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Abstract

Ultra-high strength steel (UHSS) alloys such as aluminized 22MnBS5 are used to produce
automotive parts through hot stamping. A thermal-metallurgical model that predicts the blank
heating profile and austenitization inside a roller hearth furnace is needed to maximize process
efficiency while ensuring that the blanks are completely austenitized. Three competing
austenitization kinetics models: a Johnson-Mehl-Avrami-Kohnogorov (JMAK) type model, an
internal state variable (ISV) model and a phenomenological model are evaluated as candidate
metallurgical sub-models, using dilatometry data. This work aims to demonstrate the novel idea
of applying Bayesian model selection technique to assess the models. This technique has the
capability of quantitatively assessing the trade-off between accuracy and complexity. Such
capability is demonstrated, and the ISV model is recommended by the Bayesian model selection

technique.
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1. Introduction

In hot stamping, ultrahigh strength steel (UHSS) automotive parts are produced by austenitizing
blanks, usually in a roller hearth furnace, prior to forming and quenching in a cooled hydraulic
press [1]. Output properties are sensitive to the process parameters — including the furnace zone
temperatures, rollers speeds, batch layout, etc. — which are adjusted to minimize cycle times while
ensuring full austenitization. These parameters are often chosen by trial-and-error, which is
inefficient and rarely results in an optimal solution. Model-based optimization approaches, by
contrast, are more efficient and can produce a superior solution [2] but require an accurate roller
hearth furnace model that is capable of predicting both the heating and austenitization process.
Such process is a complex multi-stage phase transformation that depends on both the instantaneous
blank temperature and the heating rate [3].

Verma et al. [4] developed a roller hearth furnace model framework for 22MnB5 steel, which
couples a heat transfer submodel with an austenitization submodel. Many candidate austenitization
models have been proposed to capture the transformation process, each with varying degrees of
complexity. Di Ciano et al. [5] developed a simple first-order (F1) austenitization model, which
was used as an example submodel by Verma et al. [4] in his work. Luo et al. [6] introduced the
Isoconversional Method (IM) model for predicting austenitization of SA508 Gr.3 steel. The IM
model is based on the Johnson-Mehl-Avrami-Kohnogorov (JMAK) equation that allows model
parameters to vary throughout the phase transformation process. Zhao et al. [7] adapted this
approach to model austenitization of 22MnBS5 steel and integrated it into the roller hearth furnace
model framework. Huang et al. [8] proposed an Internal State Variable (ISV) model for the
austenitization of 60Si2CrA steel, a semiempirical model that consists of incubation and

transformation periods accounting for the effects of temperature, heating rate, and volume fraction



45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

of austenite. Li et al. [9] developed a phenomenological austenitization model for boron steel,
applicable to both full and partial austentization (or intercritical annealing). This detailed model
considers the effect of nucleation, growth and impingement and has 10 model parameters. Yan et
al. [10] compared the performance of Li et al.’s detailed model [9] and Di Ciano’s first-order model
[5] for predicting austenitization of 22MnB5 during both intercritical and full annealing.

The parameters of these austenitization models are often derived from nonlinear regression to
dilatometry data, and the models themselves are assessed based on their relative goodness-of-fits
to this data. Unfortunately, this process does not address measurement uncertainty in the
dilatometry data, nor does it account for model complexity. Increasingly complex models are
generally expected to provide a superior goodness-of-fit, but this does not necessarily translate
into a more accurate or “physical” model. As the number of model degrees-of-freedom increases,
the model fitting process becomes progressively ill-posed and unavoidable measurement errors
and artifacts begin to have an outsized effect on the inferred quantities. Consequently, over-turned
models will accurately describe calibration data but may produce erroneous results when the model
is applied in a different setting, for instance to austenitization within a furnace or during model-
based optimization. These shortcomings call for a more statically-rigorous approach to model
evaluation.

In Bayesian model selection [11], models are quantitatively ranked based on their fit to the data,
but also on the number of model parameters, the amount of prior knowledge available about these
parameters, the goodness-of-fit between the inferred quantities-of-interest (Qol) and the prior
knowledge about the values the Qol are likely to hold. Examples include applications in the social

sciences [12], fluid mechanics [13], astronomy [14], and laser-based diagnostics [15].
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This study pioneers the application of Bayesian model selection as a technique to compare
austenitization models. In this work, we consider three candidate austenitization models, which
are evaluated against dilatometry data. We then review the Bayesian framework and present the
Bayesian model selection technique as a route to compare models in a way that balanced
complexity and accuracy. In applying Bayesian model selection, we recommend that the ISV

model be used to model austenitization in 22MnB35 steels.

2. Candidate Austenitization Submodels

Bayesian model selection is used to compare the performance of three candidate austenitization
models: a first-order (F1) kinetics model (M) [5], an internal state variable model (ISV, M>) [8],
and a phenomenological model (M3) [9]. In practice, these models can be solved directly when the
temperature history is known. More often, and in the case of furnace heating, they are instead
combined with a heat transfer model and the temperature and austenite phase fraction curves are
solved simultaneously. For all of these models, transformation initiates at a prescribed onset

austenitization temperature (7ac1).
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Figure 1: Schematic comparing the F1 model and Li et al.’s phenomenological model. The latter
assumes that nucleation only happens in pearlite regions (bottom (a)), and there will be no more
new nucleation sites once pearlite is fully consumed. The F1 model does not make such
assumption (top (a)). Li et al.’s model also considers the effect of impingement from existing
austenite (bottom (c)), whereas the F1 model does not explicitly account for this (top (c)).
However, it does predict the transformation slows down as more austenite has formed. Overall,
the F1 model attempts to capture the transformation as a single-step process, whereas Li’s model
considers different effects and stages of the process.

2.1. First-order kinetics model (M)

The F1 kinetics model is a single-step model, wherein nucleation is initiated randomly throughout
the material, shown schematically in the top row of Figure 1. This does not fully capture the
complex multi-step kinetics of austenitization but has been proposed as sufficient for industrial
applications [5]. First-order kinetics model is mathematically equivalent to a subtype of the

Avrami (or Johnson—Mehl-Avrami—Kolmogorov, JMAK [16, 17]) model class, in which
£, (t)=1-exp(-Kt"), (1)
where f, is the volume fraction of austenite at time ¢, n is a parameter related to nucleation and

growth rate, K is a temperature-dependent rate constant given by the Arrhenius equation [18]
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K =Aexp(—E,/RT), 2
A 1is the pre-exponential factor in 1/s, E, is the activation energy in J/mol-K, 7 is the temperature

in K, and R = 8.314 J/mol-K is the universal gas constant. For a first-order model, » = 1. Rewriting
Eq. (1) in differential form for n =1 [19]:

f, =Aexp(—Ea/RT)(1—fy) (T >7,,), (3)
and 4 and FE, are the two adjustable model parameters. Here, the (7' = Tac1) is added to introduce

the incubation period, prior to Taci. Di Ciano et al. [5] derived the model parameters for 22MnB5
steel. In this instance, the differential equation is coupled with a temperature history and solved

using explicit Euler scheme.

2.2. Internal state variable model (M>)

The ISV austenitization model is a semiempirical model developed by Huang et al. [8] for spring
steel based on the work by Grong et al. [20] and Cai et al. [21]. In the ISV model, the austentization
process is divided into an incubation period, which determines 7'ac1, followed by a transformation
period over which austenitization takes place [8]. For the purpose of this work, only the
transformation portion of the model is adopted, which commences once 7ac1 is reached.

Austenitization during the transformation period is modeled by the following rate equation:

f,=D(1/1,,-1) (1-£,) (1)

H

(T 2 T,), 4)

where (1 — f,) represents the amount of material still available for transformation; 7" denotes the
heating rate in K/s; D represents the effect of the temperature on the diffusion rate of carbon in the
steel; and F, G, and H are unitless rate parameters, regulating the effect of temperature, existing

austenite, and heating rate, respectively. The quantities D, F, G, and H are fitting parameters.
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2.3. Phenomenological model (M3)

Lietal. [9] prosed a detailed phenomenological austenitization model, which considers nucleation,
growth, and impingement of austenite. A schematic of this is shown in the bottom row of Figure
1. Li et al. theorized that, under the heating rate of typical hot stamping process, austenite nucleates
only in pearlite, because typical heating rates in furnaces are insufficient for carbon to diffuse to
pro-eutectoid ferrite and form nucleation sites. Therefore, this model envisions the austenite
process as consisting of two successive phases: a stage before the pearlite has fully transformed
into austenite and one for subsequent austenitic grain growth. The model is given by a set of

coupled equations that model: the nucleation rate,

o A(A+T )exp(-0y/RT) (£, <1,) )
0 (£>1)
where N is the number density of nuclei; the volume growth rate,
v=B,(B+T" )exp(-Q,/RT); (6)

the extended austenite growth rate (the theoretical amount of austenite formed when assuming all
nuclei grow at the same rate under the same thermal conditions without impingement), given by

the product of the number density of nuclei and their growth rate,
fY' =Nv; (7)
and the real austenite growth rate corrected for impingement effect,

F=(=17/0+ 1) 8)

where
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1 (£,<4)

- , )
t=m(f,=£,) (£,>1,)

m

nznofv“’”, (10)
and f, is the amount of pearlite in the as-received state (f, = 0.2 for this particular material [4]).
Overall, there are 11 model parameters: 41, A, pa, ON, B1, B, B, Ov, mo, no, and ¢n. In practice, as
A1 and Bi appear as a product, 4181, they cannot be distinguished during inference and are

considered a single fitting parameter. This leaves the model with 10 parameters.

3. Experimental Data

The model parameters for these three candidate models are inferred from dilatometry data
collected at different heating rates. Dilatometry data was collected for 2 mm thick Al-Si coated
22MnBS5 steel samples, cut into 150 mm x 8 mm rectangular strips. The sample composition was

obtained through optical emission spectrometry (OES) and is listed in Table 1 [22].

Table 1. Composition of 22MnBS5 steel used in dilatometry measurement [22].

Flem C Mn P S Si Ni Cr Vv Ti Al B Ca
% 023 1.14 0.01 0.003 0.23 0.01 0.23 0.005 0.035 0.05 0.002 0.002

Samples were heated within a Gleeble-3500 thermomechanical simulator equipped with a C-gauge
to measure dilation. Figure 2 shows the experimental set-up, where control thermocouples (TC)
were welded at the centre of the sample, with the C-Gauge set up at the same location. This is to

ensure temperature feedback is at the same location of dilation measurement.
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Figure 2: Experimental set-up with C-Gauge and Gleeble 3500.

Five repeats were carried out at heating rates of 1, 2, 5, and 7 K/s, which are typical of a roller
hearth furnace. Additional verification trials were conducted at 2 and 7 K/s in the same set-up,
during which the samples were pulled out at various temperature (1043 and 1073K) and rapidly
quenched to convert the formed austenite into martensite. Figure 3 shows an example of the

microstructure of samples heated at 7 K/s and extracted at various temperature.
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Figure 3: Optical micrographs of 22MnB5 microstructures showing: (a) as-received pearlite and
ferrite mixture; samples heated to (b) 1043K; (c) 1073K; and (d) 1113K; at 7K/s heating rate and
rapidly quenched in the Gleeble. The microstructure in (b) shows a small amount of martensite at
previous pearlite locations, validating that pearlite transforms into austenite first [9, 23, 24],
while (¢) shows more ferrite transforms into martensite as the process continues, and (d) shows
an almost fully martensitic microstructure. Spatial scale is identical across the panels.

The microstructures at these extraction temperatures were preserved, which were then
processed using quantitative metallography techniques as per ASTM E562 [25]. The phase
compositions of these samples were measured to obtain the volume fraction of martensite, which
is taken to be identical to the peak phase fraction of austenite assuming that austenite fully
transforms into martensite during rapid quenching. This provides a snapshot of the transformation
process at this temperature and is used to verify the dilatometry data.

The austenite fraction, f,, is inferred from the dilation data using a lever rule [5, 26]. Differences
among the five repeats at the same heating rate are caused by small variations in testing conditions,
materials, and the measurement noise of the process. The five individual trials at 7 K/s plotted in
Figure 4(a) are representative of this uncertainty. These uncertainties play a key role in the analysis,

which is discussed in more detail in Sec. 4.1 and 4.2. Figure 5 shows the average transformation

10
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4. Bayesian inference and Bayesian model selection Model Selection Technique
The dilatometry data collected via the procedure described in Sec. 3 is used to infer the
austenitization model parameters. As indicated in Figure 4(a), certain regions of the dilatometry
curves are subject to larger variances than other regions and should be viewed as “more trustworthy”
when inferring the model parameters. Bayesian inference offers a statistically-robust way to
propagate uncertainty from the dilatometry data to uncertainties in the recovered parameters and,
subsequently, into the austenite phase fractions predicted with the model.

From the Bayesian viewpoint, the data and unknown model parameters, vectors b and x,
respectively, are envisioned not as “fixed” values but random variables described by probability
density functions (pdfs). Within this framework, the data and quantities-of-interest (Qol) are

related via

p(b]x) P, (%)

p(b)

P (x|b)= o p(b[x) p,, (x) (11)

where ppo(x|b) is the posterior pdf of x conditional on the observed data b; p(b|x) is the likelihood
pdfthat quantifies the likelihood that of the data given a set of model in the context of measurement
noise and model error; pp:(X) expresses any information about the model parameters before the
experiment (e.g. through previous experiments, physical reasoning, etc.); and p(b) is the evidence,
used to normalize the posterior pdf. The posterior concisely represents our knowledge and
confidence of the model parameters given the measurement data b and associated uncertainties, as

well as any available prior knowledge about x.

4.1. Likelihood
The finite width of the likelihood pdf, p(b|x) reflects the fact that the measurements and the model

are fundamentally incomparable, that is

12
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b= bmod (X) + Smeas + Smod (12)

meas mod

where €7 and €™°¢ are the measurement and model errors, respectively. Model error is neglected
for now, while the measurement error is assumed to be unbiased and normally-distributed with a

covariance matrix X°. The likelihood is then given by
-1/2 1 mo 2
p(b|x)=[27x"| exp{—EHL" [bm (x)—b]”z} (13)

where || denotes the determinant, and L = chol(X) is the Cholesky factorization of the inverse
covariance matrix. If we assume independent measurements, X° will be a diagonal matrix
containing the variance of each observation throughout the transformation process, and L° will be
a diagonal matrix with the inverse of the standard deviation of each observation. The Cholesky
matrix, L°, serves as a weighting factor based on the confidence we have on each individual
observation. For example, from Figure 4(a), it is evident that the start and finish of the
transformation processes are relatively consistent (relatively small variance at the start and the end
of XP), whereas more variations are present from 0.2 to 0.8 range (relatively large variance in the
middle of £P). This, in turn, corresponds to larger values in elements at the beginning and end of
diag(L®) and smaller values at the middle.

Inspection of Figure 4(a) reveals a second critical feature of these measurements: that the errors
are highly correlated. In other words, any single realization of the data produces a curve that is
likely to be consistently above or below the mean. One would expect such a feature from a
continuous transformation process, since each datapoint is built upon previous data points, and
therefore error will accumulate. This manifests as a highly collinear data covariance matrix, and,
as a consequence, the inverse data covariance matrix, (X°)"!, is undefined. However, the highly
correlated nature of the noise also suggests that the dataset can be condensed into a more compact

form, for which we use principal component analysis (PCA).
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4.2. Principal component analysis

PCA maps the data into a new coordinate space defined by an orthogonal set of principal
components, between which there is no covariance. This is accomplished by computing the eigen-
decomposition of X°,

X’ =VDV'=VDV", (14)
where D is a diagonal matrix containing the eigenvalues and the column vectors of V are the
corresponding eigenvectors. Note that, since X° is a symmetric, V is orthonormal (that is, V! =
V') and

(=) =vD V", (15)
The eigenvectors represent the principal components, while the eigenvalues represent their
significance to the data. For highly correlated data, a reduced number of principal components, £,

can now be used to represent the data. In this case,
=~ VDF (VF) (16)
where D¥E R¥¥ only contains the k largest eigenvalues and V¥€ R** (64 is the number of data

points in this case) only contains corresponding eigenvectors. Within this framework, V*
represents a transformation of the original data space into one approximated by a limited number
of principal components, such that

b*=V'b, (17)
which applies equally to the modeled and observed data. The covariance of the transformed data

is D*. Substituting into the likelihood,

p(b]x)=[27D"[“exp {—% L (VF) [ (x) b ]

} (18)

2
where L* = chol[(D*)"'], which, given that D¥ is diagonal, is easy to compute.

14
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In this problem, four principal components are used to represent the data. The effectiveness of
this approach is verified by generating data using D¥ and then comparing it to the original data, b.
As an example, Figure 4(b) shows 100 sets of simulated data and the mean of five repeats at 7K/s
heating rate. The simulated data follows a similar trend, and represents the uncertainty derived

from the five repeats shown in Figure 4(a).

4.3. Prior

The prior pdf, ppi(x), contains information about the model parameters, x, available before the
measurement. This information can often be found from previous experiments in the literature,
particularly when model parameters are reported with uncertainties. When defining the prior pdf,
it is important to specify a prior that contributes testable information to the inference process but
is otherwise as uninformative as possible to avoid unduly biasing the outcome. According to the
Principle of Maximum Entropy [27], a multivariate normal distribution maximizes the information
entropy, 1.e., minimizes the information content in scenarios where estimates for a mean and

variance/uncertainty are available. Assume a multivariate normal prior pyi(x) takes the form of

R

} (19)

where XP' is the covariance matrix of prior model parameters, x** is the mean of prior model
parameters, and x is the current model parameter. For example, Di Ciano et al. [5] reported the F1

model (M) parameters to be normally-distributed with

E, 402 ) 24.83
x" = = , X =diag
log,, 4| |18.5 1.29

15



281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

where xP" is the mean of model parameter vector, x, E, is in kJ/mol-K and 4 is in logios!. These
model parameters and uncertainties are derived from dilatometry data of a similar 22MnBS5 steel,
and therefore can be used directly as prior information in our analysis.

For some models, however, prior information of the model parameters is not readily available.
In most cases, model parameters are reported as a single set of values that provide the best fit to
the data without any consideration of uncertainty. Moreover, model parameters generally pertain
to a particular alloy, and cannot readily be adapted to different materials. Neither the ISV model
(M>) [8] nor the phenomenological model (M3) [9] include model parameter uncertainties, and the
ISV model parameters reported by Huang et al. [8] are derived for a different material.

Accordingly, instead of using model parameters for M> and M3 reported in the literature, they
are inferred from the same dilatometry data that Di Ciano et al. [5] used to obtain the M model
parameters for 22MnBS5 steel. The data set contains five repeats for each of the five heating rates
(1,2, 5, 10, 20 K/s). These 25 datasets are randomly sorted into five groups, each group containing
one set of every heating rate, in order to ensure each heating rate is equally represented in every
group. Note that this is not the same data used in the model selection procedure, which is
introduced in Sec. 3. Therefore, this will not introduce any bias to the analysis. Both M> and M3
are fit to the five groups of data using non-linear least-squares minimization, resulting in five sets
of model parameters for each model. These five sets of parameters can then be used to find mean
and standard deviation of each parameter. The model parameters inferred through this process are
expected to be highly correlated; however, in this work they are modeled as independent, which

provides a conservative estimate of the prior pdf.
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With the assumption of independent model parameters, the prior pdf is fully specified by the
mean, x"' and prior covariance, X', similar to that of Mi. These parameters are summarized in
Table 2 for M> and Table 3 for Ms;.

Table 2: Prior information of M;

Parameter Prior [u, o]
D(-) [0.28,0.11]
F() [0.89, 0.10]
G(-) [0.59, 0.06]
H(-) [0.96, 0.06]

Table 3: Prior information of M3 and comparison to reported values

Parameter Prior [u, o] Reported value
A1Bi1(kJ/mol) [2.20x10%, 2.22x10°] 2.39x103
A(-) [0.12, 0.001] 0.80
oa(-) [1.92,0.17] 1.41
On (kJ/mol) [29.02, 9.21] 148.6
B () [9.36, 0.81] 1

o8 (-) [0.32, 0.45] 0.12
Oy (kJ/mol) [203.08, 10.95] 40.5
myo (-) [0.16, 0.01] 1.05
no (-) [8.35,7.35] 2.1

¢n (=) [1.54, 0.005] 0.155

Also listed in Table 3 are the reported values of model parameters by Li et al. [9], which differ
significantly from the ones found using Di Ciano et al.’s data [5], even though both experiments
follow similar procedures and were carried out on similar material. This may be an indication of
over-tuning, and further highlights the important role of model complexity as a crucial criterion in

model evaluation and comparison.

4.4. Evidence and Posterior
The evidence, p(b), represents the probability density of observing the data vector b, and is found

from
E=p(b)= fp(b|x)ppr (x)dx (20)

Substituting this result into Eq. (11), along with the likelihood and prior pdfs, results in an

expression for the posterior pdf for the model parameters, ppo(x|b).
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The posterior pdf is a joint probability density with a dimension equal to the number of model
parameters; for model M1, p(x|b) can be visualized as a contour or surface plot, but this cannot be
done for M> and M3, which have more than two parameters. Instead, the posterior pdf is often

summarized by the maximum a posteriori (MAP) estimate, xA". With the assumption of normal

j} @1)

Evaluating ppo(x|b) requires calculating the evidence, which is a computationally intensive

likelihood and prior, xMAP can be calculated as

X" =arg inax {ppo (x|b)} = arg:nin{ j + HLPr (x - xpr)

Lt (Vk )T |:bm0d (X) _b:l

process. Instead, if the posterior is modeled as Gaussian (i.e. b™(x) is approximately linear close

to xMAP), Laplace’s approximation may be used [28, 29]

—1/2 { 1
€X -
P 2

The posterior covariance matrix, XP°, is calculated using

Pro (x|b) = |27r):"°

| Piad [x —xMAP ]

) (22)

o [L"" () T - [JT (=) 3+(z)" T - [(V"J)T (D4)" Vi +(z)” ] (23)
and J is the Jacobian matrix, having elements equal to
abimod
Jy= o, (24)

and evaluated at xM2®. The Jacobian can be directly obtained as a by-product of the nonlinear least-

squares minimization algorithm used to find xMAP,

4.5. Bayesian Model Selection
The posterior probability density derived through Eq. (11) accounts for the measurement

covariance through the conditional probability ppo(x|b), but there is an additional “hidden”
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dependency on the choice of model, i.e. ppo(X|b) = ppo(X|b,M;) where M;is the measurement model.

Eq. (11) then transforms into

bix,, M, )p. (x| M, bix,, M, )p. (x;,|M,

i

Poo (X,

where E; is the evidence conditional on model M;, which marginalizes over the model parameters.

Suppose, as in this case, there exists a manifold of candidate models, {M;} Vi € {1, 2, ... m}.

The model posterior probability, i.e., the probability that M; is the model that produced the
observed data, can be stated using another instance of Bayes’ equation

Pro(M,[b)oc p(b]M,) p,. (M,)=E,p,. (M,) (26)
Where p(b|M;) is the model likelihood, indicating the probability density of observing the data b
using model M, and pp(M;) is the model prior, which describes the prior probability of a given
model based on what is known before the measurement. We note that the model likelihood is the
same as the evidence from Eq. (25) and thus involves a marginalization over the model parameters.
Note the distinction between model prior, pp(M;), and prior pdf on model parameter, pyi(x|M;); the
model parameter prior can often be obtained either from the literature or through previous
experiments as detailed in Sec.4.3, whereas the model prior is often set equal to unity, when no

model is preferred. With this assumption Eq. (26) becomes
Ppo(M,b) < E, (27)
A major challenge in assessing the model posterior probability concerns calculating the model
evidence. In order to calculate a “true” evidence, however, the entire set of candidate models would

need to be marginalized. Instead, it is often sufficient to calculate the relative model posteriors, i.e.

Ppo(Mi|b)/Ppo(Mj|b). If the model priors are taken to be unity, this becomes the Bayes factor,
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5 _ Pu(Mib) _ p(bM,) _

" P (M_;‘b) p(b|Mj)

(28)

\,hj |~Dj

which describes the odds that M; produces the data b over M;. A positive B;; indicates that model

M; is preferred over model M;. Furthermore, Eq. (25) can be rearranged into

E- p(blxM;) p,, (x| M;) (29)
Pro (Xi b’Mi)

with the posterior probability density calculated using Laplace’s approximation, Eq. (22). Under
this assumption, the evidence is independent of x;; for simplicity, the terms in Eq. (29) evaluated
at the xMAP,

For numerical stability, model selection is often done using the logarithm of the evidence, which

can be further broken down into three major components [15, 30].

In(E,)=C +F,, +F (30)

pr,i

The measurement credence, C;, is defined as

G =1n(\2;z2}?°

)i

%)tz o

MAP

The relative fit of the model to data, Fy;, evaluated at x¥*", is defined as

1

2
— __|lyo® mod MAP | _ ,0bs
Fy ==L [b () -b | (32)
and, similarly, the relative fit of xMA® to prior, F;, is defined as
Fpy =i (0 —xr)[ (33)
pr.t 2 1 1 1 3

These three terms provide more insight on how well a particular model performs. The
measurement credence includes determinants that normalize the posterior, prior, and likelihood
densities [15]. Large determinants represent “diffuse” distributions that are highly uncertain,
contain less information, or have a high number of parameters (i.e., complex models with many
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DOFs). A large |XP°| indicates less confidence in the derived model parameters, which happens
when the model is too complex with too many DOFs. This is balanced out by the information
provided by the prior parameters (and the data, though this is identical across the models, and
cancels out in computing the Bayes factor) and is inversely proportional to [EP"|, respectively. The
credence accounts for the model degrees-of-freedom through the size of |XP°|, though it is an
oversimplification to assume that models having many DOF will necessarily have a small credence.
Having many model parameters is permissible, as long as the elements of P are small, which is
true if the prior information about the parameters is specific and reliable.

Taking the logarithm of Eq. (28) results in

In(B;)=(C, = C,)+(F, - F,)+(F,, —F,,)=AC, + AF, (34)

pri
where ACj; is the relative measurement credence and AFj; is the relative fit. These two competing
parameters weigh each model’s complexity against its accuracy in a quantitative way, in the
context of the prior covariance and the measurement covariance. For example, AC; may be
positive if M; is simpler than M, but AF;; may be negative if M, gives a better goodness-of-fit to
the data, or returns a set of model parameters more in keeping with known physics. We note that
[Z°| cancels out in this procedure and only enters the calculation via the MAP estimate and in

computing [ZP°|.

5. Results

This procedure is used to identify the most probable austenitization submodel for 22MnB5, based
on the dilatometry data discussed in Sec. 3. Table 4 summarizes x™A? for each model parameters
obtained through minimizing Eq. (21) as well as their associated uncertainties. For all three
candidate models, the Jacobian matrix, J, is acquired as a byproduct of the minimization algorithm

MAP

used to find xV*", and XP°is found using Eq. (23).The measurement credence, C;, is evaluated
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using Eq. (31). Both Fb; and Fy:; can be obtained easily using Egs. (32) and (33), as both (b™¢ —
b) and (xMA? — xP") have already been calculated. Subsequently, ACj, AFy;, and In(Bj) are evaluated
from these results using Eq. (34) and is illustrated in Figure 7.

Table 4: xMAP and uncertainties for candidate austenitization models, [u, 6]

M M
E; (kJ/mol-K) LogioA4 (logios™) D (-) F(-) G(-) H(-)
[444.84, 1.63] [20.84, 0.8] [0.11, 0.005] [0.63,0.011] [0.36, 0.012] [0.88, 0.007]
M3
A1Bi(kJ/mol) A(-) oa(-) On (kJ/mol) B(-)
[2.39x10% 2.21x10%] [0.12, 0.001] [1.53, 0.049] [22.29, 3.626] [10, 0.808]
98 (-) Oy (kJ/mol) mo (-) no (-) o ()
[0.86, 0.142] [209.32, 3.583] [0.15,0.012] [0.31,2.311] [1.54,0.005]

To better visualize the uncertainties associated with an individual model parameter, one could
plot its marginalized distribution, which is modeled as Gaussian. Figure 6 shows a marginalized

pdf of M3 model parameter, On.
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Q
o
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002| Pereentite; 95% 1 \1Peree
1
O : 1 1
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Qp [kJ/mol]

Figure 6: Marginalized pdf of On, demonstrating the 95% credible interval (CI).

The three models are compared in pairs by evaluating ACy;, AFj;, and the resulting Bayes factor,
In(B;j) as shown in Figure 7. We start by comparing M> to M (Case 1) and M3 to M; (Case 2).
Assume M; is the null model, M> and M3 are the alternative models in case 1 and 2 respectively.
Since the null model is the simplest with only two DOF, it is preferred in terms of relative

measurement credence, as indicated by the positive ACi2 and ACi3. However, it provides an
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inferior goodness-of-fit, as indicated by the negative AF12 and AF13, suggesting that two DOF is
inadequate to capture the physical processes that underlie austenitization. This results in overall
negative Bayes factors, In(B12) and In(B13). For Case 3, we suppose that AM> (4 DOFs) is the
preferred null model and M3 (10 DOFs) is the alternative model. M3 is much more complex than
M-, but the added complexity does not realize an improved goodness-of-fit. On the contrary, M>

outperformed M3 in both relative measurement credence and fit, and is therefore the optimal model.
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Figure 7: Model selection result visualized, M is the first order kinetics model (2 DOFs), M- is
the ISV model (4 DOFs), and M5 is the phenomenological model (10 DOFs). M;’s advantage in
low complexity is offset by its lack in accuracy comparing to both M> and M3. M> which best
balances complexity and accuracy is selected as the optimal model.

Overall, this approach exemplifies the fact that Bayesian model selection technique accounts
for data uncertainty, model complexity, and prior information to derive an unambiguous and
statistically-rigorous indicator of model performance in the form of the Bayes factor. In
comparison, the conventional approach of goodness-of-fit misses these nuances and may lead to
misleading or erroneous conclusions. As an example, Figure 8 compares between three model
predictions and the data (the mean of five repeats) at 5 K/s heating rate. One could determine that

M 1s the worst of all three based solely on goodness-of-fit, but will struggle to compare M> and
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Figure 8: Comparison of three model predictions at 5 K/s heating rate. This demonstrates the
poor fit between the data and M. It also illustrates the drawback of goodness-of-fit evaluation
method, as one cannot easily determine the better model between AM> and Ms.

Given the PCA representation of the data, one can also generate a series of artificial data that
represent the range observed in the experimental data, i.e., the samples shown in Figure 4(b). This
feature could be leveraged to study the uncertainties associated with ACj, AFy, and In(Bj).
Supposed that 250 new random sets of data are generated. This data can then be used to repeat the

model selection procedure 250 times to compute a distribution of Bayes factors, as visualized in

Figure 9 for 250 samples.

AP ac;

FEE SMPPR

EE -V

P

Figure 9: Histograms showing the Bayes factor and its components for 250 samples from the
PCA representation of the data for (a) Case 1; (b) Case 2; and (c) Case 3. Note that ACj; has
much smaller uncertainties than AFj;, and is therefore plotted on a separate axis for clarity.
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The result from the experimental data, i.e., the point estimates from Figure 8, are also provided
in the plots. The sampled data produce a spread of results centered around the point estimates, as
expected. This exercise reflects the Bayesian viewpoint of not considering results to be strictly
finite (such as the point estimate results in Figure 7) but distributions with uncertainties (such as
the ones in Figure 9). If the analysis is repeated with a different set of data, one may not end up
with the same numbers shown in Figure 7, but it will likely lie within the distribution captured in
Figure 9. This also illustrates that even with uncertainties considered, the decision of choosing M>

as the optimal model still stands.

6. Conclusions

Optimizing the heating stage of hot stamping requires an accurate furnace model that can predict
both blank heating as well as austenitization. Although many candidate austenitization submodels
have been proposed in the literature, the performance of these models is typically assessed by their
goodness-of-fit to dilatometry data without any consideration of model complexity and
susceptibility to overtuning. To address these shortcomings, we introduce Bayesian model
selection technique to compare three candidate austenitization submodels: a first-order (F1),
internal state variable (ISV), and phenomenological model.

Computed Bayes factor indicate that the simplest (F1) model does not provide sufficient
degrees-of-freedom to capture key features of the austenitization process, while the most
complicated model, which provides a better goodness-of-fit, is overcomplicated and thus
susceptible to overtuning. Among the three candidate models, the ISV model is considered the
optimal model according to Bayesian model selection as it strikes a good balance between

complexity and accuracy. This work provides a blueprint on how to evaluate different candidate
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models in a more statistically rigorous way, taking into consideration not only the fit to the data,

but also the uncertainties in the data and in the model.
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