, depending on cavity parameters, and up to hundreds of MHz for circuit quantum
electrodynamics (QED) systems] and n̄ is equal to the intensity of the field in the appropriate units
that amount to the single-photon intensity when the field is quantized [11]. Waiting an appropriate
time Ω0

√
n̄t = θ, for example, will lead to an atom in state |g〉 rotating to state |θ, 0〉. However,

even quasiclassical light in a coherent state is fundamentally made from a superposition of different
numbers of photons [12, 13], which each drive oscillations in the atom at a different Rabi frequency;
these give rise to famous effects such as the collapses and revivals of Rabi oscillations that help
demonstrate the existence of quantized photons underlying quasiclassical light [14, 15].

When considering the quantized version of light’s interaction with a single atom, the Jaynes-
Cummings model (JCM) dictates that the light will generally become entangled with the atom
[16, 17, 18, 19, 20, 21]. This prevents the atom from being in any pure state |θ, φ〉 and always tends
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to degrade the quality of the atomic state thus created. Such is the problem that transcoherent
states surmount for θ = π

2 and that we generalize here.
A natural, further generalization of these results is to field states interacting with a collection

of atoms. While the dynamics between a single atom and a mode of light are straightforward
to solve through the JCM, the same with a collection of atoms, known as the Tavis-Cummings
model (TCM), cannot usually be done in closed form. This enriches our problem and allows us to
incorporate strategies from semiclassical quantization into our investigations.

The above interactions are linear in the electromagnetic field operators. We lastly extend these
results for arbitrary atomic control to interactions that involve nonlinear contributions from the
electromagnetic field, such as m-photon absorption processes. These showcase the reach of our
transcoherence idea well beyond the initial goal of transferring coherence from light to atoms.

1.1 Jaynes-Cummings model
The Jaynes-Cummings Hamiltonian governs the resonant interaction between a single bosonic

mode annihilated by a and a two-level atom with ground and excited states |g〉 and |e〉, respectively:

H = ω
(
a†a+ |e〉 〈e|

)
+ Ω0

2
(
aσ+ + a†σ−

)
, (2)

where ω is the resonance frequency (ranging from hundreds of THz for optical transitions in atoms
down to tens of GHz for transitions between Rydberg states to below ten GHz for hyperfine
transitions or superconducting qubits), σ+ = σ†− = |e〉 〈g| is the atomic raising operator, and we
employ units with ~ = 1 throughout. The JCM characterizes light-matter interactions in a variety
of physical systems including circuit QED [22], cavity QED [23], and parametric amplification
[24]. This interaction conserves total energy and total excitation number, as can be seen from its
eigenstates

|±, n〉 = |n〉 ⊗ |e〉 ± |n+ 1〉 ⊗ |g〉√
2

, (3)

with eigenenergies ±Ωn
2 for the quantized Rabi frequencies

Ωn = Ω0
√
n+ 1. (4)

These are responsible for the field and the atom periodically exchanging an excitation with fre-
quency Ωn

2 when the initial state is either |n〉⊗ |e〉 or |n+ 1〉⊗ |g〉. We will work in the interaction
picture with Hamiltonian

HI = Ω0

2
(
aσ+ + a†σ−

)
; (5)

the Schrödinger-picture results can thence be obtained with the substitutions |n〉 → e−iωnt |n〉 and
|e〉 → e−iωt |e〉.

When the atom is initially in its ground state and the field in state
∑
n ψn |n〉, the evolved state

takes the form

|Ψ(t)〉 =ψ0 |0〉 ⊗ |g〉+
∞∑
n=0

ψn+1

(
cos Ωnt

2 |n+ 1〉 ⊗ |g〉 − i sin Ωnt
2 |n〉 ⊗ |e〉

)

=
∞∑
n=0
|n〉 ⊗

(
ψn cos Ωn−1t

2 |g〉 − iψn+1 sin Ωnt
2 |e〉

)
.

(6)

Similarly, when the atom is initially in its excited state and the field in state
∑
n ψn |n〉, the evolved

state takes the form

|Ψ(t)〉 =
∞∑
n=0
|n〉 ⊗

(
ψn cos Ωnt

2 |e〉 − iψn−1 sin Ωn−1t

2 |g〉
)
, (7)

where we employ a slight abuse of notation whereby ψ−1 = 0 because photon numbers must be
positive and Ω−1 = 0 by extending the definition from Eq. (4).
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To achieve an arbitrary final atomic state, the most intuitive procedure is to begin with the
atom in its ground state and the field in the target atomic state cos θ2 |0〉 + i sin θ

2e
iφ |1〉 and wait

for the duration of a “single-excitation π pulse” Ω0t = π to enact the transformation(
cos θ2 |0〉+ i sin θ2e

iφ |1〉
)
⊗ |g〉 → |0〉 ⊗

(
cos θ2 |g〉+ sin θ2e

iφ |e〉
)

= |0〉 ⊗ |θ, φ〉 . (8)

We exhaustively show in Section 2 how to achieve this transformation with other field states, with
no residual atom-field entanglement, at faster rates, and with more feasible pulses of light. Since
the free atomic evolution enacts φ → φ − ωt, we can generate the states |θ, φ〉 with any value
of φ and simply allow free evolution to generate the same state with any other value of φ, so in
the following we set φ = 0 (alternatively, direct solutions with φ 6= 0 can readily be obtained by
adjusting the relative phases between the photon-number states).

2 Optimal field states for generating arbitrary amounts of atomic coher-
ence

What are the optimal field states that can generate arbitrary pulse areas? That is, which field
states

|ψ〉 =
∑
n

ψn |n〉 (9)

can achieve the transformations

|ψ〉 ⊗ |g〉 → |ψ′〉 ⊗ |θ〉 or |ψ〉 ⊗ |e〉 → |ψ′〉 ⊗ |θ〉 , (10)

where the former correspond to “θ pulses,” the latter to “θ + π pulses,” and we have defined the
atomic state |θ〉 ≡ |θ, 0〉 by allowing θ to extend to 2π? We specifically seek transformations for
which the final state has zero residual entanglement between the atom and the light, such that the
atomic state can be used in arbitrary quantum information protocols without degradation.

2.1 Transcoherent states
In Ref. [8], we defined transcoherent states as those enabling π

2 pulses. For atoms initially in
their ground states, perfect π

2 pulses can be achieved by the transcoherent states whose coefficients
in the photon-number basis satisfy the recursion relation

ψn+1 = i
cos Ωn−1t

2
sin Ωnt

2
ψn (11)

to ensure that the amplitudes of |g〉 and |e〉 in the evolved state in Eq. (6) are equal. This can
be satisfied by field states with ψn = 0 for n > nmax for any chosen maximum photon number
nmax ≥ 1, so long as the total interaction time satisfies

Ωnmax−1t = π, (12)

which ensures that the highest-excitation subspace spanned by |±, nmax − 1〉 undergoes a π pulse
such that it transfers all of its excitation probability from |nmax〉 ⊗ |g〉 to |nmax − 1〉 ⊗ |e〉. In
the large-nmax limit, these states strongly approximate Gaussian states with an average photon
number n̄ whose photon-number distributions are squeezed from that of a canonical coherent state,
σ2

coh = n̄, by a factor of π2 .
Similarly, another set of transcoherent states has its photon-number distribution satisfy the

same recursion relation as Eq. (11), with the lowest-excitation manifold undergoing a (2k)π pulse
and the highest a (2k + 1)π pulse for any k ∈ N0. This pulse, in the large-n̄ limit, corresponds
to a 4k+1

2 π pulse produced by a coherent state with its photon-number distribution squeezed by a
factor of 4k+1

2 π. Superpositions of such states with nonzero coefficients all satisfying (2k)2nmax ≤
n ≤ (2k + 1)2nmax will also enact perfect π

2 pulses in a time Ωnmax−1t = π.
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Figure 1: Photon-number probability distributions for field states that exactly generate arbitrary rotations θ
on atoms initially in their ground states (various shapes correspond to different values of θ). The field states
are calculated using the recursion relation Eq. (15) with nmax = 200. Also plotted are the photon-number
distributions for coherent states with the same average energies (solid curves). For the same nmax and thus
the same value of Ω0t, a higher-energy pulse generates a larger rotation angle θ, with more photon-number
squeezing being necessary for larger rotation angles.

Another set of transcoherent states is found when the atom is initially in its excited state. This
setup requires the initial field state’s coefficients to satisfy a different recursion relation to ensure
equal coefficients of |g〉 and |e〉 in Eq. (7):

ψn+1 = −i
sin Ωnt

2

cos Ωn+1t
2

ψn. (13)

As well, the lowest-excitation sector must now undergo a (2k+1)π pulse while the highest undergoes
a 2(2k + 1)π pulse. This happens in a time

Ωnmint = (2k + 1)π, (14)

corresponding in the large-n̄ limit to a 4k+3
2 π pulse generated by a coherent state that has been

photon-number squeezed by 4k+3
2 π. Superpositions of commensurate states will again achieve

perfect coherence transfer.

2.2 Beyond transcoherent states
We can generalize the recursion relations of Eqs. (11) and (13) to generate arbitrary atomic

states of the form of Eq. (1).
When the atom is initially in its ground state, it will evolve to a state of the form of Eq. (1) if

and only if the initial field state’s coefficients obey the recursion relation [again, c.f. Eq. (6)]

ψn+1 = i tan θ2
cos Ωn−1t

2
sin Ωnt

2
ψn. (15)

The same boundary conditions as for transcoherent states hold, meaning that we require interaction
times of the form of Eq. (12) such that the lowest-excitation manifold undergoes a 0π pulse and
the highest a π pulse; extensions to other excitation manifolds are similarly possible. We plot a
number of such states in Fig. 1.

When the atom is initially in its excited state, it will evolve to a state of the form of Eq. (1) if
and only if the initial field state’s coefficients obey the recursion relation [again, c.f. Eq. (7)]

ψn+1 = −i tan θ2
sin Ωnt

2

cos Ωn+1t
2

ψn. (16)

Accepted in Quantum 2023-03-22, click title to verify. Published under CC-BY 4.0. 5



The same boundary conditions as for transcoherent states hold, meaning that we require interaction
times of the form of Eq. (14) such that the lowest-excitation manifold undergoes a (2k+ 1)π pulse
and the highest a (4k + 2)π pulse; extensions to superpositions of excitation manifolds are again
possible.

What are the properties of these extended transcoherent states whose coefficients are given,
respectively, by Eqs. (15) and (16)? In Ref. [8], we discussed how transcoherent states maximize
the coherence

C(t) = |〈Ψ(t)|σ+ |Ψ(t)〉|+ |〈Ψ(t)|σ− |Ψ(t)〉| ∝

∣∣∣∣∣
∞∑
n=0

ψ∗n+1ψn sin Ωnt
2 cos Ωn−1t

2

∣∣∣∣∣. (17)

This is achieved through a careful balance between the narrowness of the distribution |ψn|2, which
favours nearly equivalent Rabi frequencies such that the distribution |ψn|2 is highly concentrated
near the value of n where the factor sin Ωnt

2 cos Ωn−1t
2 from Eq. (17) is peaked, and its broadness,

which leads to larger overlap terms |ψn+1ψn| in Eq. (17). By creating the atomic states of Eq.
(1), we are attaining arbitrary values of C(t). How do the conditions of Eqs. (15) and (16) achieve
the optimal balance for the distribution |ψn|2?

We begin with the case of atoms initially in their ground states: Eq. (15). By choosing states
that satisfy the condition of Eq. (12), we ensure that the recursion relation truncates. Then, since
the ratio |ψn+1/ψn| monotonically decreases until it reaches zero, where the series truncates, the
photon-number distribution approaches a smooth, singly peaked distribution; for sufficiently large
n̄, this distribution is Gaussian.

The recursion relation of Eq. (15) is stationary when

cos θ2 sin Ωnt
2 − sin θ2 cos Ωn−1t

2 = 0. (18)

For large n̄, this occurs at a sufficiently large value of n such that Ωn ≈ Ωn−1; we will refer to this
value as ñ, which we will later see to be on the order of the average number of photons ñ = O(n̄).
This leads to the condition

sin
(
θ

2 −
Ωñt

2

)
≈ 0 ⇒ Ωñt ≈ θ, (19)

corresponding with the classical scenario in which a pulse area of θ is applied when the Rabi
frequency and total interaction time satisfy Ωñt = θ.

Substituting this condition into Eq. (15) leads to the expansion about large ñ:

tan θ2
cos Ωn−1t

2
sin Ωnt

2
= tan θ2

cos θ
√
n

2
√
ñ+1

sin θ
√
n+1

2
√
ñ+1

= tan θ2
cos θ

√
ñ+δ

2
√
ñ+1

sin θ
√
ñ+δ+1

2
√
ñ+1

≈ 1− θ

2ñ sin θ

(
δ − sin2 θ

2

)
. (20)

From this we find the approximate difference relation:

ψñ+δ − ψñ
δ

≈ − θ

2ñ sin θ

(
δ − sin2 θ

2

)
ψñ. (21)

This describes a Gaussian distribution

|ψñ+δ|2 ≈ |ψñ|2 exp
[
− θ

2ñ sin θ

(
δ − sin2 θ

2

)2
]

(22)

with photon-number variance
σ2 = ñ sinc θ. (23)

The mean is slightly shifted to n̄ = ñ + sin2 θ
2 , due to the discreteness of n; had we instead set

the stationary point of the recursion relation to be at ñ− 1, we would have accordingly found the
argument of the Gaussian to be

(
δ + cos2 θ

2
)2
.
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The same calculation can be performed for an atom initially in its excited state. Looking at
the stationary point of the recursion relation of Eq. (16), namely,

cos θ2 cos Ωn+1t

2 − sin θ2 sin Ωnt
2 = 0, (24)

we now arrive at the condition

cos
(
θ

2 + Ωñt
2

)
= 0 ⇒ Ωñt ≈ θ + π. (25)

This similarly corresponds to the classical scenario in which a pulse area of θ+π (i.e., rotating from
|e〉 to |g〉 to |θ〉) is achieved when the Rabi frequency and total interaction time satisfy Ωn̄t = θ+π.

Substituting this new condition into Eq. (16) leads to the expansion:

− tan θ2
sin Ωnt

2

cos Ωn+1t
2

≈ 1− θ + π

2ñ sin θ

(
δ + cos2 θ

2

)
. (26)

Using this for the approximate difference equation leads to the Gaussian distribution

|ψñ+δ|2 ≈ |ψñ|2 exp
[
− θ + π

2ñ sin θ

(
δ + cos2 θ

2

)2
]
. (27)

This differs from Eq. (22) by an innocuous-looking addition of π that is responsible for a number
of important properties (as well as the stationary point being shifted from ñ by 1).

2.3 Discussion
The states defined by Eqs. (15) and (16) directly generalize the transcoherent states of Ref.

[8]. Transcoherent states, in the large-n̄ limit, enact 4k+1
2 π pulses on state |g〉 because their

photon-number distributions are squeezed by 4k+1
2 π and 4k+3

2 π pulses on state |e〉 because their
photon-number distributions are squeezed by 4k+3

2 π. We can now understand from where these
factors truly arise: number squeezing by sinc θ leads to pulse areas of θ on states |g〉 and by
(θ + π)−1 sin θ = − sinc (θ + π) leads to pulse areas of θ + π on states |e〉. The properties of the
sinc function are responsible for the forms of the viable solutions to optimally delivering arbitrary
pulse areas.

Variances cannot be negative. The sinc function, however, flips its sign periodically with period
π. This means that the only pulses that can be delivered to state |g〉 are those with

(2k)π ≤ θ ≤ (2k + 1)π ⇐ σ2 = n̄ sinc θ (28)

and to |e〉 are those with

(2k + 1)π ≤ θ + π ≤ (2k + 2)π ⇐ σ2 = −n̄ sinc (θ + π) , (29)

where k ∈ N0. These ranges, together with Eqs. (19) and (25), cover all of the classically allowed
possibilities for pulse areas, now in a fully quantized regime. The periodic maxima of these functions
correspond to the transcoherent states, the negative regions explain why certain pulse areas are
only accessible to atoms initially in their ground or excited states, and the property |sinc θ| ≤ 1
implies that only photon-number squeezing, not photon-number broadening, is useful for gaining
quantum advantages in generating atomic states with arbitrary coherence properties. This also
explains why we chose to retain the − sign from Eq. (16) in Eq. (25) and similarly how we chose
the signs of the terms in Eq. (19): the solutions found from the alternate choices of signs lead
to minima in the recursion relations instead of maxima, corresponding to regions where the sinc
functions are negative, which do not lead to valid solutions.

We can inspect a number of limits to ensure that these states behave sensibly. In the limit of
a pulse area of 0, where we desire no change in the state of the system, the best states have no
number squeezing: σ2 = n̄. Moreover, these states require an interaction time satisfying Ωñt = 0,
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so n̄ = 0, and the optimal solution is that the field is in its vacuum state, which is the trivial case
of a coherent state with no photon-number squeezing. This solution works for atoms initially in
either state |g〉 or |e〉; for the latter, the pulse area has θ + π = 0, which seems like it imparts a
negative photon-number variance because − sinc 0 = −1, but this is not a problem because the
product of this negative squeezing factor and n̄ = 0 still vanishes.

To achieve a pulse area lπ for l ∈ N, a variance of zero is required, corresponding to the zeroes
of the sinc function. Equivalently, the only field states that exactly generate π pulses, 2π pulses,
and so on are those that are “infinitely” photon-number-squeezed coherent states: number states.
This directly accords with the eigenstates of the JCM Hamiltonian |±, n〉 found in Eq. (3): when
the joint system begins in either |n〉 ⊗ |e〉 or |n+ 1〉 ⊗ |g〉, an interaction time of Ωnt = (2l + 1)π
swaps the excitation between the field and the atom, while an interaction time of Ωnt = (2l)π
returns the excitations to their original starting points.

Complementing the properties of the sinc function, there is another reason why the ideal field
states only exist for the pulse areas described by Eqs. (28) and (29). An ideal pulse acting on |g〉
must undergo a (2k)π pulse in the lowest-excitation manifold and (2k + 1)π pulse in the highest.
The pulse area for the average photon number n̄ must therefore always be between (2k)π and
(2k+1)π, never between (2k+1)π and (2k+2)π; the converse holds for atoms initially in state |e〉.
This is why, for example, a perfect π

2 pulse can never be applied to state |e〉, which must instead
experience a perfect 3

2π pulse. Controlling the pulse areas of the lowest- and highest-excitation
sections is paramount for ideal coherence transfer.

The idea of tailoring pulses such that the highest-excitation manifold undergoes a π pulse was
recently explored in a different context Ref. [25]. There, this paradigm was used to create a
universal set of quantum operations that could be used for quantum computation. We thus stress
the importance of using the fully quantized JCM to surmount information leakage in light-matter-
interaction protocols.

A useful property of transcoherent states and beyond is that the field states experience less
backaction from the interaction with the atom than standard coherent states. This due to there
being less residual atom-field entanglement after the interaction with the ideal states, so that
the latter remain highly pure. Inspecting the evolution of 〈|m〉 〈n|〉 using Eqs. (6) and (15), for
example, we find

ψ∗nψm → ψ∗nψm
cos Ωn−1t

2 cos Ωm−1t
2

cos2 θ
2

, (30)

which remains mostly unchanged for m ∼ n ∼ n̄ where Ωn̄t ≈ θ. The reduced backaction for
transcoherent states and beyond allows them to be repeatedly used as “catalysts” for transferring
coherence to the atoms before eventually running out of energy and coherence to impart and
degrading through repeated interactions [8].1 Therefore, the cost associated with producing a
transcoherent state should, in some sense, be reduced by a factor of the number of times that state
can be used for practical coherence transfer.

How easy is it to generate such ideal states? In the limit of large numbers of photons, photon-
number-squeezed states are readily approximated by so-called Gaussian states, which are routinely
prepared in the laboratory. Gaussian states are those whose Wigner distribution W (α) is non-
negative for all phase-space coordinates α and comprise displaced and squeezed thermal states for
a single mode; since our states our pure, if they have positive Wigner functions then they must
be squeezed displaced vacuum states. We plot in Fig. 2 the integrated negativity of the Wigner
function [27] for a variety of rotation angles θ and the smallest 10 values of nmax. The negativities
are already seen to decay exponentially with nmax ∼ n̄

(
π
θ

)2, decaying most rapidly for smallest θ,
demonstrating how well Gaussian states can approximate the ideal states and how amenable such
state generation can be. We calculated in Ref. [8] that only 2 dB of quadrature squeezing is re-
quired for our idealized π

2 , which is routinely achieved [28]. This now increases to −10 log10(sinc θ)
for θ pulses, which can be seen because squeezed states with large mean photon number have
photon-number variances n̄10−S/10 for squeezing S expressed in dB [29], meaning that 10 dB of
squeezing could achieve the ideal pulses for angles up until θ ≈ 2.85 and 15 dB (achieved by Ref.
[30]) up to θ ≈ 3.04. For the small values of nmax and n̄ for which the ideal states are not as well

1C.f. quantum catalysis as studied in the JCM in Ref. [26].
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Figure 2: Negativities of the Wigner functions for the ideal states. Plotted are the values computed for small
values of nmax, which are already seen to decay rapidly, indicating that the states are highly Gaussian and
increase rapidly in Gaussianity. The same pulse areas are considered as in Fig. 1: blue dots for π/8, orange
squares for 2π/8, green diamonds for 3π/8, red triangles for 4π/8, purple stars for 5π/8, and brown Xs for
6π/8. The numerical integration procedure has a difficult time computing the negativities when they are tiny,
as evidenced by the π/8 and 2π/8 pulses with larger nmax.

approximated by Gaussian states, they can more readily be prepared using methods from circuit
quantum electrodynamics, where certain states with particular photon-number distributions have
been created beyond n̄ = 3 [22].

3 Optimal field states for generating Θ pulses on arbitrary atomic states
Transcoherent states and their generalizations in Section 2 are the unique optimal field states that

generate arbitrary atomic states |θ〉 in arbitrarily short times from atoms initially in state |g〉 or
|e〉. For quantum information protocols, one often seeks a transformation that transforms arbitrary
initial atomic states in the same way. The transcoherent states offer a method for enacting the
ideal rotation by π

2 about the y axis on the Bloch sphere:(
|g〉
|e〉

)
→ 1√

2

(
1 1
−1 1

)(
|g〉
|e〉

)
, (31)

equivalent to a π
2 pulse, on either of the initial states |g〉 or |e〉. This is similar to the Hadamard

transformation, which is also useful for generating coherence. What is the optimal field state for
enacting a π

2 transformation on arbitrary initial states |θ, φ〉 to the transformed states

|θ, φ〉π
2
≡

cos θ2 − eiφ sin θ
2√

2
|g〉+

cos θ2 + eiφ sin θ
2√

2
|e〉? (32)

It is impossible to do this perfectly, in contrast to transcoherent states and their generalizations
in Sec. 2 that can do this perfectly, because the highest-excitation manifold must undergo a (2k)π
pulse for most initial states |θ, φ〉 but a (2k + 1)π pulse for initial state |e〉. We thus seek states
that perform the best on average.

A straightforward way of determining the success of creating the state depicted in Eq. (32)
is as follows: we begin with some state |θ, φ〉 and some initial field state, evolve the joint system
using the JCM, measure the overlap of the evolved state |Ψ(t)〉 with |θ, φ〉π

2
, and average the result

over all initial atomic state angles θ and φ. The result should depend on the initial field state, so
we can ask what field state maximizes the resulting averaged fidelity, equivalent to the averaged
success probability.
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By combining Eqs. (6) and (7), we learn that a state
∑
n ψn |n〉 ⊗ |θ, φ〉 evolves to

|Ψ(t)〉 =
∞∑
n=0
|n〉 ⊗

(
cos θ2 |Gn〉+ sin θ2e

iφ |En〉
)
, (33)

where we have defined the atomic states

|Gn〉 = ψn cos Ωn−1t

2 |g〉 − iψn+1 sin Ωnt
2 |e〉 ,

|En〉 = ψn cos Ωnt
2 |e〉 − iψn−1 sin Ωn−1t

2 |g〉 .
(34)

Comparing this result to the desired state |θ, φ〉π
2
, we observe that a strongly peaked photon-

number distribution around n̄ satisfying

ψn̄ cos Ωn̄−1t

2 ≈ ψn̄ cos Ωn̄t
2 ≈ iψn̄−1 sin Ωn̄−1t

2 ≈ −iψn̄+1 sin Ωn̄t
2

(35)

would be highly beneficial for performing the transformation of Eq. (31). This seems to suggest
an optimal interaction time conforming to the classical relationship Ωn̄t = π

2 .
There are a few considerations to calculating the averaged fidelity. To be viable for arbitrary

initial states, all angles of the Bloch sphere should be equally weighted in the average. If the
azimuthal angle of the initial atomic state were known, on the other hand, one could integrate only
over the polar coordinate, after waiting an appropriate free evolution such that φ → 0. It is not
obvious that there will be a single unique solution: some points on the Bloch sphere are hardly
rotated by a π

2 pulse because they are close to the ±y-axis thereof. Indeed, these processes yield
different ideal states and will be considered in turn.

3.1 Averaging fidelity over all initial atomic states

We calculate the squared overlap averaged over the entire surface of the Bloch sphere for π
2

pulses in Appendix A to find, for an optimal phase relationship ψnψ∗n+1 = −i |ψnψn+1|,

F =1
2 + 1

6
∑
n

|ψn|2 cos Ωnt
2 cos Ωn−1t

2 + |ψn−1ψn+1| sin
Ωnt

2 sin Ωn−1t

2

+ |ψnψn+1| sin
Ωnt

2

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

)
.

(36)

What photon-number distributions and what times optimize this averaged fidelity?
It is clear from counting the terms in Eq. (36) that achieving distributions resembling Eq. (35)

would allow for averaged fidelities approaching unity. But the relationships in Eq. (35) compete
with each other: a narrow photon-number distribution ensures that the Rabi frequencies coincide
to ensure the photon-number distribution’s probability to be concentrated there, while a broad
distribution increases the overlap between adjacent photon-number coefficients. We are thus faced
with the same problem of optimizing the width of the photon-number distribution that we faced
in finding the transcoherent states.

Writing the photon-number distribution as

|ψn|2 ∝ exp
[
− (n− n̄)2

2σ2

]
(37)

up until some manual cutoff nmax � n̄+σ, we can optimize over the variances σ2 for various values
of the average photon number n̄. Intriguingly, we find that, for sufficiently large n̄, the optimal
variance is always slightly number squeezed, approaching

σ2
optimal ≈ 0.9n̄. (38)

Accepted in Quantum 2023-03-22, click title to verify. Published under CC-BY 4.0. 10



0.86 0.88 0.90 0.92 0.94
σ
2
n

0.990890

0.990895

0.990900

0.990905

0.990910

Figure 3: Average fidelity F for rotating atoms in arbitrary initial states by π
2 calculated from Eq. (36) using

states of the form of Eq. (37) with various variances. The optimal photon-number variances are scaled by that
of coherent light with σ2 = n̄. The cutoff point was chosen to be nmax = 400; here, n̄ = 20.

This is depicted in Fig. 3.
We can repeat this calculation to find the optimal squeezed state to achieve any Θ pulse when

averaged over all initial atomic states. The calculation yields a more cumbersome version of Eq.
(36) and is given in Appendix B. Optimizing this expression numerically over Gaussian field states,
we find the intriguing relationship (Fig. 4)

σ2
optimal = n̄ sinc Θ

2 ,
(39)

which explains the 0.9 factor found in Eq. (38). The maximum achievable fidelity decreases with
Θ for a given n̄ and is notably less than the perfect fidelities achievable when the atom is initially
in its ground state. In fact, comparing this expression with Eq. (23), we see that the optimal field
state for delivering a Θ pulse to an unknown atomic state has the same amount of squeezing as the
optimal field state for delivering a Θ

2 pulse to an atom in its ground state. While we only speculate
on the origin of this conclusion, we are confident that it arises from some averaging of the distance
that an atom must traverse on the Bloch sphere, which ranges from 0 to Θ; i.e., the average atom
must rotate half as far as a ground-state atom during a Θ pulse, so the average atom requires a Θ

2
pulse.

3.2 Averaging fidelity over initial states with known azimuth
We next take the case where the initial azimuthal angle of the atom is known; this is equivalent to

taking φ = 0 instead of averaging over that coordinate. As calculated in Appendix C, the fidelity
for a π

2 pulse, averaged over all initial values of the atom’s polar coordinate θ, is

F =1
2 + 1

4
∑
n

|ψnψn+1| sin
Ωnt

2

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

)
. (40)

By numerically maximizing this quantity over all states with Gaussian photon-number distribu-
tions, we find that the optimal field state is a coherent state that is number squeezed by π

2 . This is
exactly the same result as for transcoherent states, even though the corresponding quantity in Ref.
[8] [Eq. (13) there] has a single cosine term instead of all three, so we proceed with the same method
to justify our optimal solution. To maximize the fidelity, we need to maximize the inner product
between vectors with components ψn+1 sin Ωnt

2 and ψn
(

2 cos Ωnt
2 + cos Ωn−1t

2 + cos Ωn+1t
2

)
/4. By

the Cauchy-Schwarz inequality, this is achieved when the vectors are parallel, satisfying

ψn+1 sin Ωnt
2 = ψn

4

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

)
. (41)
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Figure 4: Optimal fidelity and squeezing for field states imparting Θ pulses on atoms with known (blue dots),
unknown (orange triangles), and partially known (green ×s) initial states. Each point represents a different value
of Θ for which the average fidelities were optimized over all possible variances and a fixed energy n̄ = 500. (a)
The average fidelities achieved are all large because we have used field states with large intensities. Known-state
atoms can be always be perfectly transformed, while it is easier to achieve shorter pulses with smaller Θ for
atoms in unknown states. (b) The optimal variances are plotted in units of n̄. Plotted on top are the curves
sinc Θ (blue), sinc Θ

2 (orange), and
√

1/2 sinc Θ
2 (green). The blue and green curves intersect at Θ =π

2 when
σ2 = 2n̄

π
(red, dashed).
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This generates a recursion relation for the ideal state coefficients that can be expanded about their
peak at n̄ for an evolution time Ωn̄t = π

2 :

2 cos Ωn̄+δt
2 + cos Ωn̄+δ−1t

2 + cos Ωn̄+δ+1t
2

4 sin Ωn̄+δt
2

≈ 1− πδ

4n̄ . (42)

We select a probability distribution satisfying the approximate difference equation

ψn̄+δ − ψn̄
δ

≈ −πδ4n̄ψn̄,
(43)

whose solution is the photon-number-squeezed Gaussian distribution

ψn̄+δ ≈ ψn̄ exp
(
− δ2

4σ2

)
, σ2 = 2n̄

π
. (44)

We thus observe that the best states for exactly producing a π
2 pulse and for on average producing

a π
2 pulse are the same, so long as the azimuthal coordinate of the initial atomic state is known.
The same calculation can be done for arbitrary pulse areas Θ. Averaging the success probability

for acting on atoms with φ = 0 and arbitrary θ (Appendix C), we find that the optimal variances
obey (Fig. 4)

σ2 = 2n̄
π

sinc Θ
2

sinc π4
= n̄

sinc Θ
2√

2
. (45)

As usual, larger pulse areas require more photon-number squeezing, and we find that more squeez-
ing is required than when averaging over the entire Bloch sphere.

3.3 Discussion
The optimal field state for enacting a pulse area of Θ on an atomic state depends on the atomic

state. We can collect some of our results: when the atom is initially in its ground state, the
optimal photon-number variance is [Eq. (23)] n̄ sinc Θ; when the atom is initially in a state with
some known φ but unknown polar angle, the optimal variance is [Eq. (45)] n̄ sinc Θ

2 /
√

2; and, when
the atom is initially in an unknown state, the optimal variance is [Eq. (39)] n̄ sinc Θ

2 . How do all
of these compare with each other?

In terms of fidelity, not knowing the initial state leads to poorer performance. Surprisingly,
averaging over a known azimuth leads to slightly smaller fidelities than averaging over the entire
sphere. This discrepancy arises from the different Jacobian factors when integrating over a circle
versus a sphere, implying that the ratio of the performances of states initially near the equator to
states initially at the poles is what controls the overall success on average.

All of the scenarios require more photon-number squeezing for larger pulse areas. When the
pulse area is π

2 or greater, an atom in its ground state requires the most squeezing because it has
to travel the furthest, an atom oriented along a known meridian requires less squeezing on average,
and an atom oriented in an unknown direction requires the least squeezing on average. That the
completely unknown orientation requires the least squeezing makes sense: on average, such atoms
need to traverse an angular distance of Θ

2 for a rotation about some fixed axis on the Bloch sphere.
That the polar-angle-unknown orientation requires less squeezing than ground-state atoms is more
surprising: this implies that it requires more “effort,” in terms of greater squeezing, to travel from
the poles of the Bloch sphere than from any other point. The cause of this discrepancy for angles
other than Θ = π

2 remains an open question for further study.
When the pulse area is less than π

2 , the variances quoted above are more squeezed for the case
with known φ than for atoms initially in their ground states. While this may be an empirical
phenomenon, there is a fly in the ointment: it is not clear for Θ < π

2 what the optimal relationship

ϕ ≡ argψn+1 − argψn (46)

in Appendix C should be for the initial field states. However, performing a multiparameter op-
timization over ϕ and σ2, we always find the optimal value to have ϕ ≈ π

2 and thus maintain
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Figure 5: (a) Additive increase in the fidelity F of performing a Θ rotation on an atom averaged over all initial
atomic states using light whose photon-number distribution is squeezed by an optimal amount sinc Θ

2 relative
to coherent light with the same strength. The improvement is significant for larger rotation angles and smaller
field-state strengths. (b) Multiplicative decrease in the error 1 − F of performing a Θ rotation on an atom
averaged over all initial atomic states using light whose photon-number distribution is squeezed by an optimal
amount sinc Θ

2 relative to coherent light with the same strength. The improvement is significant for larger
rotation angles and is largely independent of the field-state strength.

the variance relationship of Eq. (45). We must then conclude that, somehow, ground-state atoms
require less squeezing than others for rotations by Θ < π

2 about a great circle and more squeezing
than others for rotations by Θ > π

2 about the same great circle. This is an intriguing phenomenon
that surely deserves further research.

Typically, quantum computing algorithms require the same operation to be performed on arbi-
trary initial states. Given the optimal field state for this purpose that is squeezed by sinc θ

2 , what
advantage can one acquire relative to standard quantum computing protocols that use coherent
states to perform logic gates on atoms? We plot in Fig. 5 the improvement in the average fidelity
[Eq. (36)] that one can attain using the optimally squeezed states relative to coherent states with
no squeezing, comparing how this improvement changes with the energy of the field state. The
fidelity improvement of squeezed states over coherent states increases quickly with the rotation
angle and the improvement lessens with increasing n̄, while the relative error decreases with ro-
tation angle and is independent from n̄. These imply that quantum computing applications that
are limited in average photon number, that are using many π gates, or that possess any significant
error rates may benefit the most from using squeezed light to improve their logic gates.

4 Generating π
2 pulses for collections of atoms

Can the transcoherent states be generalized to field states that impart optimal pulses on collections
of atoms? A set of atoms all in the maximally coherent state

∣∣π
2
〉
is useful for applications such as

creating lasers with noise-free amplification [31]. We investigate the collective interaction governed
by the Tavis-Cummings interaction Hamiltonian [32]

HTC = Ω0

2 (aJ+ + a†J−), (47)
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where we now employ the collective excitation operators from SU(2):

Ji =
2J∑
k=1

I(1) ⊗ · · · ⊗ I(k−1) ⊗ σ(k)
i ⊗ I

(k+1) ⊗ · · · ⊗ I(2J). (48)

Here, 2J is the total number of atoms, where the kth atom has its own Pauli operators σ(k)
i and

the permutation-symmetric states of the 2J atoms are equivalent to a single spin-J particle. The
transcoherent state problem begins with all of the atomic states in their collective ground state
|J,−J〉 = |g〉⊗2J that is annihilated by J− and is an eigenstate of Jz with minimal eigenvalue
−J . A π

2 pulse acting on all atoms simultaneously would enact the transformation |g〉⊗2J →
2−J(|g〉 + |e〉)⊗2J , where the latter is also a spin-coherent state that is an eigenstate of Jx with
maximal eigenvalue J and can be expressed in the basis of Jz eigenstates as

|J,−J〉 → 1
2J

J∑
m=−J

√(
2J

m+ J

)
|J,m〉 . (49)

How can this best be performed?

4.1 Optimal pulses for maximum coherence generation
We can investigate a series of field states to find which ones best impart a π

2 pulse on a collection of
2J atoms. Unlike in the case of the JCM, it is not convenient to write a closed-form expression for
the fidelity as a function of the field-state coefficients. Instead, we choose a variety of representative
field states, from which we evolve the TCM numerically using QuTiP [33, 34]. These can then be
compared to the optimal final state from Eq. (49) and optimized accordingly.

To make the optimization tractable, we choose to optimize over field states with Gaussian
photon-number distributions with varying widths. This is motivated in part by the optimal states
for the JCM always having Gaussian photon-number distributions, in part because Gaussian states
are among the easiest to prepare experimentally, and in part because field states with sufficiently
large average photon number and sufficiently localized photon-number distributions will convert
HTC into a rotation of the form

exp (−iHTCt) ≈
n̄�1

exp
[
−iΩ0

√
n̄t (Jx cosϕ+ Jy sinϕ)

]
, (50)

where, again, ϕ encodes the relative phases of the field-state coefficients. For a given fixed n̄, we
thus expect the fidelity to be optimized by an interaction time Ω0t

√
n̄ ≈π2 .

Figure 6 plots the optimal field-state variances and interaction times for achieving π
2 pulses

for various values of J and n̄. These parameters are the best ones found using the Nelder–Mead
method implemented in SciPy with a variety of random seeds. As expected, the overall fidelities
increase with increasing n̄. It is perhaps unsurprising that they decrease with increasing J , as
J = 1/2 is the only situation in which perfect π

2 pulses can be implemented, and that the increase
is quadratic in J from this minimum. The optimal squeezing and time parameters follow opposite
trends such that the optimal photon-number variance and interaction time obey the following
relationship for a given average photon number:

σ2
optimal ≈

2n̄
π

and Ω0toptimal
√
n̄ ≈ π

2
⇒ σ2

optimalΩ0toptimal ≈
√
n̄.

(51)

There is also some residual dependence on J that may warrant the replacement n̄→ n̄−J/2 + 1/2
in Eq. (51). While the fidelities are seen in Fig. 6 to worsen with increasing J , they improve
with increasing n̄, so maintaining n̄� J/2 allows for highly efficient pulses for arbitrarily large J .
This can also be seen because the field state needs to have sufficient energy to excite the atoms;
when the field state’s energy is highly depleted, it loses its ideal character and experiences more
backaction from the interactions, similar to the decrease in its capacity for quantum catalysis [8].
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Figure 6: Optimal π2 pulses on a collection of 2J atoms or another spin-J system, for various average energies
(blue dots and orange triangles have n̄ = 100 and n̄ = 200, respectively). (a) Error probability, i.e., unity minus
the fidelity, of enacting a perfect π

2 pulse to achieve the transformation of Eq. (49). All of the fidelities are
excellent, with larger n̄ being more favourable and larger J being less favourable. (b) Optimal variances for
the initial field states. These all have their photon-number distributions squeezed by approximately π

2 relative
to coherent states, with increased squeezing required for increasing J . The scatter in the plot implies that
not all of the results have converged to their optimal values, which may only be achievable with larger n̄ and
longer optimization times. (c) Optimal interaction times to achieve the desired transformation. These are all
approximately the classical times for a π

2 pulse, with a slight increase in optimal time with increasing J . Of
note, the products of the optimal variances and times are approximately unity in these units, implying that
σ2Ω0t/

√
n̄ ≈ 1.
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4.2 Semiclassical limit
The semiclassical limit of the TCM with a highly energetic field has been studied in Refs.

[35, 36, 37, 38]. Those showed that, like in the JCM [16, 18, 39, 17, 40, 19, 20, 21], one cannot
simply employ the replacement a → α in HTC in the strong-field limit as per Eq. (50), as this
neglects possible atom-field entanglement for any finite n̄ and wrongly predicts the final atomic
state to be pure. In Ref. [38], for example, we find that the TCM Hamiltonian can be approximated
in the presence of a strong field with the appropriate relative phase relationships as

H̃TC = −Ω0

√
a†a− J + 1/2Jy. (52)

This approximation is valid for n̄− J + 1/2� 1 and all of the interaction times we consider here
(Ω0t ∼ n̄−1/2 � n̄)). It serves to rotate the collective atomic state at a Rabi frequency

Ω(J, n) = Ω0
√
n− J + 1/2 (53)

for a given field-state energy level |n〉, which is smaller than Ωn above and decreases with J ,
explaining why slightly longer interaction times are required with increasing J to achieve the same
π
2 pulses [Fig. 6(c)]. However, the actual functional dependence in Fig. 6(c) looks like it follows
Ω(J/2, n) instead of Ω(J, n), so we will investigate further to elucidate whether this is simply a
numerical artifact. That one cannot simply replace n̄ → n̄ − J + 1/2 in Eqs. (51) to match the
replacement Ωn → Ω(J, n) may be justified by the competition between Rabi frequencies with a
variety of values of n.

We can approximate the full evolution of our initial state using Eq. (52) and the unitary
evolution

UTC = Q exp
(
−iH̃TCt

)
Q†. (54)

Here,

Q =
J∑

m=−J
eiφ̂(J+m) ⊗ |J,m〉 〈J,m| (55)

is an almost-unitary operator (
[
Q,Q†

]
= |0〉〈0|) and

exp(iφ̂) =
∞∑
n=0
|n〉 〈n+ 1| (56)

is a phase operator for the field (we have reserved the caret for the operator φ̂ in deference to the
intricacies of phase operators [41]). The first transformation leaves the state unchanged:

Q†
∑
n

ψn |n〉 ⊗ |J,−J〉 =
∑
n

ψn |n〉 ⊗ |J,−J〉 . (57)

Next, the effective Hamiltonian enacts a rotation of the atomic states by an angle that depends on
the field’s energy level in a manner reminiscent of Eq. (49):

e−iH̃TCt
∑
n

ψn |n〉 ⊗ |J,−J〉 =
∑
n

ψn |n〉

⊗
J∑

m=−J

√(
2J

m+ J

)
cosJ−m Ω(J, n)t

2 sinJ+m Ω(J, n)t
2 |J,m〉 .

(58)

Note that the atomic states in the superposition are SU(2)-coherent states that are eigenvalues
of the spin operator pointing at different angles for different field energy levels Jx sin [Ω(J, n)t] −
Jz cos [Ω(J, n)t]; if this was the end of the evolution, an initial field state with definite photon
number n would suffice to perfectly enact a rotation by Ω(J, n) on all of the atoms. Finally, using

exp(iφ̂k) =
∞∑
n=0
|n〉 〈n+ k| , (59)
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the transformed state becomes

|Ψ(t)〉 =
∞∑

n=2J+1

J∑
m=−J

√(
2J

m+ J

)
ψn+J+m |n〉 ⊗ |J,m〉

× cosJ−m Ω(J, n+ J +m)t
2 sinJ+m Ω(J, n+ J +m)t

2 ,

(60)

where we have restricted our attention to states with ψn = 0 for n ≤ 2J such that Q is unitary.
We can then inspect the properties of this state to see how to optimally achieve the π

2 pulse of Eq.
(49).

For Eq. (60) to best approximate a π
2 pulse, we would like

ψn+k cos2J−k Ω(J, n+ k)t
2 sink Ω(J, n+ k)t

2 ≈ 1
2J

(61)

for all values of n and k such that the final state is most separable and the atomic state is closest
to that of Eq. (49). The width of the trigonometric terms’ distribution changes with n and k, so
it is not obvious how to choose the appropriate optimal width for the photon-number distribution,
although we note that all Gaussian distributions centred at n̄ with interaction times Ω(J, n̄)t ≈π2
will converge to the proper limit with large n̄. Instead, we can look at the overlap between |Ψ(t)〉
and a state rotated by Θ:

| 〈J,Θ|Ψ(t)〉|2 =
∞∑

n=2J+1

∣∣∣∣∣
J∑

m=−J

(
2J

m+ J

)
ψn+J+m cosJ−m Ω(J, n+ J +m)t

2

sinJ+m Ω(J, n+ J +m)t
2 × cosJ−m Θ

2 sinJ+m Θ
2

∣∣∣∣2 .
(62)

By selecting Θ =π
2 and Gaussian photon-number distributions centred at n̄, we can optimize

this result over all interaction times Ω0t and photon-number variances σ2. Exemplary results are
plotted in Fig. 7, with the data from Fig. 6 overlain.

Comparing the results between the two optimization methods in Fig. 7, we see that they
match in the case of large n̄. Intriguingly, the replacement n̄→ n̄− qJ + 1/2 in Eq. (51) seems to
always hold, but the optimal order-unity parameter q does not seem consistent between σ2

optimal
and toptimal. This may be partially explained by setting |ψn̄+δ| ∝ exp(−δ2/4σ2) for small δ in Eq.
(62), expanding around n = n̄, expanding the sinusoidal terms around large n̄, and asking what
photon-number variance σ2 will cancel all of the O(δ) terms; the result is

σ2 = 2J +m+m′

m+m′

[
2(n̄− J + 1/2)

π
+ J(m+m′) +m2 +m′2

2

]
, (63)

which resembles Eq. (51) with the replacement n̄→ n̄− J + 1/2 but changes with different values
of m and makes no sense (goes negative) when m+m′ ≤ 0. It is thus always a good approximation
to use Eq. (51) and then update n̄ as a function of J for the problem at hand.

A complementary strategy for optimizing the initial field states is to look at the evolution of
the expectation values of Jz and Jx. For a perfect π

2 pulse, the expectation value of Jz should
go from its minimal value −J to 0, while that of Jx should go from 0 to its maximal value J . In
fact, given a fixed total spin, any of the collective operators Ji attaining its maximal eigenvalue is
a sufficient condition for the spin state to be in a pure state and thus for there to be no residual
entanglement with the light. These goals can then give us constraints on our initial field states in
the spirit of transcoherence.

The Jz operator evolves in the Heisenberg picture as [37]

UTCJzU
†
TC = Jz cos τ̂ − Jy sin τ̂ (64)

for the field operator τ̂ = Ω0t
√
a†a− J + 1/2. Since the initial atomic state has expectation values

〈(Jx, Jy, Jz)〉 = (0, 0,−J), the final state has

〈Ψ(t)|Jz|Ψ(t)〉 = −J 〈cos τ̂〉 , (65)
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Figure 7: Optimal π2 pulses on a collection of 2J atoms as in Fig. 6, but now optimized using the approximate
fidelity of Eq. (62) to permit larger n̄ and J (n̄ = 100, 200, and 500 are the blue dots, orange triangles, and
green diamonds, respectively). The approximation breaks down when

√
n̄ � J is not achieved. (a) The error

probabilities 1 − F with this method are again quite low but are nonnegligible when the approximation fails.
(b) The optimal variances best match the curve σ2 = 2(n̄− 1.2J + 0.5)/π. (c) The optimal interaction times
best match the curve Ω0t

√
n̄− 2J + 0.5 =π

2 . In all cases, the solutions found using the exact evolution (red
×s and purple +s for n̄ = 100 and 200, respectively) best match the n̄ = 500 solution (i.e., the largest energy
considered) for all J .
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where the final expectation value is taken with respect to the initial field state. For this quantity

〈cos τ̂〉 =
∑
n

|ψn|2 cos
(

Ω0t
√
n− J + 1/2

)
(66)

to vanish, the photon-number distribution should be strongly peaked around 〈τ〉 =π
2 , again corre-

sponding to a classical π2 pulse with average field strength n̄ and interaction time Ω(J, n̄)t =π
2 .

We then look at the evolution of Jx. Since we already have an expression for the evolved state,
we can directly calculate

〈Ψ(t)|Jx|Ψ(t)〉 =
∞∑

n=2J+1

J∑
m=−J

(
2J

J +m

)
(J −m)ψn+J+mψ

∗
n+J+m+1 cosJ−m Ω(J, n+ J +m)t

2

× sinJ+m Ω(J, n+ J +m)t
2 cosJ−m−1 Ω(J, n+ J +m+ 1)t

2 sinJ+m+1 Ω(J, n+ J +m+ 1)t
2 .

(67)
Expanding around n+ J = n̄+ δ for small δ and again using |ψn̄+δ| ∝ exp(−δ2/4σ2), we find

ψn+J+mψ
∗
n+J+m+1

|ψn̄|2
≈ 1− (δ +m)2 + (δ +m+ 1)2

4σ2 +O(σ−4). (68)

The sinusoidal terms expand to leading order in n̄− J + 1/2 as

4−J
{

1 + π [2δm+ δ + 2m(m+ 1) + 1]
4 (n̄− J + 1/2)

}
.

Multiplying these terms by the coefficients
( 2J
J+m

)
(J −m) and summing from m = −J to m = J

yields, to leading order in σ2 and n̄− J + 1/2,

〈Ψ(t)|Jx|Ψ(t)〉 ≈ J
∑
δ

|ψn̄|2
[
1− 2δ2 + J

4σ2 + πJ

4(n̄− J + 1/2)

]
. (69)

Performing the sum from δ = −l to δ = l for some l, the leading-order terms cancel each other
when

σ2 = n̄− J + 1/2
π

(
1 + 2l(l + 1)

3J

)
. (70)

This is exactly the result of Eq. (51) with the replacement n̄ → n̄ − J + 1/2 and the number-
squeezing factor being replaced as 2

π →
(

1 + 2l(l+1)
3J

)
/π; if the normalization is given by |ψn̄|2 ≈

1/
√

2J + 1, we find l = (
√

2J + 1−1)/2 and the number-squeezing factor being exactly 2
π together

yield the best result for 〈Ψ(t)|Jx|Ψ(t)〉 ≈ J . The overall dependence of the optimal variance σ2

on n̄ and J is now apparent and considerations of different ranges of the sum over δ change the
dependence of the optimal variance on J .

4.3 Perfect pulses cannot be generated for the Tavis-Cummings interaction
The evolution of the TCM can always be solved exactly [32, 42, 43] but requires the intricate

solution of the Bethe ansatz equations [44, 45]. We solve this system of equations for the case of
N = 2 atoms, given the initial state

∑
n ψn |n〉 ⊗ |J,−J〉, to show that perfect π

2 pulses are not
generally possible. Since total excitation number is conserved and the atomic subspace is spanned
by only three states |1,±1〉 and |1, 0〉, we can analytically solve this model.

The evolved state at any time t is (using |m,n〉 ≡ |m〉 ⊗ |J, n〉 for brevity in this subsection
alone):

|Ψ(t)〉 = ψ0 |0,−1〉+ ψ1

(
cos Ω0t√

2
|1,−1〉 − i sin Ω0t√

2
|0, 0〉

)
+
∑
n≥2

ψn |n,−1〉
(
n− 1
2n− 1 + n

2n− 1 cos Ω0t
√

2n− 1√
2

)

+ ψn |n− 2, 1〉
√
n(n− 1)
2n− 1

(
−1 + cos Ω0t

√
2n− 1√
2

)
− iψn |n− 1, 0〉

√
n

2n− 1 sin Ω0t
√

2n− 1√
2

.

(71)
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We found this using the eigenstates

|n±〉 = 1√
2

(√
n

2n− 1 |n,−1〉 ± |n− 1, 0〉+
√

n− 1
2n− 1 |n− 2, 1〉

)
(72)

with eigenvalues ±
√

2n− 1Ω0/
√

2 and the null eigenstate

|n0〉 = −
√

n− 1
2n− 1 |n,−1〉+

√
n− 1
2n− 1 |n− 2, 1〉 . (73)

Can this ever perfectly create the desired pulse?
Projecting onto |0〉 for the field state, the first requirement for the atoms to be in the correct

rotated state is that

ψ0 |−1〉 − iψ1 sin Ω0t√
2
|0〉+ ψ2

√
2

3

(
cos Ω0t

√
3√

2
− 1
)
|1〉 ∝ |−1〉+

√
2 |0〉+ |1〉 . (74)

This immediately yields two constraints for the three free parameters ψ1, ψ2, and t:

ψ0 = ψ2

√
2

3

(
cos Ω0t

√
3√

2
− 1
)
,

ψ0
√

2 = −iψ1 sin Ω0t√
2
.

(75)

If any of these three coefficients vanishes then they all must, unless the timing spares ψ1 or ψ2
from needing to vanish. The next requirement found by projecting the field onto state |1〉 is that

ψ1 cos Ω0t√
2
|−1〉 − iψ2

√
2
3 sin Ω0t

√
3√

2
|0〉+ ψ3

√
6

5

(
cos Ω0t

√
5√

2
− 1
)
|1〉 ∝ |−1〉+

√
2 |0〉+ |1〉 .

(76)
Again, if any of the coefficients vanishes then they all must, unless rescued by an exact timing
prescription. This introduces another required relationship between ψ1 and ψ2,

ψ1
√

2 cos Ω0t√
2

= −iψ2

√
2
3 sin Ω0t

√
3√

2
, (77)

which together impose the timing requirement:

2
3

(
cos Ω0t

√
3√

2 − 1
)

−i sin Ω0t√
2

= −i
1√
3 sin Ω0t

√
3√

2

cos Ω0t√
2

⇒ 2√
3

(
cos Ω0t

√
3√

2
− 1
)

= − sin Ω0t
√

3√
2

tan Ω0t√
2
.

(78)

This only holds when Ω0t
√

3/2 = 2kπ, k ∈ N. But then we find that ψ0 = 0, ψ1 = 0, and so on,
and we have no solution. So it is impossible to perfectly solve this problem for two atoms.

Even considering the general case where the transformed state approximately follows Eq. (60),
the parameters cannot be chosen precisely enough such that no excitation escapes. Consider that
there will always be some probability of finding the atom in any state |J,m〉 for rotations with
0 < Θ < π. Every field state |n〉 must be in a tensor product with the same superposition of atomic
states, so, whenever any coefficient ψn+J+m is nonzero, every other coefficient ψn+J+m′ must also
be nonzero for all −J ≤ m′ ≤ J . Since n can vary by 1 and the range of values of m must vary
by at least 2 for any J > 1/2 (i.e., for anything but the JCM case of a single atom), there can
be no maximal coefficient beyond which all of the coefficients vanish. Some excitation will always
leak out of the subspaces in which the atoms are in the proper rotated state. The sole alternative
to setting coefficients to zero is that one of the sinusoidal terms vanishes for a particular n and m
and t. This suffices in the case of the JCM because there is only a single maximal coefficient that
must be constrained, but is insufficient in the J > 1/2 case where entire ranges of coefficients must

Accepted in Quantum 2023-03-22, click title to verify. Published under CC-BY 4.0. 21



vanish in the field state’s maximal photon number. This is why, although squeezing is beneficial
regardless of J , the true transcoherent states that perfectly enact Θ rotations only exist for the case
of J = 1/2. We note incidentally that a true transcoherent state for arbitrary J can be achieved
in the trivial case of a rotation by 0 (i.e., the field should be in the vacuum state) and for Θ = π
with a Fock state. This is exact for the JCM and holds precisely within the approximations of
the TCM that lead to Eq. (60), because the state in Eq. (58) is separable and remains separable
following the application of the almost-unitary operator Q† on the state.

4.4 Discussion
Photon-number squeezing increases the probability of successfully imparting a π

2 pulse on a
collection of ground-state atoms. Given the ubiquity of this result for other initial atomic states
in the JCM, we expect photon-number squeezing to similarly enhance arbitrary pulse areas in the
TCM for unknown initial atomic states. This problem is slightly more numerically cumbersome
due to the lack of a closed-form expression for the fidelities averaged over all initial atomic states,
so we leave this expectation as a conjecture that could be evidenced by numerical investigations
of Eq. (62) with various Θ.

Earlier studies showed that a collection of partially excited atoms in the final state of Eq. (49)
will interact with a coherent field state to number squeeze the latter [38]. It thus comes as no
surprise that photon-number-squeezed states are useful for enacting, in some sense, the reverse of
this process. This idea of matching the squeezing to the interplay between different Rabi frequencies
should be useful for a variety of light-matter-interaction protocols.

5 Arbitrary coherence cannot be generated in the presence of nonzero
detuning

All of the models thus far have dealt with resonant interactions between the field mode and the
atoms. We show here that the same can never be achieved exactly for nonzero values of detuning.

One reason to consider nonzero detuning is to establish transformations like the Hadamard
transform. This sends an atom in its ground state to an even superposition of its ground and
excited state, but does so by a π rotation of the spin vector about the x+z√

2 -axis of the Bloch
sphere, instead of the π

2 pulses we have been discussing here. For large field states, the interaction
parts of the JCM and TCM Hamiltonian effectively rotate the average spin vector about some axis
in the xy-plane, so the only method for truly imparting a Hadamard gate is by the introduction
of a nonzero detuning that allows for effective rotations about other spin axes.

The Jaynes-Cummings interaction Hamiltonian at nonzero detuning δ takes the form

HII = δ

2σz + Ω0

2
(
aσ− + a†σ+

)
. (79)

The new eigenstates are

|+, n〉δ = cos αn2 |n〉 ⊗ |e〉+ sin αn2 |n+ 1〉 ⊗ |g〉 ,

|−, n〉δ = sin αn2 |n〉 ⊗ |e〉 − cos αn2 |n+ 1〉 ⊗ |g〉
(80)

and have interaction-picture energies

E±(n) = ±Ω(n)
2 , (81)

where

αn = tan−1 Ω0
√
n+ 1
δ

(82)

and we have defined the detuned Rabi frequencies

Ω(n) =
√

Ω2
n + δ2 =

√
Ω2

0(n+ 1) + δ2. (83)
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An atom initially in its ground state and the field initially in a general state
∑
n ψn |n〉 together

evolve to

|Ψ(t)〉 =
∞∑

n=−1
ψn+1

[
−i sin Ω(n)t

2 sin αn2 cos αn2 |n〉 ⊗ |e〉

+
(
e−iΩ(n)t/2 sin2 αn

2 + eiΩ(n)t/2 cos2 αn
2

)
|n+ 1〉 ⊗ |g〉

]
.

(84)

We can proceed as usual to find initial field states and interaction times that create separable
states with the atom completely coherent. Here, there are more complicated conditions that need
to be solved, but there is the extra degree of freedom in the detuning that could account for them.

Projecting the evolved state onto states with definite photon number and requiring the result
to be proportional to cos θ2 |g〉+ sin θ

2 |e〉 leads to the recursion relation:

ψn+1

ψn
= −i tan θ2

e−iΩ(n−1)t/2 sin2 αn−1
2 + eiΩ(n−1)t/2 cos2 αn−1

2

sin Ω(n)t
2 sin αn

2 cos αn2
. (85)

For a given t, Ω0, and δ, this series is uniquely determined. Can we force this series to truncate
on both sides?

To not have any probability leak out of the lowest-excitation subspace with the smallest nonzero
coefficient ψnmin , we require

sin Ω(nmin − 1)t
2 sin αnmin−1

2 cos αnmin−1

2 = 0. (86)

This constraint is readily satisfied when nmin = 0, because α−1 = 0. For larger nmin, this amounts
to the requirement

Ω(nmin − 1)t = Ω0t

√
nmin +

(
δ

Ω0

)2
= 2mπ, m ∈ N, (87)

which can readily be satisfied by an appropriate interaction time Ω0t and detuning δ.
However, it is impossible to not have any probability leak out of the highest-excitation subspace

with the largest nonzero coefficient ψnmax . To do so, we would require both

cos Ω(nmax − 1)t
2

(
sin2 αnmax−1

2 + cos2 αnmax−1

2

)
= 0 (88)

and
sin Ω(nmax − 1)t

2

(
sin2 αnmax−1

2 − cos2 αnmax−1

2

)
= 0. (89)

While the former is readily converted into the satisfiable condition√
Ω2

0nmax + δ2t = (2l + 1)π, l ∈ N, (90)

the latter can only be satisfied by

αnmax−1 = π

2 ⇒ δ = 0. (91)

Any presence of nonzero detuning allows excitations to leak beyond the highest-excitation subspace,
so there can never be perfect transfer of coherence from a field state to an atom that leaves no
residual entanglement when the interaction is nonresonant. This accords with complete transfer
of probability between |g〉 and |e〉 being impossible with nonzero detuning in the Rabi model with
a classical field.

6 m-photon processes
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6.1 Beyond the Jaynes-Cummings model
What happens when it takes more than one photon to excite an atom? We can consider a

nonlinear interaction that requires m-photon absorption to transform |g〉 to |e〉:

H = ω

(
1
m
a†a+ |e〉 〈e|

)
+ Ω(m)

0
2

(
amσ+ + a†mσ−

)
, (92)

where ω is the resonance frequency but now each individual photon provides energy ω
m and Ω(m)

0
is the coupling strength that depends on the mth-order nonlinearity. This interaction conserves
total energy and a form of the total excitation number, as can be seen from its eigenstates

|±, n〉 = |n〉 ⊗ |e〉 ± |n+m〉 ⊗ |g〉√
2

, (93)

which now have the quantized-Rabi-like frequencies

Ω(m)
n = Ω(m)

0
√

(n+m)(n+m− 1) · · · (n+ 1). (94)

We will work in the interaction picture with Hamiltonian

HI = Ω(m)
0
2

(
amσ+ + a†mσ−

)
; (95)

the Schrödinger-picture results can thence be obtained with the substitutions |n〉 → e−iωnt/m |n〉
and |e〉 → e−iωt |e〉.

When the atom is initially in its ground state and the field in state
∑
n ψn |n〉, the evolved state

takes the form [c.f. Eq. (6)]

|Ψ(t)〉 =
∞∑
n=0
|n〉 ⊗

(
ψn cos

Ω(m)
n−mt

2 |g〉 − iψn+m sin Ω(m)
n t

2 |e〉
)
. (96)

Similarly, when the atom is initially in its excited state and the field in state
∑
n ψn |n〉, the evolved

state takes the form [c.f. Eq. (7)]

|Ψ(t)〉 =
∞∑
n=0
|n〉 ⊗

(
ψn cos Ω(m)

n t

2 |e〉 − iψn−m sin
Ω(m)
n−mt

2 |g〉
)
. (97)

We have again abused notation in the definition of the new type of Rabi frequencies to set Ω(m)
k =0

for k < 0.

6.2 Transcoherent states and beyond
What are the optimal field states that can generate arbitrary pulse areas for this nonlinear

interaction? We again seek transformations for which the final state has zero residual entanglement
between the atom and the light, such that the atomic state can be used in arbitrary quantum
information protocols without degradation.

From the ground state, arbitrary transformations can be performed by field states whose
photon-number coefficients satisfy

ψn+m = i tan θ2
cos Ω(m)

n−mt

2

sin Ω(m)
n t
2

ψn (98)

to ensure that the amplitudes of |g〉 and |e〉 in the evolved state in Eq. (6) are equal. This can be
satisfied by field states with ψn = 0 for n > nmax for some chosen nmax ≥ 1, so long as the total
interaction time satisfies

Ω(m)
nmax−1t = π, (99)
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which ensures that the highest-excitation subspace spanned by |±, nmax − 1〉 undergoes a π pulse.
Now, in contrast to the m = 1 scenario, there are m independent recursion relations that must all
truncate at the same time t, which cannot occur because the oscillation frequencies cannot have
an integer ratio Ω(m)

nk /Ω
(m)
n for any integer k. Therefore, in order to exactly produce the desired

atomic state, one must use a state of light that sets to zero m − 1 of the coefficients from ψ0
to ψm−1 and thus that only has population in photon numbers spaced m apart. The alternative,
which can still outperform coherent states, is to use a state with a large average number of photons
that will approximate the recursion relation by a squeezed state.

The same can be said for the atom initially in its excited state, where now the optimal recursion
relation takes the form

ψn+m = −i tan θ2
sin Ω(m)

n t
2

cos Ω(m)
n+mt

2

ψn. (100)

What are the properties of the field states that approximate these recursion relations in the
limit of large numbers of photons? As usual, the optimal interaction time matches the semiclassical
one:

Ω(m)
0 t = θ√

(n̄+m)(n̄+m− 1) · · · (n̄+ 1)
≈ θ√

n̄m + m(m+1)
2 n̄m−1

(101)

from the ground state and

Ω(m)
0 t ≈ θ + π√

n̄m + m(m+1)
2 n̄m−1

(102)

from the excited state. The ratios in the recursion relations obey

tan θ2
cos Ω(m)

n̄+δ−mt

2

sin Ω(m)
n̄+δt

2

≈ 1− m

2n̄ sinc θ

(
δ −m sin2 θ

2

)
(103)

and (recall that starting in |e〉 requires sinc(θ+π) to be negative in order to rotate by θ+π to |θ〉)

− tan θ2
sin Ω(m)

n̄+δt

2

cos Ω(m)
n̄+δ+mt

2

≈ 1 + m

2n̄ sinc(θ + π)

(
δ +m sin2 θ + π

2

)
. (104)

For comparison, an exponential distribution for coefficients separated by m obeys∣∣∣∣ψn̄+δ+m

ψn̄+δ

∣∣∣∣ = exp
[
− (δ +m)2 − δ2

4σ2

]
≈ 1− m

2σ2

(
δ + m

2

)
. (105)

We see that no different number squeezing is needed for m-photon processes relative to the JCM,
with the mean photon numbers being shifted from the ideal classical ones by a factor of ±m sin2 θ

2 .

7 Conclusions
We have performed a detailed investigation of the optimal field states for transferring arbitrary

amounts of coherence to individual and collections of atoms. When a single atom is initially its
ground or excited state, there exists a field state to rotate it by an arbitrary amount in an arbitrarily
short amount of time that generates no residual entanglement with the field. Since these unitary
operations can be reversed and, therefore, composed, we have thus found field states for perfectly
performing arbitrary rotations on arbitrary atomic states without resorting to any semiclassical
approximations.

The perfect field states and interaction times depend on knowing the initial state of the atom.
When this initial state is unknown, field states with their photon-number distributions squeezed
relative to coherent states retain an advantage in their ability to perform arbitrary operations on
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some average atomic state. These squeezed field states can then be useful for tasks like creating
logic gates for quantum computers.

We showed that squeezed light is also useful for transferring coherence to a collection of atoms
or to any spin system. This cements squeezed light as a resource beyond traditional realms such
as metrology [46] and computation [47]. More squeezing is required to perform larger rotations
on atomic states, so the continuing improvements in squeezing capabilities motivated by said
traditional applications provides increasing benefit to our light-matter-interaction scenarios.

Finally, we found that generalizations of the JCM to nonlinear processes responsible for high-
harmonic generation and m-photon absorption can also have transcoherent states and beyond.
The optimal field states for rotation atoms by θ through nonlinear interactions are also squeezed
in their photon-number variances by a factor of sinc θ. All of the results from linear interactions
thus extend mutatis mutandis to nonlinear ones.

Transcoherent states and beyond stimulate many questions that may be explored in future
work. Are these states easiest to generate in a cavity; if so, does the number of atoms in the cavity
affect how the field states may enter the cavity? How does dissipation from the cavity affect the
coherence transfer; do states with smaller n̄ perform better, or do faster interactions using states
with large n̄ prevail? Can they be generated in an optomechanical system using phonons instead of
photons as the bosonic mode? If one instead uses a beam of light travelling through free space, for
which the JCM is no longer the exact model [48, 49], how does squeezing affect coherence transfer
to atoms? Does transcoherence lead to better design of field states in the presence of nonzero
detuning between the atomic energy gap and the field frequency; can there still be an advantage
in coherence transfer due to squeezing? Are there other interactions beyond the JCM and the
generalizations considered here for which squeezing can confer additional advantages relative to
coherent light? These exciting questions are but a fraction of what can now be studied.

Our previous work explored quantum catalysis as a particularly useful application of transco-
herent states that generate perfect π

2 pulses to individual atoms. Now that the toolbox has been
expanded to arbitrary rotations and arbitrary numbers of atoms, we strongly believe that our
transcoherent states and beyond will be important to application in which light is used to precisely
control atoms in any desired fashion.
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A Averaging fidelity of π
2 pulses over θ, φ

The overlap between the state |Ψ(t)〉 given in Eq. (33) and the desired evolved state |θ, φ〉π
2
is

π
2
〈θ, φ|Ψ(t)〉 =

∑
n

|n〉

[
〈g|
(
|Gn〉 cos θ2 + |En〉 sin

θ

2e
iφ
) cos θ2 − e−iφ sin θ

2√
2

+

〈e|
(
|Gn〉 cos θ2 + |En〉 sin

θ

2e
iφ
) cos θ2 + e−iφ sin θ

2√
2

]
.

(106)

The norm of this state provides the fidelity between |θ, φ〉π
2
and the reduced density matrix corre-

sponding to the evolved atomic system. If we average this result over all possible initial values of
φ, all of the φ-dependent terms vanish. The pertinent integrals over all possible initial values of θ
yield either 1/3 or 2/3, becoming:

F ({ψn} , t) = 1
4π

∫ 2π

0
dφ

∫ π

0
sin θ dθ

∣∣π
2
〈θ, φ|Ψ(t)〉

∣∣2
=
∑
n

1
4

(
| 〈g|Gn〉|2 + | 〈e|Gn〉|2 + | 〈g|En〉|2 + | 〈e|En〉|2

)
+ 1

6 Re ( 〈e|En〉 〈Gn| e〉

− 〈e|En〉 〈En| g〉 − 〈e|Gn〉 〈En| g〉+ 〈e|En〉 〈Gn| g〉 − 〈g|En〉 〈Gn| g〉+ 〈e|Gn〉 〈Gn| g〉) .
(107)

We know from normalization of |Ψ〉 that
∑
n | 〈g|Gn〉|

2+| 〈e|Gn〉|2 =
∑
n | 〈g|En〉|

2+| 〈e|En〉|2 = 1,
and we can readily compute the remaining terms:

F =1
2 + 1

6
∑
n

Re
[
|ψn|2 cos Ωnt

2 cos Ωn−1t

2 − ψn−1ψ
∗
n+1 sin Ωnt

2 sin Ωn−1t

2

+iψnψ∗n+1 sin Ωnt
2

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

)]
.

(108)

We can optimize this averaged fidelity by specifying a fixed phase relationship between neigh-
bouring photon-number states:

argψn+1 = π

2 + argψn. (109)

Then, the averaged fidelity becomes

F =1
2 + 1

6
∑
n

|ψn|2 cos Ωnt
2 cos Ωn−1t

2 + |ψn−1ψn+1| sin
Ωnt

2 sin Ωn−1t

2

+ |ψnψn+1| sin
Ωnt

2

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

) (110)

and we can seek the photon-number distribution {|ψn|2} that optimizes this quantity.

B Averaging fidelity over θ, φ for any rotation
We now consider the overlap between the state |Ψ(t)〉 given in Eq. (33) and the desired evolved

state

|θ, φ〉Θ = eiΘ
σy
2 |θ, φ〉 =

(
cos θ2 cos Θ

2 − eiφ sin θ2 sin Θ
2

)
|g〉+

(
cos θ2 sin Θ

2 + eiφ sin θ2 cos Θ
2

)
|e〉 .

(111)
The overlap is given by

Θ 〈θ, φ|Ψ(t)〉 =
∑
n

|n〉
[
〈g|
(
|Gn〉 cos θ2 + |En〉 sin

θ

2e
iφ
)(

cos θ2 cos Θ
2 − e−iφ sin θ2 sin Θ

2

)
+ 〈e|

(
|Gn〉 cos θ2 + |En〉 sin

θ

2e
iφ
)(

cos θ2 sin Θ
2 + e−iφ sin θ2 cos Θ

2

)]
.

(112)
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The norm of this state provides the fidelity between |θ, φ〉Θ and the reduced density matrix corre-
sponding to the evolved atomic system. If we average this result over all possible initial values of
φ, all of the φ-dependent terms vanish. The pertinent integrals over all possible initial values of θ
can be explicitly computed, becoming:

F ({ψn} , t) = 1
4π

∫ 2π

0
dφ

∫ π

0
sin θ dθ |Θ 〈θ, φ|Ψ(t)〉|2

=
∑
n

1
4

(
| 〈g|Gn〉|2 + | 〈e|Gn〉|2 + | 〈g|En〉|2 + | 〈e|En〉|2

)
+ sin Θ

12 [( 〈En| e〉+ 〈Gn| g〉) ( 〈e|Gn〉 − 〈g|En〉)− ( 〈e|En〉+ 〈g|Gn〉) ( 〈En| g〉 − 〈Gn| e〉)]

+ cos Θ
12 [( 〈e|En〉+ 〈g|Gn〉) ( 〈En| e〉+ 〈Gn| g〉) + ( 〈e|Gn〉 − 〈g|En〉) ( 〈En| g〉 − 〈Gn| e〉)]

+ 1
12 ( 〈e|En〉 〈Gn| g〉+ 〈En| e〉 〈g|Gn〉 − 〈e|Gn〉 〈En| g〉 − 〈g|En〉 〈Gn| e〉) .

(113)
We know from normalization of |Ψ〉 that

∑
n | 〈g|Gn〉|

2+| 〈e|Gn〉|2 =
∑
n | 〈g|En〉|

2+| 〈e|En〉|2 = 1,
and we can readily compute the remaining terms:

F = 1
2 +

∑
n

|ψn|2
(

1
3 cos Ωnt

2 cos Ωn−1t

2 cos2 Θ
2 + cos Ωnt+ cos Ωn−1t

12 cos Θ
)

− 1
3 Re

(
ψn−1ψ

∗
n+1
)

sin Ωnt
2 sin Ωn−1t

2 sin2 Θ
2

+ 1
6

(
cos Ωnt

2 + cos Ωn−1t

2

)[
Im (ψ∗nψn+1) sin Ωnt

2 − Im (ψ∗nψn−1) sin Ωn−1t

2

]
sin Θ.

(114)
We can optimize the averaged fidelity by specifying a fixed phase relationship between neigh-

bouring photon-number states:
argψn+1 = π

2 + argψn. (115)

Then, the averaged fidelity becomes

F ≈ 1
2 +

∑
n

|ψn|2
(

1
3 cos Ωnt

2 cos Ωn−1t

2 cos2 Θ
2 + cos Ωnt+ cos Ωn−1t

12 cos Θ
)

+ 1
3 |ψn−1ψn+1| sin

Ωnt
2 sin Ωn−1t

2 sin2 Θ
2

+ 1
6

(
cos Ωn−1t

2 + cos Ωnt
2

)(
|ψnψn+1| sin

Ωnt
2 + |ψn−1ψn| sin

Ωn−1t

2

)
sin Θ

(116)

and we can seek the photon-number distribution {|ψn|2} that optimizes this quantity. The opposite
phase relationship is necessary when the sign of sin Θ changes.

C Averaging fidelity over θ for known φ and any rotation
We next compute the average fidelity for a known φ: this is physically equivalent to setting φ = 0.

Then, we must extend the θ coordinate to range from 0 to 2π and remember that the relevant
Jacobian is now unity.
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The averaged fidelity now becomes

F ({ψn} , t) = 1
2π

∫ 2π

0
dθ |Θ 〈θ, 0|Ψ(t)〉|2

=
∑
n

1
4

(
| 〈g|Gn〉|2 + | 〈e|Gn〉|2 + | 〈g|En〉|2 + | 〈e|En〉|2

)
+ sin Θ

8 [( 〈En| e〉+ 〈Gn| g〉) ( 〈e|Gn〉 − 〈g|En〉)− ( 〈e|En〉+ 〈g|Gn〉) ( 〈En| g〉 − 〈Gn| e〉)]

+ cos Θ
8 [( 〈e|En〉+ 〈g|Gn〉) ( 〈En| e〉+ 〈Gn| g〉) + ( 〈e|Gn〉 − 〈g|En〉) ( 〈En| g〉 − 〈Gn| e〉)] .

(117)
We know from normalization of |Ψ〉 that

∑
n | 〈g|Gn〉|

2+| 〈e|Gn〉|2 =
∑
n | 〈g|En〉|

2+| 〈e|En〉|2 = 1,
and we can readily compute the remaining terms:

F = 1
2 +

∑
n

|ψn|2
(

1
4 cos Ωnt

2 cos Ωn−1t

2 + cos Ωnt+ cos Ωn−1t

8

)
cos Θ

+ 1
4 Re

(
ψn−1ψ

∗
n+1
)

sin Ωnt
2 sin Ωn−1t

2 cos Θ

+ 1
4

(
cos Ωnt

2 + cos Ωn−1t

2

)[
Im (ψ∗nψn+1) sin Ωnt

2 − Im (ψ∗nψn−1) sin Ωn−1t

2

]
sin Θ.

(118)
It is now not as easy to choose the phase relationship for the coefficients. The region π

2 ≤ Θ ≤ π
is optimized by the usual

argψn+1 = π

2 + argψn, (119)

because cos Θ ≤ 0 and Re
(
ψn−1ψ

∗
n+1
)
≤ 0, which achieves

F = 1
2 +

∑
n

|ψn|2
(

1
4 cos Ωnt

2 cos Ωn−1t

2 + cos Ωnt+ cos Ωn−1t

8

)
cos Θ

− 1
4 |ψn−1ψn+1| sin

Ωnt
2 sin Ωn−1t

2 cos Θ

+ 1
4 |ψnψn+1| sin

Ωnt
2

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

)
sin Θ.

(120)

The same can be done in all regions where the signs of cos Θ and sin Θ differ, but otherwise we
cannot guarantee all terms in the sum to be positive. Instead, one is led to a trade off that must
be optimized for each value of Θ in turn.

Restricting our attention to π
2 pulses, we find the averaged fidelity

F = 1
2 + 1

4
∑
n

|ψnψn+1| sin
Ωnt

2

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

)
. (121)

If we instead leave arbitrary the phase difference

ϕ ≡ argψn+1 − argψn, (122)

we arrive at the averaged fidelity

F = 1
2 +

∑
n

|ψn|2
(

1
4 cos Ωnt

2 cos Ωn−1t

2 + cos Ωnt+ cos Ωn−1t

8

)
cos Θ

+ cos(2ϕ)
4 |ψn−1ψn+1| sin

Ωnt
2 sin Ωn−1t

2 cos Θ

+ sinϕ
4 |ψnψn+1| sin

Ωnt
2

(
2 cos Ωnt

2 + cos Ωn−1t

2 + cos Ωn+1t

2

)
sin Θ.

(123)
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