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Abstract 8 

Ultra-high strength steel (UHSS) alloys such as aluminized 22MnB5 are used to produce 9 

automotive parts through hot stamping. A thermal-metallurgical model that predicts the blank 10 

heating profile and austenitization inside a roller hearth furnace is needed to maximize process 11 

efficiency while ensuring that the blanks are completely austenitized. Three competing 12 

austenitization kinetics models: a Johnson-Mehl-Avrami-Kohnogorov (JMAK) type model, an 13 

internal state variable (ISV) model and a phenomenological model are evaluated as candidate 14 

metallurgical sub-models, using dilatometry data. This work aims to demonstrate the novel idea 15 

of applying Bayesian model selection technique to assess the models. This technique has the 16 

capability of quantitatively assessing the trade-off between accuracy and complexity. Such 17 

capability is demonstrated, and the ISV model is recommended by the Bayesian model selection 18 

technique.  19 

 20 
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1. Introduction 22 

In hot stamping, ultrahigh strength steel (UHSS) automotive parts are produced by austenitizing 23 

blanks, usually in a roller hearth furnace, prior to forming and quenching in a cooled hydraulic 24 

press [1]. Output properties are sensitive to the process parameters – including the furnace zone 25 

temperatures, rollers speeds, batch layout, etc. – which are adjusted to minimize cycle times while 26 

ensuring full austenitization. These parameters are often chosen by trial-and-error, which is 27 

inefficient and rarely results in an optimal solution. Model-based optimization approaches, by 28 

contrast, are more efficient and can produce a superior solution [2] but require an accurate roller 29 

hearth furnace model that is capable of predicting both the heating and austenitization process. 30 

Such process is a complex multi-stage phase transformation that depends on both the instantaneous 31 

blank temperature and the heating rate [3].  32 

Verma et al. [4] developed a roller hearth furnace model framework for 22MnB5 steel, which 33 

couples a heat transfer submodel with an austenitization submodel. Many candidate austenitization 34 

models have been proposed to capture the transformation process, each with varying degrees of 35 

complexity. Di Ciano et al. [5] developed a simple first-order (F1) austenitization model, which 36 

was used as an example submodel by Verma et al. [4] in his work. Luo et al. [6] introduced the 37 

Isoconversional Method (IM) model for predicting austenitization of SA508 Gr.3 steel. The IM 38 

model is based on the Johnson-Mehl-Avrami-Kohnogorov (JMAK) equation that allows model 39 

parameters to vary throughout the phase transformation process. Zhao et al. [7] adapted this 40 

approach to model austenitization of 22MnB5 steel and integrated it into the roller hearth furnace 41 

model framework. Huang et al. [8] proposed an Internal State Variable (ISV) model for the 42 

austenitization of 60Si2CrA steel, a semiempirical model that consists of incubation and 43 

transformation periods accounting for the effects of temperature, heating rate, and volume fraction 44 
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of austenite. Li et al. [9] developed a phenomenological austenitization model for boron steel, 45 

applicable to both full and partial austentization (or intercritical annealing). This detailed model 46 

considers the effect of nucleation, growth and impingement and has 10 model parameters. Yan et 47 

al. [10] compared the performance of Li et al.’s detailed model [9] and Di Ciano’s first-order model 48 

[5] for predicting austenitization of 22MnB5 during both intercritical and full annealing.  49 

The parameters of these austenitization models are often derived from nonlinear regression to 50 

dilatometry data, and the models themselves are assessed based on their relative goodness-of-fits 51 

to this data. Unfortunately, this process does not address measurement uncertainty in the 52 

dilatometry data, nor does it account for model complexity. Increasingly complex models are 53 

generally expected to provide a superior goodness-of-fit, but this does not necessarily translate 54 

into a more accurate or “physical” model. As the number of model degrees-of-freedom increases, 55 

the model fitting process becomes progressively ill-posed and unavoidable measurement errors 56 

and artifacts begin to have an outsized effect on the inferred quantities. Consequently, over-turned 57 

models will accurately describe calibration data but may produce erroneous results when the model 58 

is applied in a different setting, for instance to austenitization within a furnace or during model-59 

based optimization. These shortcomings call for a more statically-rigorous approach to model 60 

evaluation.  61 

In Bayesian model selection [11], models are quantitatively ranked based on their fit to the data, 62 

but also on the number of model parameters, the amount of prior knowledge available about these 63 

parameters, the goodness-of-fit between the inferred quantities-of-interest (QoI) and the prior 64 

knowledge about the values the QoI are likely to hold. Examples include applications in the social 65 

sciences [12], fluid mechanics [13], astronomy [14], and laser-based diagnostics [15].   66 
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This study pioneers the application of Bayesian model selection as a technique to compare 67 

austenitization models. In this work, we consider three candidate austenitization models, which 68 

are evaluated against dilatometry data. We then review the Bayesian framework and present the 69 

Bayesian model selection technique as a route to compare models in a way that balanced 70 

complexity and accuracy. In applying Bayesian model selection, we recommend that the ISV 71 

model be used to model austenitization in 22MnB5 steels.  72 

2. Candidate Austenitization Submodels 73 

Bayesian model selection is used to compare the performance of three candidate austenitization 74 

models: a first-order (F1) kinetics model (M1) [5], an internal state variable model (ISV, M2) [8], 75 

and a phenomenological model (M3) [9]. In practice, these models can be solved directly when the 76 

temperature history is known. More often, and in the case of furnace heating, they are instead 77 

combined with a heat transfer model and the temperature and austenite phase fraction curves are 78 

solved simultaneously. For all of these models, transformation initiates at a prescribed onset 79 

austenitization temperature (TAc1).  80 

 81 
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  82 

Figure 1: Schematic comparing the F1 model and Li et al.’s phenomenological model. The latter 83 

assumes that nucleation only happens in pearlite regions (bottom (a)), and there will be no more 84 

new nucleation sites once pearlite is fully consumed. The F1 model does not make such 85 

assumption (top (a)). Li et al.’s model also considers the effect of impingement from existing 86 

austenite (bottom (c)), whereas the F1 model does not explicitly account for this (top (c)). 87 

However, it does predict the transformation slows down as more austenite has formed. Overall, 88 

the F1 model attempts to capture the transformation as a single-step process, whereas Li’s model 89 

considers different effects and stages of the process. 90 

2.1. First-order kinetics model (M1) 91 

The F1 kinetics model is a single-step model, wherein nucleation is initiated randomly throughout 92 

the material, shown schematically in the top row of Figure 1. This does not fully capture the 93 

complex multi-step kinetics of austenitization but has been proposed as sufficient for industrial 94 

applications [5]. First-order kinetics model is mathematically equivalent to a subtype of the 95 

Avrami (or Johnson–Mehl–Avrami–Kolmogorov, JMAK [16, 17]) model class, in which 96 

 ( ) ( )1 exp nf t Kt= − − , (1) 97 

where fγ is the volume fraction of austenite at time t, n is a parameter related to nucleation and 98 

growth rate, K is a temperature-dependent rate constant given by the Arrhenius equation [18] 99 
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 ( )exp aK A E RT= − , (2) 100 

A is the pre-exponential factor in 1/s, Ea is the activation energy in J/molK, T is the temperature 101 

in K, and R = 8.314 J/molK is the universal gas constant. For a first-order model, n = 1. Rewriting 102 

Eq. (1) in differential form for n = 1 [19]: 103 

 ( )( ) ( )1exp 1          a Acf A E RT f T T = − −  ,  (3) 104 

and A and Ea are the two adjustable model parameters. Here, the (T ≥ TAc1) is added to introduce 105 

the incubation period, prior to TAc1. Di Ciano et al. [5] derived the model parameters for 22MnB5 106 

steel. In this instance, the differential equation is coupled with a temperature history and solved 107 

using explicit Euler scheme.  108 

2.2. Internal state variable model (M2) 109 

The ISV austenitization model is a semiempirical model developed by Huang et al. [8] for spring 110 

steel based on the work by Grong et al. [20] and Cai et al. [21]. In the ISV model, the austentization 111 

process is divided into an incubation period, which determines TAc1, followed by a transformation 112 

period over which austenitization takes place [8]. For the purpose of this work, only the 113 

transformation portion of the model is adopted, which commences once TAc1 is reached. 114 

Austenitization during the transformation period is modeled by the following rate equation: 115 

 ( ) ( ) ( ) ( )1 11 1          
HGF

Ac Acf D T T f T T T = − −  ,  (4) 116 

where (1 − fγ) represents the amount of material still available for transformation; Ṫ denotes the 117 

heating rate in K/s; D represents the effect of the temperature on the diffusion rate of carbon in the 118 

steel; and F, G, and H are unitless rate parameters, regulating the effect of temperature, existing 119 

austenite, and heating rate, respectively. The quantities D, F, G, and H are fitting parameters.  120 
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2.3. Phenomenological model (M3) 121 

Li et al. [9] prosed a detailed phenomenological austenitization model, which considers nucleation, 122 

growth, and impingement of austenite. A schematic of this is shown in the bottom row of Figure 123 

1. Li et al. theorized that, under the heating rate of typical hot stamping process, austenite nucleates 124 

only in pearlite, because typical heating rates in furnaces are insufficient for carbon to diffuse to 125 

pro-eutectoid ferrite and form nucleation sites. Therefore, this model envisions the austenite 126 

process as consisting of two successive phases: a stage before the pearlite has fully transformed 127 

into austenite and one for subsequent austenitic grain growth. The model is given by a set of 128 

coupled equations that model: the nucleation rate,  129 

 
( ) ( ) ( )

( )

1 γ p

γ p

exp        

0                                                  

A

NA A T Q RT f f
N

f f

 + − 
= 



, (5) 130 

where N is the number density of nuclei; the volume growth rate,  131 

 ( ) ( )1 expB

vv B B T Q RT


= + − ; (6) 132 

the extended austenite growth rate (the theoretical amount of austenite formed when assuming all 133 

nuclei grow at the same rate under the same thermal conditions without impingement), given by 134 

the product of the number density of nuclei and their growth rate,  135 

 γf Nv = ; (7) 136 

and the real austenite growth rate corrected for impingement effect,  137 

 ( ) ( )γ γ γ γ1 1
n

mf f f f = − + , (8) 138 

 139 

where 140 
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( )

( ) ( )

γ p

0 γ p γ p

1                            

1      

f f
m

m f f f f

 
= 

− − 

, (9)141 

 0 γ
nn n f=

 , (10) 142 

and fp is the amount of pearlite in the as-received state (fp
 ≈ 0.2 for this particular material [4]).  143 

Overall, there are 11 model parameters: A1, A, φA, QN, B1, B, φB, Qv, m0, n0, and φn. In practice, as 144 

A1 and B1 appear as a product, A1B1, they cannot be distinguished during inference and are 145 

considered a single fitting parameter. This leaves the model with 10 parameters.  146 

3. Experimental Data 147 

The model parameters for these three candidate models are inferred from dilatometry data 148 

collected at different heating rates. Dilatometry data was collected for 2 mm thick Al-Si coated 149 

22MnB5 steel samples, cut into 150 mm  8 mm rectangular strips. The sample composition was 150 

obtained through optical emission spectrometry (OES) and is listed in Table 1 [22]. 151 

Table 1. Composition of 22MnB5 steel used in dilatometry measurement [22]. 152 

Elem C Mn P S Si Ni Cr V Ti Al B Ca 

% 0.23 1.14 0.01 0.003 0.23 0.01 0.23 0.005 0.035 0.05 0.002 0.002 

 153 

Samples were heated within a Gleeble-3500 thermomechanical simulator equipped with a C-gauge 154 

to measure dilation. Figure 2 shows the experimental set-up, where control thermocouples (TC) 155 

were welded at the centre of the sample, with the C-Gauge set up at the same location. This is to 156 

ensure temperature feedback is at the same location of dilation measurement. 157 
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   158 

Figure 2: Experimental set-up with C-Gauge and Gleeble 3500.  159 

Five repeats were carried out at heating rates of 1, 2, 5, and 7 K/s, which are typical of a roller 160 

hearth furnace. Additional verification trials were conducted at 2 and 7 K/s in the same set-up, 161 

during which the samples were pulled out at various temperature (1043 and 1073K) and rapidly 162 

quenched to convert the formed austenite into martensite. Figure 3 shows an example of the 163 

microstructure of samples heated at 7 K/s and extracted at various temperature. 164 
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  165 

Figure 3: Optical micrographs of 22MnB5 microstructures showing: (a) as-received pearlite and 166 

ferrite mixture; samples heated to (b) 1043K; (c) 1073K; and (d) 1113K; at 7K/s heating rate and 167 

rapidly quenched in the Gleeble. The microstructure in (b) shows a small amount of martensite at 168 

previous pearlite locations, validating that pearlite transforms into austenite first [9, 23, 24], 169 

while (c) shows more ferrite transforms into martensite as the process continues, and (d) shows 170 

an almost fully martensitic microstructure. Spatial scale is identical across the panels.  171 

The microstructures at these extraction temperatures were preserved, which were then 172 

processed using quantitative metallography techniques as per ASTM E562 [25]. The phase 173 

compositions of these samples were measured to obtain the volume fraction of martensite, which 174 

is taken to be identical to the peak phase fraction of austenite assuming that austenite fully 175 

transforms into martensite during rapid quenching. This provides a snapshot of the transformation 176 

process at this temperature and is used to verify the dilatometry data.  177 

The austenite fraction, fγ, is inferred from the dilation data using a lever rule [5, 26]. Differences 178 

among the five repeats at the same heating rate are caused by small variations in testing conditions, 179 

materials, and the measurement noise of the process. The five individual trials at 7 K/s plotted in 180 

Figure 4(a) are representative of this uncertainty. These uncertainties play a key role in the analysis, 181 

which is discussed in more detail in Sec. 4.1 and 4.2. Figure 5 shows the average transformation 182 

As Received 1043K

1073K 1113K

Ferrite

Pearlite

(a) (b) Martensite

Ferrite

Martensite

Ferrite

(c) (d)

25 μm
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process of five trials at each heating rate. Symbols represent phase fractions inferred from 183 

metallography on quenched specimens.  184 

 185 

Figure 4: (a) Austenite phase fraction inferred from dilatometry/lever rule for a 7 K/s heating 186 

rate; (b) A set of 100 random samples from the condensed covariance matrix from principal 187 

component analysis (PCA), discussed in Sec. 4.2, convert to sample data suing Vk.  Also shown 188 

is the mean of the five experimental repeats. The heating rate is 7 K/s. For (b), lines are semi-189 

transparent, such that darker, red regions correspond to regions containing a higher concentration 190 

of PCA samples.  191 

 192 

Figure 5: Average austenite phase fractions at various heating rates. Symbols show phase 193 

fractions inferred from metallography on quenched specimens.  194 
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4. Bayesian inference and Bayesian model selection Model Selection Technique 195 

The dilatometry data collected via the procedure described in Sec. 3 is used to infer the 196 

austenitization model parameters. As indicated in Figure 4(a), certain regions of the dilatometry 197 

curves are subject to larger variances than other regions and should be viewed as “more trustworthy” 198 

when inferring the model parameters. Bayesian inference offers a statistically-robust way to 199 

propagate uncertainty from the dilatometry data to uncertainties in the recovered parameters and, 200 

subsequently, into the austenite phase fractions predicted with the model. 201 

From the Bayesian viewpoint, the data and unknown model parameters, vectors b and x, 202 

respectively, are envisioned not as “fixed” values but random variables described by probability 203 

density functions (pdfs). Within this framework, the data and quantities-of-interest (QoI) are 204 

related via 205 

 ( )
( ) ( )

( )
( ) ( )

pr

po pr

p p
p p p

p
= 

b x x
x b b x x

b
 (11) 206 

where ppo(x|b) is the posterior pdf of x conditional on the observed data b; p(b|x) is the likelihood 207 

pdf that quantifies the likelihood that of the data given a set of model in the context of measurement 208 

noise and model error; ppr(x) expresses any information about the model parameters before the 209 

experiment (e.g. through previous experiments, physical reasoning, etc.); and p(b) is the evidence, 210 

used to normalize the posterior pdf. The posterior concisely represents our knowledge and 211 

confidence of the model parameters given the measurement data b and associated uncertainties, as 212 

well as any available prior knowledge about x. 213 

4.1. Likelihood 214 

The finite width of the likelihood pdf, p(b|x) reflects the fact that the measurements and the model 215 

are fundamentally incomparable, that is 216 
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 ( )mod meas mod= + +εx εb b  (12) 217 

where εmeas and εmod are the measurement and model errors, respectively. Model error is neglected 218 

for now, while the measurement error is assumed to be unbiased and normally-distributed with a 219 

covariance matrix Σb. The likelihood is then given by 220 

 ( ) ( )
21/2

b b mod

2

1
2 exp

2
p

−  
 = − −  

 
b x Σ L b x b  (13) 221 

where |·| denotes the determinant, and L = chol(Σ-1) is the Cholesky factorization of the inverse 222 

covariance matrix. If we assume independent measurements, Σb
 will be a diagonal matrix 223 

containing the variance of each observation throughout the transformation process, and Lb will be 224 

a diagonal matrix with the inverse of the standard deviation of each observation. The Cholesky 225 

matrix, Lb, serves as a weighting factor based on the confidence we have on each individual 226 

observation. For example, from Figure 4(a), it is evident that the start and finish of the 227 

transformation processes are relatively consistent (relatively small variance at the start and the end 228 

of Σb), whereas more variations are present from 0.2 to 0.8 range (relatively large variance in the 229 

middle of Σb). This, in turn, corresponds to larger values in elements at the beginning and end of 230 

diag(Lb)  and smaller values at the middle.  231 

Inspection of  Figure 4(a) reveals a second critical feature of these measurements: that the errors 232 

are highly correlated. In other words, any single realization of the data produces a curve that is 233 

likely to be consistently above or below the mean. One would expect such a feature from a 234 

continuous transformation process, since each datapoint is built upon previous data points, and 235 

therefore error will accumulate. This manifests as a highly collinear data covariance matrix, and, 236 

as a consequence, the inverse data covariance matrix, (Σb)-1, is undefined. However, the highly 237 

correlated nature of the noise also suggests that the dataset can be condensed into a more compact 238 

form, for which we use principal component analysis (PCA).  239 
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4.2. Principal component analysis 240 

PCA maps the data into a new coordinate space defined by an orthogonal set of principal 241 

components, between which there is no covariance. This is accomplished by computing the eigen-242 

decomposition of Σb,  243 

 b 1 T−= =Σ VDV VDV , (14) 244 

where D is a diagonal matrix containing the eigenvalues and the column vectors of V are the 245 

corresponding eigenvectors. Note that, since Σb is a symmetric, V is orthonormal (that is, V-1 = 246 

VT) and 247 

 ( )
1

b 1 T
−

−= VD VΣ . (15) 248 

The eigenvectors represent the principal components, while the eigenvalues represent their 249 

significance to the data. For highly correlated data, a reduced number of principal components, k, 250 

can now be used to represent the data. In this case,  251 

 ( )
T

b k k k V D VΣ  (16) 252 

where Dk∈ℝk×k only contains the k largest eigenvalues and Vk∈ℝ64×k (64 is the number of data 253 

points in this case) only contains corresponding eigenvectors. Within this framework, Vk 254 

represents a transformation of the original data space into one approximated by a limited number 255 

of principal components, such that 256 

 k k=b V b , (17) 257 

which applies equally to the modeled and observed data. The covariance of the transformed data 258 

is Dk. Substituting into the likelihood, 259 

 ( ) ( ) ( )
2

T1/2
mod obs

2

1
2 exp

2

k k kp
−  

 = − −  
 

b x D L V b x b , (18) 260 

where Lk = chol[(Dk)-1], which, given that Dk is diagonal, is easy to compute.  261 
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In this problem, four principal components are used to represent the data. The effectiveness of 262 

this approach is verified by generating data using Dk and then comparing it to the original data, b. 263 

As an example, Figure 4(b) shows 100 sets of simulated data and the mean of five repeats at 7K/s 264 

heating rate. The simulated data follows a similar trend, and represents the uncertainty derived 265 

from the five repeats shown in Figure 4(a). 266 

4.3. Prior 267 

The prior pdf, ppr(x), contains information about the model parameters, x, available before the 268 

measurement. This information can often be found from previous experiments in the literature, 269 

particularly when model parameters are reported with uncertainties. When defining the prior pdf, 270 

it is important to specify a prior that contributes testable information to the inference process but 271 

is otherwise as uninformative as possible to avoid unduly biasing the outcome. According to the 272 

Principle of Maximum Entropy [27], a multivariate normal distribution maximizes the information 273 

entropy, i.e., minimizes the information content in scenarios where estimates for a mean and 274 

variance/uncertainty are available. Assume a multivariate normal prior ppr(x) takes the form of 275 

 ( ) ( )
21/2

pr pr pr

pr
2

1
2 exp

2
p

−  
= − − 

 
x Σ L x x  (19) 276 

where Σpr is the covariance matrix of prior model parameters, xpr is the mean of prior model 277 

parameters, and x is the current model parameter. For example, Di Ciano et al. [5] reported the F1 278 

model (M1) parameters to be normally-distributed with  279 

 
apr pr

10

402 24.83
,      diag

log 18.5 1.29

E
=

A

      
= =       

      
x Σ  280 
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where xpr is the mean of model parameter vector, x, Ea is in kJ/mol·K and A is in log10s
-1. These 281 

model parameters and uncertainties are derived from dilatometry data of a similar 22MnB5 steel, 282 

and therefore can be used directly as prior information in our analysis.  283 

For some models, however, prior information of the model parameters is not readily available. 284 

In most cases, model parameters are reported as a single set of values that provide the best fit to 285 

the data without any consideration of uncertainty. Moreover, model parameters generally pertain 286 

to a particular alloy, and cannot readily be adapted to different materials. Neither the ISV model 287 

(M2) [8] nor the phenomenological model (M3) [9] include model parameter uncertainties, and the 288 

ISV model parameters reported by Huang et al. [8] are derived for a different material.  289 

Accordingly, instead of using model parameters for M2 and M3 reported in the literature, they 290 

are inferred from the same dilatometry data that Di Ciano et al. [5] used to obtain the M1 model 291 

parameters for 22MnB5 steel. The data set contains five repeats for each of the five heating rates 292 

(1, 2, 5, 10, 20 K/s). These 25 datasets are randomly sorted into five groups, each group containing 293 

one set of every heating rate, in order to ensure each heating rate is equally represented in every 294 

group. Note that this is not the same data used in the model selection procedure, which is 295 

introduced in Sec. 3. Therefore, this will not introduce any bias to the analysis. Both M2 and M3 296 

are fit to the five groups of data using non-linear least-squares minimization, resulting in five sets 297 

of model parameters for each model. These five sets of parameters can then be used to find mean 298 

and standard deviation of each parameter. The model parameters inferred through this process are 299 

expected to be highly correlated; however, in this work they are modeled as independent, which 300 

provides a conservative estimate of the prior pdf.  301 
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With the assumption of independent model parameters, the prior pdf is fully specified by the 302 

mean, xpr and prior covariance, Σpr, similar to that of M1. These parameters are summarized in 303 

Table 2 for M2 and Table 3 for M3. 304 

Table 2: Prior information of M2  305 

Parameter Prior [μ, σ] 

D (-) [0.28, 0.11] 

F (-) [0.89, 0.10] 

G (-) [0.59, 0.06] 

H (-) [0.96, 0.06] 

Table 3: Prior information of M3 and comparison to reported values 306 

Parameter Prior [μ, σ] Reported value 

A1B1(kJ/mol) [2.20×104, 2.22×103] 2.39×103 

A (-) [0.12, 0.001] 0.80 

φA (-) [1.92, 0.17] 1.41 

QN (kJ/mol) [29.02, 9.21] 148.6 

B (-) [9.36, 0.81] 1 

φB (-) [0.32, 0.45] 0.12 

Qv (kJ/mol) [203.08, 10.95] 40.5 

m0 (-) [0.16, 0.01] 1.05 

n0 (-) [8.35, 7.35] 2.1 

φn (-) [1.54, 0.005] 0.155 

Also listed in Table 3 are the reported values of model parameters by Li et al. [9], which differ 307 

significantly from the ones found using Di Ciano et al.’s data [5], even though both experiments 308 

follow similar procedures and were carried out on similar material. This may be an indication of 309 

over-tuning, and further highlights the important role of model complexity as a crucial criterion in 310 

model evaluation and comparison. 311 

4.4. Evidence and Posterior 312 

The evidence, p(b), represents the probability density of observing the data vector b, and is found 313 

from 314 

 ( ) ( ) ( )prE p p p d= = 
x

b b x x x  (20) 315 

Substituting this result into Eq. (11), along with the likelihood and prior pdfs, results in an 316 

expression for the posterior pdf for the model parameters, ppo(x|b). 317 
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The posterior pdf is a joint probability density with a dimension equal to the number of model 318 

parameters; for model M1, p(x|b) can be visualized as a contour or surface plot, but this cannot be 319 

done for M2 and M3, which have more than two parameters. Instead, the posterior pdf is often 320 

summarized by the maximum a posteriori (MAP) estimate, xMAP. With the assumption of normal 321 

likelihood and prior, xMAP can be calculated as 322 

 ( )  ( ) ( ) ( )
2 2T

MAP mod pr pr

po
22

arg max arg min k kp
 

 = = − + −  
 x x

x x b L V b x b L x x  (21) 323 

Evaluating ppo(x|b) requires calculating the evidence, which is a computationally intensive 324 

process. Instead, if the posterior is modeled as Gaussian (i.e. bmod(x) is approximately linear close 325 

to xMAP), Laplace’s approximation may be used [28, 29] 326 

 ( )
21/2

po po MAP

po
2

1
2 exp

2
p 

−  
 = − −  

 
x b Σ L x x  (22) 327 

The posterior covariance matrix, Σpo, is calculated using 328 

 ( ) ( ) ( ) ( ) ( ) ( )
1 1 1

T 1 1 1
r

T 1
po po po T b p pr

− − −
− − − −     = = + = +

          
k k k

Σ L L J Σ J Σ V J D V J Σ  (23) 329 

and J is the Jacobian matrix, having elements equal to 330 

 
mod

i
ij

j

b
J

x


=


, (24) 331 

and evaluated at xMAP. The Jacobian can be directly obtained as a by-product of the nonlinear least-332 

squares minimization algorithm used to find xMAP. 333 

4.5. Bayesian Model Selection 334 

The posterior probability density derived through Eq. (11) accounts for the measurement 335 

covariance through the conditional probability ppo(x|b), but there is an additional “hidden” 336 
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dependency on the choice of model, i.e. ppo(x|b) = ppo(x|b,Mi) where Mi is the measurement model. 337 

Eq. (11) then transforms into  338 

 ( )
( ) ( )

( )
( ) ( )pr pr

po

, ,
,

i i i i i i i i

i i

ii

p M p M p M p M
p M

Ep M
= =

b x x b x x
x b

b
 (25) 339 

where Ei is the evidence conditional on model Mi, which marginalizes over the model parameters. 340 

Suppose, as in this case, there exists a manifold of candidate models, {Mi} ∀ i ∈ {1, 2, … m}. 341 

The model posterior probability, i.e., the probability that Mi is the model that produced the 342 

observed data, can be stated using another instance of Bayes’ equation  343 

 ( ) ( ) ( ) ( )po pr pr Mi i i i ip M p M p M E p =b b  (26) 344 

Where p(b|Mi) is the model likelihood, indicating the probability density of observing the data b 345 

using model Mi, and ppr(Mi) is the model prior, which describes the prior probability of a given 346 

model based on what is known before the measurement. We note that the model likelihood is the 347 

same as the evidence from Eq. (25) and thus involves a marginalization over the model parameters. 348 

Note the distinction between model prior, ppr(Mi), and prior pdf on model parameter, ppr(x|Mi); the 349 

model parameter prior can often be obtained either from the literature or through previous 350 

experiments as detailed in Sec.4.3, whereas the model prior is often set equal to unity, when no 351 

model is preferred. With this assumption Eq. (26) becomes  352 

 ( )po i ip M Eb  (27) 353 

A major challenge in assessing the model posterior probability concerns calculating the model 354 

evidence. In order to calculate a “true” evidence, however, the entire set of candidate models would 355 

need to be marginalized. Instead, it is often sufficient to calculate the relative model posteriors, i.e. 356 

Ppo(Mi|b)/Ppo(Mj|b). If the model priors are taken to be unity, this becomes the Bayes factor, 357 
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( )

( )
( )
( )

po

po

i i i
ij

jjj

p M p M E
B

Ep Mp M
= = =

b b

bb
 (28) 358 

which describes the odds that Mi produces the data b over Mj. A positive Bij indicates that model 359 

Mi is preferred over model Mj. Furthermore, Eq. (25) can be rearranged into 360 

 
( ) ( )

( )
pr

po

,

,

i i i i

i

i i

p M p M
E

p M
=

b x x

x b
 (29) 361 

with the posterior probability density calculated using Laplace’s approximation, Eq. (22). Under 362 

this assumption, the evidence is independent of xi; for simplicity, the terms in Eq. (29) evaluated 363 

at the xMAP.  364 

For numerical stability, model selection is often done using the logarithm of the evidence, which 365 

can be further broken down into three major components [15, 30]. 366 

 ( ) b, pr,ln i i i iE C F F= + +  (30) 367 

The measurement credence, Ci, is defined as 368 

 ( ) ( ) ( )1/2 1/2 1/2
po pr bln 2 ln 2 ln 2i i iC = − −Σ Σ Σ    (31) 369 

The relative fit of the model to data, Fb,i, evaluated at xMAP, is defined as 370 

 ( )
2

b mod MAP obs

b,
2

1

2
i i iF  = − −

 
L b x b  (32) 371 

and, similarly, the relative fit of xMAP to prior, Fpr,i, is defined as 372 

 ( )
2

pr MAP pr

pr,
2

1

2
i i i iF = − −L x x  (33) 373 

These three terms provide more insight on how well a particular model performs. The 374 

measurement credence includes determinants that normalize the posterior, prior, and likelihood 375 

densities [15]. Large determinants represent “diffuse” distributions that are highly uncertain, 376 

contain less information, or have a high number of parameters (i.e., complex models with many 377 
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DOFs). A large |Σpo| indicates less confidence in the derived model parameters, which happens 378 

when the model is too complex with too many DOFs. This is balanced out by the information 379 

provided by the prior parameters (and the data, though this is identical across the models, and 380 

cancels out in computing the Bayes factor) and is inversely proportional to |Σpr|, respectively. The 381 

credence accounts for the model degrees-of-freedom through the size of |Σpo|, though it is an 382 

oversimplification to assume that models having many DOF will necessarily have a small credence. 383 

Having many model parameters is permissible, as long as the elements of Σpr are small, which is 384 

true if the prior information about the parameters is specific and reliable. 385 

Taking the logarithm of Eq. (28) results in 386 

 ( ) ( ) ( ) ( )b, b, pr, pr,ln ij i j i j i j ij ijB C C F F F F C F= − + − + − =  +   (34) 387 

where ΔCij is the relative measurement credence and ΔFij is the relative fit. These two competing 388 

parameters weigh each model’s complexity against its accuracy in a quantitative way, in the 389 

context of the prior covariance and the measurement covariance. For example, ΔCij may be 390 

positive if Mi is simpler than Mj, but ΔFij may be negative if Mj gives a better goodness-of-fit to 391 

the data, or returns a set of model parameters more in keeping with known physics. We note that 392 

|Σb| cancels out in this procedure and only enters the calculation via the MAP estimate and in 393 

computing |Σpo|.  394 

5. Results 395 

This procedure is used to identify the most probable austenitization submodel for 22MnB5, based 396 

on the dilatometry data discussed in Sec. 3. Table 4 summarizes xMAP for each model parameters 397 

obtained through minimizing Eq. (21) as well as their associated uncertainties. For all three 398 

candidate models, the Jacobian matrix, J, is acquired as a byproduct of the minimization algorithm 399 

used to find xMAP, and Σpo
 is found using Eq. (23).The measurement credence, Ci, is evaluated 400 
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using Eq. (31). Both Fb,i and Fpr,i can be obtained easily using Eqs. (32) and (33), as both (bmod – 401 

b) and (xMAP – xpr) have already been calculated. Subsequently, ΔCij, ΔFij, and ln(Bij) are evaluated 402 

from these results using Eq. (34) and is illustrated in Figure 7. 403 

Table 4: xMAP and uncertainties for candidate austenitization models, [μ, σ] 404 

M1 M2 

Ea (kJ/mol·K) Log10 A (log10s-1) D (-) F (-) G (-) H (-) 

[444.84, 1.63] [20.84, 0.8] [0.11, 0.005] [0.63, 0.011] [0.36, 0.012] [0.88, 0.007] 

M3 

A1B1(kJ/mol) A (-) φA (-) QN (kJ/mol) B (-) 

[2.39×104, 2.21×103] [0.12, 0.001] [1.53, 0.049] [22.29, 3.626] [10, 0.808] 

φB (-) Qv (kJ/mol) m0 (-) n0 (-) φn (-) 

[0.86, 0.142] [209.32, 3.583] [0.15, 0.012] [0.31, 2.311] [1.54, 0.005] 

To better visualize the uncertainties associated with an individual model parameter, one could 405 

plot its marginalized distribution, which is modeled as Gaussian. Figure 6 shows a marginalized 406 

pdf of M3 model parameter, QN. 407 

 408 

Figure 6: Marginalized pdf of QN, demonstrating the 95% credible interval (CI).   409 

The three models are compared in pairs by evaluating ΔCij, ΔFij, and the resulting Bayes factor, 410 

ln(Bij) as shown in Figure 7. We start by comparing M2 to M1 (Case 1) and M3 to M1 (Case 2). 411 

Assume M1 is the null model, M2 and M3 are the alternative models in case 1 and 2 respectively. 412 

Since the null model is the simplest with only two DOF, it is preferred in terms of relative 413 

measurement credence, as indicated by the positive ΔC12 and ΔC13. However, it provides an 414 
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inferior goodness-of-fit, as indicated by the negative ΔF12 and ΔF13, suggesting that two DOF is 415 

inadequate to capture the physical processes that underlie austenitization. This results in overall 416 

negative Bayes factors, ln(B12) and ln(B13). For Case 3, we suppose that M2 (4 DOFs) is the 417 

preferred null model and M3 (10 DOFs) is the alternative model. M3 is much more complex than 418 

M2, but the added complexity does not realize an improved goodness-of-fit. On the contrary, M2 419 

outperformed M3 in both relative measurement credence and fit, and is therefore the optimal model.  420 

 421 

Figure 7: Model selection result visualized, M1 is the first order kinetics model (2 DOFs), M2 is 422 

the ISV model (4 DOFs), and M3 is the phenomenological model (10 DOFs). M1’s advantage in 423 

low complexity is offset by its lack in accuracy comparing to both M2 and M3. M2 which best 424 

balances complexity and accuracy is selected as the optimal model. 425 

Overall, this approach exemplifies the fact that Bayesian model selection technique accounts 426 

for data uncertainty, model complexity, and prior information to derive an unambiguous and 427 

statistically-rigorous indicator of model performance in the form of the Bayes factor. In 428 

comparison, the conventional approach of goodness-of-fit misses these nuances and may lead to 429 

misleading or erroneous conclusions. As an example, Figure 8 compares between three model 430 

predictions and the data (the mean of five repeats) at 5 K/s heating rate. One could determine that 431 

M1 is the worst of all three based solely on goodness-of-fit, but will struggle to compare M2 and 432 
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M3 without a quantitative score (ΔF23) or any insight into the model complexity and uncertainties 433 

(ΔC23). 434 

 435 
Figure 8: Comparison of three model predictions at 5 K/s heating rate. This demonstrates the 436 

poor fit between the data and M1. It also illustrates the drawback of goodness-of-fit evaluation 437 

method, as one cannot easily determine the better model between M2 and M3. 438 

 439 

Given the PCA representation of the data, one can also generate a series of artificial data that 440 

represent the range observed in the experimental data, i.e., the samples shown in Figure 4(b). This 441 

feature could be leveraged to study the uncertainties associated with ΔCij, ΔFij, and ln(Bij). 442 

Supposed that 250 new random sets of data are generated. This data can then be used to repeat the 443 

model selection procedure 250 times to compute a distribution of Bayes factors, as visualized in 444 

Figure 9 for 250 samples. 445 

 446 

Figure 9: Histograms showing the Bayes factor and its components for 250 samples from the 447 

PCA representation of the data for (a) Case 1; (b) Case 2; and (c) Case 3. Note that ΔCij has 448 

much smaller uncertainties than ΔFij, and is therefore plotted on a separate axis for clarity. 449 
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The result from the experimental data, i.e., the point estimates from Figure 8, are also provided 450 

in the plots. The sampled data produce a spread of results centered around the point estimates, as 451 

expected. This exercise reflects the Bayesian viewpoint of not considering results to be strictly 452 

finite (such as the point estimate results in Figure 7) but distributions with uncertainties (such as 453 

the ones in Figure 9). If the analysis is repeated with a different set of data, one may not end up 454 

with the same numbers shown in Figure 7, but it will likely lie within the distribution captured in 455 

Figure 9. This also illustrates that even with uncertainties considered, the decision of choosing M2 456 

as the optimal model still stands. 457 

6. Conclusions 458 

Optimizing the heating stage of hot stamping requires an accurate furnace model that can predict 459 

both blank heating as well as austenitization. Although many candidate austenitization submodels 460 

have been proposed in the literature, the performance of these models is typically assessed by their 461 

goodness-of-fit to dilatometry data without any consideration of model complexity and 462 

susceptibility to overtuning. To address these shortcomings, we introduce Bayesian model 463 

selection technique to compare three candidate austenitization submodels: a first-order (F1), 464 

internal state variable (ISV), and phenomenological model.  465 

Computed Bayes factor indicate that the simplest (F1) model does not provide sufficient 466 

degrees-of-freedom to capture key features of the austenitization process, while the most 467 

complicated model, which provides a better goodness-of-fit, is overcomplicated and thus 468 

susceptible to overtuning. Among the three candidate models, the ISV model is considered the 469 

optimal model according to Bayesian model selection as it strikes a good balance between 470 

complexity and accuracy. This work provides a blueprint on how to evaluate different candidate 471 



26 

 

models in a more statistically rigorous way, taking into consideration not only the fit to the data, 472 

but also the uncertainties in the data and in the model.  473 
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