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Abstract—The approximation and emulation of first principles

based deterministic models are important problems in many

disciplines, particularly in physical and natural sciences, as well

as in industrial processes, design experimentation, creation of

digital twins and other scientific and engineering tasks. Typically

they involve complex systems, described by partial differential

or integral equations which must be solved for a variety of

space and time boundary conditions. Finding these solutions is

usually costly in terms of both computational resources and com-

puting time. Surrogate models are an effective way of building

approximations that may replace the use of the complex/costly

original models, expediting and speeding operations. Statistical

and, in recent decades, computational intelligence techniques

have proven to be suitable for surrogation purposes. Among them,

neural networks, support vector machines and boosted trees

are popular choices, so called black-box techniques. This paper

explores the characterization of a relatively simple deterministic

system described by a partial differential equation using white

(explainable) models, as well as with black box approaches for

direct supervised mappings (inverse mappings are the subject of

a separate paper). In addition, unsupervised methods are used

for gaining insight into the properties of the input and output

state spaces.

Index Terms—Deterministic simulations, partial differential

equations, direct mappings, surrogate models, explainable AI,

white box models, black box models.

I. INTRODUCTION

Deterministic numerical models in science and engineer-

ing have become more complex and with the advances in

computing technologies, they have also become more accu-

rate. Often. they require important computational resources

and time. Many operations, often in real time or near to

real time systems, as well as design space exploration and

optimization, depend on these models. Surrogate models and

emulators represent a way to reduce the high computational

costs of expensive numerical simulations by replacing them

with approximations that are i) of comparable accuracy and

ii) much faster to evaluate. Surrogate modeling is frequently

used in the context of design optimization because it requires a

large number of evaluations of the model under consideration.

In the same way, surrogates appear in emulations of complex,

multidimensional, and multi-scale systems like model physics.

The usual approach is to start with a mathematical func-

tion approximation framework, evaluate the original model

an appropriate number of times in order to gather enough

information about the model’s behavior (encapsulated in the

set of training data), and optimize the parameters associated

with the approximation.

Research in this direction started some decades ago in

different disciplines. Notably, in earth, planetary and en-

vironmental sciences, the use of computational intelligence

approaches for that purpose had an early start, pioneered by

[5], [23], using neural networks. This work was extended to

incorporate other computational intelligence techniques like

random forests, support vector machines and many others [24],

[22], just to mention a few. As a result of these works, complex

and computationally demanding systems were successfully

emulated with machine learning (ML) techniques. Notable

examples are general circulation models for the oceans and

the atmosphere, which were emulated with neural networks

ensembles that achieved gains of several orders of magnitude

with respect to the original first-principles-based models.

Despite these successes, there are many aspects of the ML

approach for approximating and emulating complex simula-

tion systems that deserve scrutiny. AI-based approaches must

proceed from the perspective of a complex system of partly

autonomous, evolving, and adaptive subsystems, intensively

interacting with each other. They can be formalized as complex

multidimensional nonlinear mappings and computational intel-

ligence provides a number of tools to approximate or emulate

such mappings. In addition to the challenges faced when

learning from empirical data, emulating such a parametrized

deterministic system must consider: i) an appropriate account

of the complex interplay of the different nonlinearities implicit

in the problem, ii) the construction of suitable training/testing

sets from the point of view of both the statistical properties

and size, iii) control of systematic errors in the model, iv)

performance vs. interpretability trade-offs, v) performance vs.

speed trade-offs, vi) hybridization between first principles-

based and ML model components, vii) smoothness require-

ments for the models, viii) the necessity of developing inverse



parametrizations and ix) suitable model ensembling strategies.

Since current deterministic simulations cover a limited scope,

not appropriately matching the observed reality would indicate

missing pieces of knowledge. ML approaches may discover

these and provide complementary models, which, when learnt

in the same mathematical language as the original, could be

directly included within, conforming hybrid first-principles-

AI-based solutions.

The aim of this paper is to discuss some of the aforemen-

tioned issues through the exploration of a small but illustrative

case study. The topics covered are related to the problem’s

input and output spaces (the latter not frequently discussed),

as well as the use of ensembles based on so called white

and black box ML methods for constructing surrogate models.

There is some emphasis on white box methods, since they

have received comparatively lesser attention when used for

the creation of data-driven surrogate models for approximating

first-principles-based simulation systems. Section II presents

the relatively simple system used as case study. Section III

presents the unsupervised and supervised ML techniques used.

Section IV presents the results, followed by Section V with

the conclusions.

II. CASE STUDY AND THE DATA

The case study consists of an idealized thermal analysis of

a rectangular block with a rectangular cavity in the center.

The rectangular space is filled with a material and no heat

is generated inside. This scenario is included as part of the

example demos showcasing the partial differential equations

capabilities of the Matlab 1 computing environment [29].

The heat transfer partial differential equation for transient

conduction is given by

ρ Cp

∂T

∂t
−∇ · (k∇T ) = f (1)

where T is the temperature, ρ is the material density, Cp is

the specific heat, and k is the thermal conductivity. f is the

heat generated inside the body (f = 0 in Eq. 1, implied by the

aforementioned problem description). The problem layout is

shown on Fig. 1. When approaching this problem from a ML

perspective, it is possible to establish different parametriza-

tions, as is usual in numeric modelling. They are understood

as descriptions of processes that enable the use of simpler

parametric relations when representing the underlying system

[6]. In the present case, the target variable (Temperature)

depends on the physical properties of the material, space and

time, given by the following function/mapping pair:

T (ρ,Cp, k, x, y, t) f1 : R6 → R (2)

from it, two special direct mappings will be considered. The

first one focuses on a particular location at a given time,

whereas the second on the time variation at a fixed location:

Direct mappings

T (ρ,Cp, k, x = xp, y = yp, t = tq) f3 : R3 → R (3a)

T (ρ,Cp, k, x = xp, y = yp, t) f2 : R4 → R (3b)

1MATLAB®is a registered trademark of Mathworks, Inc.TM

Fig. 1: Left: Problem layout. Right: Finite elements mesh.

(a) Temperature distribution at 5 secs.

(b) Temperature dependency with time (Zinc) at the center of the
rightmost edge of the chamber (point 12 in Fig. 1-Right).

Fig. 2: Temperature distributions: (a) with space. (b) with time.

In addition, ML approaches allow the consideration of inverse

mappings [39], which are difficult (often impossible) when

working with first principles models. For the present problem

it would be of interest to retrieve the physical properties of the

material only using knowledge of temperature distributions.

However, whereas the direct problem has an unique solution

(the mapping from the input to the output space is one to one),

the inverse problem in general lacks uniqueness because of

many-to-one nature of the mapping involved. In the present

case, there might be different initial conditions (physical

properties of the material, and the time), which could produce



either the same or very similar temperature distributions. This

problem could be approached from a ML perspective, aimed

at finding a plausible solution, one that is compatible with the

information contained in the data coming from the input and

output spaces. While the nature of the problem would imply

the impossibility to escape from the ambiguity created by the

many-to-one mapping situation, ML approaches could provide

an approximation to a possible solution that could be useful

in practice. For the present case study, inverse mappings via

ML techniques are the subject of a separate paper.

The data used in the study were obtained by solving Eq. 1

via the finite elements method for transient states, using

the Density, Specific Heat and Thermal Conductivity of the

59 materials listed on Table I. The system’s input space is

TABLE I: Common materials used for creating the datasets.

count SUBSTANCE count SUBSTANCE

1 Agate 31 Magnesium

2 Alumina AL2O3 32 Manganese

3 Aluminum 33 Mercury

4 Aluminum bronze 34 Molybdenum

5 Antimony 35 Nickel

6 Arsenic 36 Osmium

7 Barium 37 Oxygen

8 Beryllium 38 Palladium

9 Boron 39 Phosphorbronze

10 Boron nitride 40 Pinchbeck

11 Brass 41 Platinium

12 Bronze 42 Potassium

13 Cadmium 43 Rhodium

14 Calcium 44 Rubidium

15 Chromium 45 Scandium

16 Cobalt 46 Silicon

17 Constantan 47 Silicon carbide

18 Copper 48 Silver

19 Diamond (carbon) 49 Sodium

20 Duralium 50 Steel

21 Emery 51 Tantalium

22 Fluorspar CaF2 52 Thorium

23 Gold 53 Tin

24 Graphite(carbon) 54 Titanium

25 Ingot iron 55 Tungsten

26 Iridium 56 Tungsten carbide

27 Iron 57 Uranium

28 Lead 58 Vanadium

29 Lithium 59 Zinc

30 Mangnesium oxide

given by the state variables {ρ,Cp, k, t}, where t is time.

Fig. 1-Right shows the mesh used for solving Eq. 1 with

the finite elements method. There are 112 points on the

mesh and temperature values at different times which define

the problem’s output space. The time range considered was

[0.1, 5] secs, discretized at 0.1 secs sampling interval. Mesh

points {2, 15, 14, 13, 12, 11, 10, 9, 1}, in that order from top

to bottom along the right edge, defines a 9-D subset of the

general 112-D output space. In the present case, the physical

properties of the materials are not considered to be a function

of time. The scatter plot of Fig. 3 shows the distribution of the

density (g/cm3), the specific heat (cal/gr ◦C) and the thermal

conductivity (cal/(sec cm ◦K)). They are expressed in the

same system of units (CGS), but they range over different

scales. For that reason, Fig. 3 uses their z-scores, obtained by

respectively subtracting the mean and dividing by the standard

deviation. Most of the materials form an elongated, higher

Fig. 3: Physical properties space of the 59 materials considered

in the study with the location of three reference materials

(Diamond, Fluorspar and Thorium).

density area and three of them are indicated on the plot for

further reference: Flouspar, on the lower range of all physical

properties, Thorium, around the middle of the cloud, and

Diamond (its high thermal conductivity makes it one of the

two outlying elements in the plot).

III. MACHINE LEARNING METHODS

A. Unsupervised Techniques

Most of the parametrizations considered for describing

the problem involve higher than 3 dimensional spaces. It

is possible to gain useful insights by visually inspecting

these spaces when mapped into low dimensional ones. There

are many different nonlinear mappings that could be used

for this purpose. Only the most common nonlinear space

transformation techniques, Sammon mapping, implicitly maps

a higher dimensional space where every pair of objects i, j
has a dissimilarity measure δij , to a lower dimensional one

(typically an Euclidean space), minimizing an error function

given by E = 1∑
i<j

δij

∑
i<j

(δij−dij)
2

δij
, where d is the

Euclidean distance between objects i, j in the target space. The

weight term δ−1
ij gives more importance to the preservation of

smaller distances (neighbourhoods), rather than larger ones.



B. Supervised Analysis: Explainable (White Box) Machine

Learning Techniques

The common characteristic of the ML techniques presented

here is that they produce an explicit model relating the pre-

dictor and the target variables. The nature of the relationship

may be logical or algebraical, but in all cases it is exposed.

A model of this kind is referred to as transparent or white-

box. This is in contradistinction to models produced by other

techniques such as instance-based, neural networks or support

vector machines, just to mention a few, which are referred

to as opaque or black-box. In the latter cases, the relation

between the predictor and the target variables is either too

complex to expose, or implicit. The explicit methods presented

were chosen as representatives of the tree-based and algebraic

approaches to white-box modeling.

1) M5 Model Trees

Model trees (MT) are extensions of decision trees originally

developed for classification problems, but adapted for regres-

sion. Instead of a discrete target variable (a class), the target

attribute is a continuous one [32]. Learning proceeds like with

a decision tree, but when reaching the leaves, a multivariate

linear regression model is used to approximate the target

variable. A variety of heuristics have been proposed for tree

pruning and for producing a Rule Set from the MT [41], [17].

2) Alternating Model Trees (AMT)

They are modified versions of model trees where the strategy

is to iteratively correct the predictions of an additive model

by taking the residual errors it makes on the training data

and using them as target [11]. A model consists of k base

models of the form Fk(
←−x ) =

∑k
j=1 fj(

←−x ), which are fit

in a stage-wise manner, minimizing a squared error measure.

At every iteration k, the target variable is the residual of the

fit at the k − 1 stage. The algorithm works with a shrinkage

parameter λ which is a multiplicative factor in (0, 1] applied

to the predictions of the base model before including them in

the additive model. The effect is to dampen the values towards

the mean prediction and helps regularizing the model.

3) Multivariate Adaptive Regression Splines (AR)

Multivariate adaptive regression splines (MARS) 2 [13], [14],

[12], [14], [15] and more recently [30], is a nonparametric

flexible regression algorithm that builds nonlinear relations

from a set of basis functions and coefficients that are entirely

derived from the data. The approximation is constructed as

an expansion based on a set of basis functions f̂(x) =
a0+

∑M
m−1 amBm(x) where x are the predictor variables, M

is the number of basis functions used for the approximation of

f̂ , Bm are the basis functions and am their coefficients. In the

adaptive regression procedure, the basis functions are of the

2MARS is trademarked and licensed to Salford Systems.

form Bm(x) = I[x ∈ Rm], where I is an indicator function

(1 if the argument is true and 0 otherwise), and Rm a subset

of the domain of x. Typically, the basis functions used are of

the form Bm =
∏K

k=1 hkm(x, t) where h(x − t) = x − t if

x > t and 0 otherwise. K is the number of interactions allowed

between predictor variables. In a forward phase, a number of

basis functions are added to the model up to a given maximum.

In a backward procedure the model is pruned by removing

those basis functions producing the smallest increase in the

least squares goodness-of-fit.

4) Gene Expression Programming (GEP)

Genetic Programming (GP) is an evolutionary algorithm work-

ing with populations of computer programs [21]. In particular,

Gene Expression Programming (GEP) [9], [10], represents

individuals as strings, coding expression trees, with a trans-

lation technique (KARVA) that avoids the disadvantage of

producing non valid solutions when applying the genetic

operators (usual in classical tree-based GP algorithms). In

GP: i) at the beginning of the process, the functional and the

parameter parts of the model are unknown, and ii) the work

involves a population of different models that are evolved.

Different models compete for explaining the data and at the

end of the process, a set of models is obtained, from which

typically an equivalent class with sufficient explanatory power

emerge. In addition to the usual genetic operators, GEP has

several specific ones, controlled by a collection of probabilities

and other parameters [10]. The resulting models are computer

programs that could be written as expression trees or as

compact algebraic expressions (the way used in this paper)

[38], [37].

5) Ensemble Models

Ensemble models consist of a mathematical combination of a

finite set of individual models, not necessarily of the same

algorithmic class. An important property of ensembles is

that they produce better results, particularly when there is

diversity in the constituent models. There is a broad variety

of strategies used for creating ensemble models (bagging,

boosting, bayesian combination, etc.). In this paper, simple

averaging was used for creating an ensemble from the indi-

vidual explainable models.

C. Supervised Analysis: Black Box Machine Learning Tech-

niques

The ML techniques in this subsection are usually labeled

as black-box because it is considered that the mechanism

that transforms the input into the output is obfuscated. The

common perception is that in such systems the internal work-

ings that transform the inputs into the outputs cannot be

observed or are not exposed. A common misconception is they

lack interpretability or explanatory capabilities, but current

efforts on explainable AI, in particular for deep learning, have

produced approaches that analyze the behavior of the model



and deliver explanations [36], [33], [35], [28]. In fact, some

of these approaches are applicable to any ML model.

1) Support Vector Regression (SVR)

Support Vector Machines [7], [2] are well known ML tech-

niques, mostly used for classification and in a lesser extent

for regression [8] . For both the fixed-location, fixed time of

Eq. 3a and the fixed-location, time-dependent of Eq. 3b, the

SVR model used the rbf kernel with regularization parameter

C = 100 and hyperplane separation ǫ = 0.1 (No elaborate

parameter search procedures were used. These parameters

were used in similar problems with good results). Scaling

was applied to the input data to make them more suitable for

SVR training and predictions were reverse-scaled, following

the standard practice.

2) Neural Networks (MLP)

Neural networks are likely the most used ML tool nowadays

and there is an extensive literature about them, starting from

the classical [34], [16] to the modern deep learning exten-

sions [25]. They have great flexibility and general function

approximation capabilities, which makes them a very powerful

modeling technique, but are considered as black-box models

because of the lack of explanation capabilities. This paper uses

feedforward layered networks known as multilayer perceptrons

(MLP). They are trained with a broad variety of techniques,

from the classical backpropagation algorithm [42], to more

elaborated schemes [26], [27] (the ones used in this paper).

For the fixed-location, fixed-time parametrization given by

Eq. 3a (Section II), the network used has a simple architecture

composed of 3 neurons in the input layer, 4 in the (single)

hidden layer and 1 in the output layer (3-4-1). This network

was kept deliberately small, given the limited number of avail-

able training samples (50). Hidden layer and output neurons

used sigmoid and linear activation functions, respectively. For

training, backpropagation was used with 1000 epochs and

initializing the network with random weights in [-1,1]. The

learning rate was set initially to 0.7 with a decay of 1% after 7

epochs and a momentum term set to 0.7. The same scheme was

applied to the fixed-location, time-dependent parametrization

given by Eq. 3b (Section II), but with a network architecture

given by (4-10-1), provided that for this problem the number of

available training samples is larger. Nevertheless, the network

was kept small, following a parsimonious principle.

3) Extreme Learning Machines (ELM)

Extreme Learning Machines (ELM) are a type of single-hidden

layer neural networks proposed in [20], [19] and considered

similar to, or special cases of, radial basis function (RBF)

networks, random vector functional-link (RVFL), least squares

support vector machines (LS-SVM), or reduced SVM [31],

[40], [18]. These networks use a single hidden layer and

their training procedure is very fast because there are no

iterations through the data. Their single hidden layer works

with randomly assigned weights and the hidden-to-output layer

weights are obtained via linear regression with generalized

linear squares, Moore-Penrose pseudo inverse [4], [3], [1].

In this paper, the ELMs worked with hidden layer neurons

having a sigmoidal activation function, and output layer neu-

rons with linear activation. A systematic exploration was made

to find the best number of hidden layer neurons for each

problem (Eq. 3a and Eq. 3b in Section II ). For the fixed-

location, fixed-time the hidden layer worked with 10 neurons

and for the fixed-location, time-dependent problems, it worked

with 329 neurons.

IV. RESULTS

A. Unsupervised Analysis Results

The temperature distribution on the mesh points on Fig. 1

characterizes the state of the system at time t = tp, and

Fig. 2a presents an example (a 112-D vector
←−
T (ρ,Cp, k, t) ∈

R
112 represents such a distribution). For a given material

(i.e. a < ρ,Cp, k > triple), the dynamics of the system

between times [t0, tn] describes a trajectory as a sequence of

points {←−T (ρ,Cp, k, t0), · · · ,
←−
T (ρ,Cp, k, tn)} within the 112-

D space. Fig. 4 shows a Sammon nonlinear mapping of the

trajectories from R
112 to R

3 for all materials. Each point

corresponds to a temperature distribution within the entire

chamber for a given material at a given time (Fig. 2).

The space of Fig. 4 shows that at the onset of the process

(t=0.1 secs) the states for the different materials are very

similar. However, as time goes by, the physical nature of

the material differentiates the dynamics, shown as trajectories

composed of chained vectors, each of them representing the

system’s change of state between two consecutive times. The

end states (at t=0.5 secs) for the reference materials are very

different and, of note, their relative location is very similar

to the one on the physical properties input space (Fig. 3).

The speed of the system’s changes of state, expressed by
∂T
∂t

in Eq. 1 can be visualized as the lengths of the vectors

connecting two consecutive states. In the case of Diamond,

at the beginning of the process, the system changes very

rapidly (long vectors), but it slows down with time, making the

points corresponding to different times so close to each other

that they cannot be distinguished. The successive temperature

distributions are practically the same.

B. Supervised Analysis Results

The parametrizations presented on Section II require differ-

ent versions of the data when learning ML models using the

explainable AI techniques described in Section III-B and the

black-box ones from Section III-C. In all cases, model perfor-

mance was evaluated with the following standard measures: 1)

Mean squared error (MSE = (1/n)
∑n

i=1(oi− pi)
2)), 2) Root

mean squared error (RMSE =
√
MSE), 3) Mean absolute

error (MAE = (1/n)
∑n

i=1 |oi−pi|) and 4) Pearson Correlation

coefficient (R), where n is the number of observations , and

pi, oi the predicted and observed values respectively.



Fig. 4: Evolution of temperature for the transient state solutions of Eq. 1 for all materials in the [0.1-5] secs time interval,

resulting from a φ : R112 → R
3 output space transformation. Arrows indicate the direction and intensity of the system’s change

in temperature distribution for three reference materials. Red: Diamond, Blue: Fluorspar, Green: Thorium).

1) Direct Mappings: Temperature at a fixed location and

a given time

Initially, the parametrization corresponding to the direct map-
ping aiming at predicting the temperature at point 12 at t = 5
secs (T12(5)) for different materials was investigated (Eq. 3a).
The 59 × 4 data were split into a training and a testing
set according to a random (uniform) 85%/15% scheme. The
following model was found using M5 Model Trees, which was
considered as a reference for comparison with the other ML
techniques:

Number of Rules : 6

Rule: 1 IF k <= 0.153 & k > 0.069

THEN T12(5) = α11 * ρ + α12 * k - α13

Rule: 2 IF k > 0.116 & k <= 0.285

THEN T12(5) = α21 * ρ + α22 * k - α23

Rule: 3 IF k > 0.187 & k <= 0.447

THEN T12(5) = α31 * k - α32

Rule: 4 IF k > 0.272

THEN T12(5) = α41 * k - α42

Rule: 5 IF k <= 0.047

THEN T12(5) = α51 * k - α52

Rule: 6 T12(5) = - 145.2905

where ρ is the density, k is the thermal conductivity and
T12 is the temperature at point 12 of the finite elements
mesh at t = 5 secs (α11 = 1.5404, α12 = 992.2628,

α13 = 172.6644, α21 = 1.384, α22 = 158.0659,
α23 = 36.5782, α31 = 46.7099, α32 = 4.1345,
α41 = 68.5946, α42 = 59.3922, α51 = 1485.2897,
α52 = 260.3698 are constants). The model was obtained
using 4 minimum number of instances per leaf, with
pruning. This model is simple and small, composed of
6 rules whose condition parts are controlled only by the
thermal conductivity of the material. Interestingly, the linear
regressions were functions only of the density and the
thermal conductivity. The specific heat (Cp) played no
role in the model whatsoever, despite being an element
in the PDE describing the process. This a consequence of
the combined effect of the parametrization, the problem’s
boundary conditions and relationships that the ML algorithm
detected in the data. Despite its simplicity, this model exhibits
a good correlation between the predicted and observed T12
temperature values with little difference between the training
and testing sets (0.9306/0.9875). The RMSE and MAE errors
are not as small as desired ( 42.36/15.28 and 30.60/12.21
respectively), but they are better for the testing set. The model
obtained for T12 at t = 5 sec (Eq. 3a) with the Alternating
Model Trees method (in 10 iterations and with λ = 0.5), is
given by

T12(5) = -29.504404720000014

k <= 0.209229006

| T12(5) = 1510.66 * k - 210.39



| k <= 0.065921468

| | T12(5) = 1045.43 * k - 92.61

| | ρ <= 3.51

| | | T12(5) = 288.13 * Cp - 93.22

| | ρ > 3.51

| | | T12(5) = 75.31 * Cp - 11.05

| | | Cp <= 0.09

| | | | T12(5) = 0.81 * ρ - 22.17

| | | Cp > 0.09

| | | | T12(5) = 6.82 * ρ - 28.39

| | ρ <= 3.51

| | | T12(5) = 144.06 * Cp - 46.61

| | ρ > 3.51

| | | T12(5) = 291.65 * k - 14.92

| k > 0.065921468

| | T12(5) = -259.84 * k + 35.87

| ρ <= 5.72

| | T12(5) = 199.76 * k - 15.77

| ρ > 5.72

| | T12(5) = -0.93 * ρ + 12.2

k > 0.209229006

| T12(5) = 19.2 * k + 73.39

| k <= 0.351103469

| | T12(5) = 250.89 * k - 61.23

| k > 0.351103469

| | T12(5) = -3.95 * k + 37.04

| | k <= 0.477691794

| | | T12(5) = 73.98 * k - 24.26

| | k > 0.477691794

| | | T12(5) = -4.55 * k + 18.03

| Cp <= 0.09

| | T12(5) = 32.83 * k - 4

| Cp > 0.09

| | T12(5) = -3.27 * ρ + 19.12

k <= 0.209229006

| T12(5) = 755.33 * k - 105.2

k > 0.209229006

| T12(5) = 9.6 * k + 36.69

This model is more complex than the one obtained with

M5, but similarly i) it is composed of simple constituents

and ii) it highlights the role of thermal conductivity as likely

the most important variable, which dominates the main splits

and is involved in almost all local regressions. Performance-

wise this model behaves much better than M5 according to all

measures, and it is more balanced across the training/testing

sets (Table II).

The GEP algorithm works with a relatively large collection

of parameters. Some are associated with the definition of the

individuals and the evolutionary operators, while others are

related to the search in the function space [10]. In this case,

the following were used: Number of Generations = 10000 ,

Population Size = 100 (started at random), Fitness Function=

RMSE, Number of Genes = 3, Number of Constants per Gene

= 3, Constants lower/upper Bounds = [0, 100], Head Size

= 10, Function Set = {+,−, ∗, /, xy, ex, ln(x),
√
x, x2, x3},

Linking Function = +, Inversion Probability = 0.1 , Mutation

Probability = 0.044 , Is-transposition Probability = 0.1 , Ris-

transposition Probability = 0.1 , One Point Recombination

Probability = 0.3 , Two Point Recombination Probability = 0.3

, Gene Recombination Probability = 0.1 , Gene Transposition

Probability = 0.1 , Use Constants = TRUE , Number of

Constants per Gene = 2 , Integer Constants = FALSE ,

Constants Lower Limit = -10 , Constants Upper Limit = 10 ,

RNC Mutation Probability = 0.01 , DC Mutation Probability

= 0.044 , DC Inversion Probability = 0.1 , DC Is-transposition

Probability = 0.1.

As a population-based evolutionary technique, at the end of

the process the algorithm produces a collection of solutions

(models), some of which may be good candidates for explain-

ing the data. Given a certain error threshold, the final selection

may consist of not just one model, but several, defining an

equivalent class. They could be ranked and/or filtered using

external knowledge. In the present paper this final selection

process was reduced to simply keep the top model in the final

population. Accordingly, the one produced by GEP was:

T12(5) = (((ln(((ρ ∗ Cp) ∗
√
ρ))− k) + Ψ1)

+ ((ln(k) ∗ (Ψ2 ∗ (Cp)
k)) + Ψ3))

+ ((Cp − ((k − ln(ρ)) + (eCp/Cp)))− k) (4)

where Ψ1 = 16.090096, Ψ2 = 96.204953 and Ψ3 =
99.561619 are constants. This is a very compact model,

composed of three highly nonlinear terms exhibiting a high

degree of interaction between the variables. Performance-wise

(Table II), it clearly improves on MT and even though the error

measures are not better than AMT, they are much closer to the

latter than to the former. Like the previous models, it has very

high correlation for both sets, particularly for the testing set.

In the case of Multivariate Adaptive Regression Splines, a

maximum of 50 terms were allowed (that is, not too many

functional terms) with a maximum degree of interaction of 3
(in order to capture sufficient variable interdependencies). The

model obtained is expressed by the equation

T12(5) = Φ1 ∗ ρ ∗ Cp ∗Max(0,Φ2 − k)

− Φ3 ∗ k ∗Max(0, k − Φ4)

− Φ5 ∗Max(0,Φ2 − k) ∗Max(0,Φ4 − k)

− Φ6 ∗Max(0,Φ4 − k)− Φ7 ∗Max(0,Φ8 − k)

+ Φ9 ∗Max(0, k − Φ8) + Φ10 (5)

where Max(p, q) is the maximum of p, q and Φ1 =
2492.354286, Φ2 = 0.090761, Φ3 = 8.669488, Φ4 =
0.210184, Φ5 = 18594.465479, Φ6 = 513.048782, Φ7 =
223.909394, Φ8 = 0.401261, Φ9 = 43.836535 and Φ10 =
65.604654 are constants. This model is small and contains

terms indicating the nonlinear interaction between the pre-

diction variables. It has more terms than the GEP model

and most of them are associated with thermal conductivity.

Performance-wise, the adaptive regression model improves

on all others with respect to the considered error measures.

(Table II).

Overall, the individual explainable AI techniques produced

simple models explaining the behavior of the solution of Eq. 1

at mesh point 12 at t = 5 secs. A more stable solution

could be achieved by combining these individual models into

an ensemble. The performance of a simple one obtained by

averaging the outputs produced by the individual models is



TABLE II: Direct mappings of Eq. 3a for T12 at t = 5 secs.

Model Quality Measure
Method RMSE MAE Correlation

Tra Tst Tra Tst Tra Tst

Ad.Reg. 6.121 8.525 4.395 6.987 0.998 0.996

GEP 16.068 15.748 10.895 11.875 0.988 0.997

MT 42.362 15.278 30.606 12.214 0.931 0.988

Alt. MT 7.028 11.864 5.713 8.633 0.998 0.988

Ens. 12.95 9.444 10.277 7.732 0.995 0.997

SVR 7.267 5.715 6.324 4.655 0.998 0.998

MLP 19.713 33.527 15.313 23.247 0.982 0.907

ELM 41.708 48.924 32.223 34.663 0.914 0.738

Ens. 18.320 21.374 13.760 15.928 0.986 0.966

shown on Table II. The behavior of the ensemble for the

training and testing sets is shown in Fig. 5 , which represents

Fig. 5: Behavior of the Ensemble of Explainable models for

predicting the temperature of mesh point 12 at 5 secs when

solving Eq. 1 for different materials. Left: Training set. Right:

Testing set.

an appropriate characterization of the output temperature at

the chosen mesh point, at the given time. Linear functions

were fit to the data, which were included in the plots, as well

as the value of the coefficient of determination (R2). In the

ideal case their slopes should be 1 and the intercept 0. The

ensemble model behaves close to the ideal, slope-wise, but

exhibits a small bias.

Similarly, Table II shows the results obtained with the black-

box techniques considered. Among them, SVR had the best

performance, followed by the (3-4-1) MLP and then by the

ELM. Individually, the SVR outperformed all other models,

including the white-box ensemble. It used 15 support vectors.

The neural network models (MLP and the ELM) performed

much worse than the SVR and all white-box techniques (with

the exception of MT), likely due to the small size of the

dataset (50 samples for training and 9 for testing). Naturally,

it resulted in degrading the black-box ensemble. The white-

box ensemble performed better than its black-box counterpart,

error and correlation-wise. Fig. 5 (Bottom row) shows the

black-box ensemble model for the training and testing sets,

improved by the white-box counterpart.

2) Direct Mappings: Temperature variation with time at

a fixed location

This case corresponds to the parametrization described by

Eq. 3b, where the objective is to create a model that could

predict the output temperature at a given point, but this time

as a function of time (at mesh point 12), in order to capture

the transient nature of the process. For each material, a time

period of 5 secs was sampled at 0.1 secs intervals, producing

51 time snapshots. The total dataset of 3009× 5 (4 predictors

and the target output temperature) was split according to a

85%/15% scheme into training and a testing sets. The same

set of white and black-box ML methods was applied to these

datasets, with the experimental settings described in section

Section IV-B1. The results for the individual models and their

ensemble are shown on Table III.

TABLE III: Temperature variation with time at point 12.

Model Quality Measure
Method RMSE MAE Correlation

Tra Tst Tra Tst Tra Tst

Ad.Reg. 25.496 25.769 19.196 19.493 0.941 0.937

GEP 23.442 23.358 17.473 17.129 0.950 0.949

MT 10.302 11.358 5.634 6.123 0.991 0.989

Alt. MT 11.526 11.895 8.075 8.195 0.988 0.987

Ens. 13.615 14.324 9.323 9.348 0.984 0.982

SVM 3.935 3.889 3.211 3.141 0.999 0.999

MLP 20.763 20.388 15.723 15.737 0.963 0.964

ELM 35.526 35.221 27.272 27.287 0.881 0.879

Ens. 16.308 16.042 11.745 11.648 0.977 0.977

This time, tree-based algorithms outperformed algebraic-

based ones (interestingly, MT performed better that AMT).

However, all models exhibited good correlation between the

observed and predicted values for both training and testing

sets. The Adaptive regression model is given by

T12(t) = Φ1 ∗ ρ2 ∗ k +Φ2 ∗ ρ2 ∗ t+Φ3 ∗ ρ ∗ Cp

+Φ4 ∗ ρ ∗ k2 − Φ5 ∗ ρ ∗ k ∗ t+Φ6 ∗ ρ ∗ k
+Φ7 ∗ ρ ∗ t− Φ8 ∗ Cp ∗ t+Φ9 ∗ Cp+Φ10 ∗ k3

− Φ11 ∗ k2 ∗ t− Φ12 ∗ k2 − Φ13 ∗ k ∗ t2

+Φ14 ∗ k ∗ t+Φ15 ∗ k − Φ16 ∗ t− Φ17 (6)

where Φ1 = −0.7073, Φ2 = 0.0352, Φ3 = 31.2582, Φ4 =
23.7740, Φ5 = 4.6387, Φ6 = 5.9776, Φ7 = 0.6122, Φ8 =
32.9750, Φ9 = 90.0075, Φ10 = 169.8501, Φ11 = 23.7869,

Φ12 = 873.9833, Φ13 = 3.7175, Φ14 = 133.4554, Φ15 =
557.3145, Φ16 = 20.7792, Φ17 = 119.9905 are constants.



The second algebraic model is the top one from the last

GEP population

T12(t) = (ln((((((ln((Ψ1 ∗ Cp)) ∗ ρ) ∗Ψ2)
2) ∗ k9))Ψ3)

+ (t ∗ (ln(((ln((k)Ψ4) + Ψ5)
2)) + Cp)))

+ (t+ ((ln((k ∗ exp(Cp)))3) ∗ t)) (7)

where t is time and Ψ1 = 59.1164, Ψ2 = 68.2870, Ψ3 =
3.4061, Ψ4 = 24.3620, Ψ5 = 60.8953 are constants.

The behavior of the ensemble model for this, more complex

situation, is shown in Fig. 6 , where linear fits are included

Fig. 6: Behavior of model ensembles for predicting the tem-

perature variation with time at point 12. Top Row: White

box models ensemble (Left: Training set. Right: Testing set).

Bottom Row: Black box models ensemble (Left: Training set.

Right: Testing set)

with their corresponding R2 values. The models have good fit,

but there are several observations having important deviations

for both the training and the testing sets (more acute on the

former). Overall, the results for the time-varying case indicate

that it is possible to achieve feasible approximations.

Table III shows the results obtained with the black-box

techniques considered. Among them, SVR had the best per-

formance overall, notably outperforming all other techniques.

It created the model with only 54 support vectors, out of the

2558 available for training. Within the black-box techniques

MLP came in second place, using a (4-10-1) architecture and

the training procedure described in Section III-C2. Since for

the transient temperatures case the training set was much

larger, two larger networks were tried. One had a (4-20-

1) architecture and another deeper one with a (3-16-4-1)

layout. However, none of there larger networks improved

substantially the results of the simpler (4-10-1) network, used

on Table III. The ELM network, although fast to train and

this time using 329 hidden layer neurons, was not capable of

producing approximations of the same quality class, also with

much lower correlation values. Like with the fixed-location,

fixed-time parametrization discussed in Section IV-B1, the

white-box ensemble performed better than the black-box one.

However, it must be clear that this is a behavior observed for

the case studied in this paper and it could not be generalized.

V. CONCLUSIONS

Approximating first principles based deterministic models

with surrogates is an important problem in many domains.

Typically such simulations involve the solution of partial

differential and/or integral equations with numeric methods

and their complexity often require the use of large compu-

tational resources. They are time consuming and statistical

and computational intelligence techniques have been used for

creating surrogate models as viable alternatives. State of the

art techniques like deep learning have been very useful for

that purpose, but they face difficulties posed by the small size

of the available data in some applications.

Using a heat transfer problem within a rectangular chamber

as testbed, white and black box ML approaches and their

ensembles were explored, in a combination of unsupervised

and supervised techniques. Nonlinear mappings to lower di-

mensional spaces were used to explore system state spaces. In

addition, reference black-box techniques such as SVR, MLP

and ELM were also included.

Fixed location and time, and fixed location, variable time

parametrizations were formulated for describing several direct

mappings between physical properties, time and space, with

output temperature distributions. Algebraic, rule and tree-

based models and their ensemble, accurately approximate the

solutions of the partial differential equation with the estab-

lished initial and boundary conditions. These models provided

accurate approximations and clearly exposed the relationships

between the input variables and the system’s outputs. The

results proved that while the partial differential equation

describes the process in general, a ML perspective is capable

of integrate the initial and the boundary conditions and enables

a good understanding of concrete situations. White-box ML

techniques exposed the nature of the interdependencies and

the importance of the predictor variables. Individually, SVR

outperformed all other models for the fixed-location, fixed

time and also for the fixed-location, time dependent scenario.

However, performance-wise, the ensemble composed of white-

box techniques outperformed the one integrated by black-

box methods from the point of view of error and correlation

measures. The effectiveness of this modeling approach in a

problem where the amount of available data is limited is

noteworthy.
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