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This paper presents a general formulation of the continuous sensitivity equation method
(SEM) for computing first and second order sensitivities of time-dependent, incompressible
laminar flows. The formulation accounts for complex parameter dependence and is suitable
for a wide range of problems. The SEM formulation is verified on a problem with a
closed form solution. Systematic grid convergence studies confirm the theoretical rates of
convergence in both space and time. The methodology is then applied to pulsed flow around
a square cylinder. The flow starts with symmetrical vortex shedding then transitions to
the traditional Von Karman street {(alternate vortex shedding). Sensitivities are used to
demonstrate fast evaluation of nearby flows. The accuracy of nearby flows is much improved
when second order sensitivities are used. For the uniform flow around a circular cylinder
the sensitivity of the Strouhal number with respect to the Reynolds number agrees well
with the computed and experimental St-Re relationship.

Nomenclature
f frequency of vortex shedding
ki body force
FY imposed surface force
| identity tensor
A, b normal and tangent unit vectors
p pressure
Re Reynolds number
St Strouhal number
8z sensitivity of the dependent variable
t time
t surface traction
u velocity
u,v z and y velocity components
Up imposed boundary velocity
T,y Cartesian coordinates
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stress tensor
computational domain

r boundary
m viscosity
p density

r

Q

I. Introduction

An engineer using CFD for design must answer two questions: are the flow predictions obtained with CFD
accurate enough for design purposes? and what are the consequences of changing the parameters con-
trolling the system (boundary conditions, shape parameters, etc.}? This paper presents a general continuous
sensitivity equation method for time-dependent incompressible laminar flows as a means of answering the
latter question. The former issue is best dealt with by a comprehensive validation study including systematic
time-step and grid refinement studies and comparison to experimental measurements.

A sensitivity is the derivative of a dependent variable with respect to a design parameter. For the flow
around an airfoil, gﬁ is the sensitivity of the velocity with respect to the airfoil angle of attack. It expresses
how the velocity field responds to perturbations of a around its nominal value. Sensitivity information can
also provide fast evaluation of nearby flows without resorting to a full blown flow re-analysis. This is done
via Taylor series in parameter space, and is especially useful to answer what if questions for complex flows.
Finally, sensitivity information can serve to cascade input data uncertainty through a CFD code to yield
uncertainty estimates of the flow response. In both cases cost-effectiveness is achieved because sensitivities
are cobtained at a fraction of the cost of computing the flow.

There are several means of computing flow sensitivities: finite differences of flow solutions, the complex
step method,! automatic differentiation,? and sensitivity equation methods.3® The first option is costly
because the problem must be solved for two or more values of each parameter of interest. Furthermore,
technical problems arise because non matching meshes are obtained for different values of a shape param-
eter. The complex-step method is code invasive: it requires a complete rewrite of the software in complex
variables. While this can be automated, it has a significant impact on performance. Automatic differentia-
tion is equivalent to differentiating the discrete equations to generate a system of equations for the discrete
sensitivities. It is powerful because it automatically generates the code for calculating sensitivities. In many
cases, implementation requires human intervention to ensure efficiency of the code. Approaches to calculat-
ing sensitivities also differ depending on the order of the operations of approximation and differentiation. In
the discrete sensitivity equation approach, the total derivative of the flow approximation with respect to the
parameter is calculated,® whereas in the continuous sensitivity equation method (SEM) one differentiates
the continuum equations to yield differential equations for the continuous sensitivities.? See Hien et al.” for
a discussion of the two approaches. We have adopted the latter approach.

Sensitivity analysis is a more advanced field in solid mechanics than in fluid dynamics, Indeed, textbooks
have been written on sensitivity analysis of structures.%” To our knowledge there is only one book on
sensitivity analysis of flow problems.* [t is recent and more specialized than structural mechanics books.
Gunzburger® discusses sensitivity analysis in the context of flow control and optimization.

Automatic differentiation for first-order flow sensitivities is discussed by Sherman® and Putko.? Contin-
uous SEMs may be found in Godfrey,'™!! Borggaard,® Limache'? and Turgeon'® for aerodynamics appli-
cations. Application to heat conduction is reported by Blackwell.'* Sensitivities for incompressible flows
with heat transfer may be found in several references.® 517 Sensitivity analysis for turbulence models is
detailed in the works by Godfrey!! and Turgeon.!®'® Solution of the sensitivity equations for the transient
incompressible flow of non-Newtonian fluids is presented by Ilinca.?® A wide variety of flow regimes were
treated by the authors.5 16 17.19.21.22 Thijs body of work has shown that sensitivities provide an enriched
base of information on which to develop an understanding of complex flow problems. The work presented
here is an extension to first and second order sensitivities for time-dependent flows, of the methodology
developed previously for steady state flows.317

The paper is organized as follows. First, we present the equations describing time-dependent laminar
flow along with their boundary and initial conditions. The first and second order sensitivity equations and
their boundary /initial conditions are then described in detail. The methodology and its finite element solver
are verified on a problem possessing a closed form solution. The approach is then applied to pulsed flow
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around a square cylinder. Several uses of sensitivities are demonstrated. For the uniform flow past a circular
cylinder emphasis is put on the Si-Re relationship and the computed sensitivity of the Strouhal number.
The paper ends with conclusions.

II. Flow equations

A. Navier-Stokes Equations
The flow regime of interest is modeled by the momentum and continuity equations:

Su

°% +pu-Vu=—Vp+f+V-[,u(Vu+(Vu)T)] (1)

V-u=0 ()

where p is the density, u is the velocity, p is the pressure, p is the viscosity, t represents time and f is a
body force. The above system is closed with a proper set of initial conditions

u(x,t =0) = Uy{x)in O (3)

and Dirichlet and Neumann boundary conditions
u{z,t)=Up(z,t)on I'p. {4)
t=[-pl+2uy(u))-A=FYon Ty {5)

where Up is the value of the velocity imposed on the boundary I'p, I is the identity tensor, «y{u) =
(Vu + VuT)/2 is the shear rate tensor and FV is the imposed boundary value of the surface traction force
£

III. Sensitivity Equations

A. General Formulation of First Order Sensitivity Equations

The continuous sensitivity equations (CSE) are derived formally by implicit differentiation of the flow equa-
tions (1) and (2) with respect to parameter a. We treat the variable u as a function of space, time and of the
parameter a. This dependence is denoted as u(x,¢;a). Defining the flow sensitivities as the partial deriva-
tives 85 = % and s3 = gﬁ, and denoting the derivatives of the fluid properties and other flow parameters
by a {’} and the subscript a, differentiation of equations (1} and (2) yields

(2w v0) 40 (%5 b vt ot Tu) =9 4 £ “
+9 [ (Vu+ (V7). (9 + (75207

Va8 =0. )

B. General Formulation of Second Order Sensitivity Equations

The same method is applied to obtain second order sensitivity equations. We consider here two independent

parameters a and b. Thus, 1 can be written as u{z, t;a,b). Second order flow sensitivities are defined as the

partial derivatives s%° = gﬁ‘-& and s8® = 5‘%%35, and denoting the derivatives of the fluid properties and other
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flow parameters by a (") and the subscript ab, differentiation of equations (1) and (2) yields

Bu dsb
Pab (-a+u-Vu) ‘*‘Pg’;( at

0
o (%+u Vsl + 88 Vu)+

"+sﬁ-Vn)+

asnb
p( 5 +u-v3:;°+sg-vsg+sg-Vs?,+sgb-vu)= Vssb + fur+ (8)

[,u (Vu+ (Va)T) + 44y (Vo2 + (Vs2)7) +
m (Vsu +(Vsh) ) +p (VS:" + (Vs:b)T)]
V.82t =0. (9)
C. Initial and Boundary Conditions

Initial conditions for the sensitivity equations are obtained by implicit differentiation of equation (3)

2 (x,t=0) = 66[{1"( z) inf, (10)
% (z ¢ = 0) = ‘z:[;b (@) in Q. (i1)

Dirichlet condition are obtained in a similar manner and can be written as:

st = a;jap on [p, (12)
2 e st 2Gerted) + @] A= 2 on T (13)
3 = % wy(si) +uv(u))} A= ——on Ty
for the first order sensitivities, and:
*Up
ab __
Su = Zoap O0 Tp, {14)
D s 2 ((s2) + (D) r(s8) + ay(a)] = 2 ol (15)
dadb 4 u a Nu/ TR TR u ] T Pab Badb

for the second order sensitivities.

IV. Implementation

The flow equations and the CSE are solved on three-dimensional meshes by a Streamline-Upwind Petrov
Galerkin {SUPG) finite element method.?® Time is discretized by an implicit Euler scheme. The equations
are linearized with Newton’s method and discretized with the 4-node element using linear interpolants for
the velocity and pressure. The same element is used to solve the sensitivity equations. Element matrices are
constructed using a numerical Jacobian technique and assembled in a compressed sparse row format. Flow
and sensitivity global systems are solved by BiCG stabilized iterative methods.

V. Numerical Results

In this section the numerical approach is first verified using the method of manufactured solutions
(MMS)?* and then applied to the case of time-dependent pulsed flow around square and circular cylin-
ders and to the uniform flow around a circular cylinder. In the verification case, direct differentiation of
the manufactured solution provides closed-form expressions for the sensitivities. A grid convergence study
is perfortmed to assess the accuracy of the flow and sensitivity solutions.
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A. Verification

We use the following expressions for the velocity components taken from the Stommel ocean flow model?3

u(ra y) = %—COS (Tny) [Clek‘z + C2ek::: _ 1] (16)
b
oz, 9) = 2 % sin (%) [Cikiet® + Cokzer] -
with
. —_ DnB D.B 2 T 2
ha=-3p%y(3r) *(5) (18)
and 1 — ek?A A _
C = RN _ gk’ Cs = P wmpre g (19)

The same problem was used by Hristova et al.26 to verify the 2D solution of the flow and first order sensitivity
equations. Figures 1(a) and 1(b) are sketches of the flow field for # = 0 and § # 0. Also shown is the shape
of the wind force F. The original Stommel solution is for a steady-state flow. By taking

\ East 4 East

North North
F4 z
Y\I/' x y‘\l/ x
(a)8=0 (bys#£o0

Figure 1. Flow pattern for ocean-like flow

F = Fsin(nt) (20)

we generate a time-dependent velocity field suitable for verification. Finally, we choose the pressure to be:

p(z,y) = 2;;2-3 = —2% cos (%) [C;kle""‘ + Czkzek”:]. (21)
so that a zero normal traction (FJ"’ = 0 in Eq. 15} may be imposed on the top and bottom boundaries of
the computational domain as shown on Figure 2. These expressions are substituted in the Navier-Stokes
equations to define the body force f ensuring that the momentum equations {1} are satisfied.?®

The meaning and values of the various parameters are given in Table 1. For simplicity, the length scale
is taken as L* = b = 27 x 105m while the time-scale is T* = 1/8L*.

The computational domain and boundary conditions are shown on Figure 2. A grid and time step
convergence study is carried out for the flow and its first and second order sensitivities with respect to the
following two parameters: the Coriolis coefficient 3 and the friction coefficient R. Analytical expressions for
the sensitivities are obtained by direct differentiation of equations (16) to (21). The required source terms
f' and f" in the sensitivity equations are obtained by first and second order differentiation of f in Eq. (1).
The grid refinement study reported here is performed for § = 0. Similar results were obtained with § # 0.
The mesh and time steps for the grid sequence are reported in Table 2. With this data one expects the true
error at the final time of the simulation to be reduced by a factor of 2 from one mesh to the next. Figures
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Table 1.

Parameters of the “ocean-like” manufactured solution.

Parameter dimenstonal non-dimensional
latitude, b 27 x 106m 1.00
longitude, A 107m 1.59
depth, D 200m 3.1831 x 10-5
wind force, F 0.3 x1075m?s~2 1.9249 x 10~ 1!
friction coefficient, R 0.6 x 10~¥ms~! 1.5198 x 10~¢
Coriolis effect, 8 1071y —15~! 1.00
North, y
Sy, U =1lree
Sy.V=lee
y=b 3
Sy. U = exact Sy. U =exact
Sy . V= exact Sy, V=exac
y=0 3 -
=0 S, U=t =A
) SYIV oo =4 Bastx

Figure 2. Verification problem: Computational domain.

3(a) and 3(b) show the results for the velocity, pressure and their sensitivities with respect to 8 and R. The
results show clearly that the flow and sensitivity solvers exhibit their theoretical rates of convergence. Hence,
the code is verified in the sense of Roache.?® In the present case, 8 = 0, and the solution for the sensitivities
with respect to R are obtained by multiplying the flow solution by —1/R for the first order sensitivities and
by 1/R? for the second order sensitivities. We would therefore expect the errors for the first and second
order sensitivities with respect to R to behave as the error of the flow solution. Results in figures 3(a) and
3(b) show that the errors of the sensitivities with respect to R are almost superimposed over the values for
the solution error.

Table 2. Mesh size and time steps for verification problem.

Mesh & At

1 0.2 0.1

2 0.1 0.05

3 0.05 0.025

4 0.025 0.0125
5 0.0125 0.00625

B. Pulsed flow around a square cylinder
1. Problem statement

The computational domain and boundary conditions for this problem are shown on Figure 4(a). Because
the problem is two-dimensional only a slab was meshed with 3D tetrahedral elements. The mesh is shown
on Figure 4(b) and was designed to provide adequate flow and sensitivity resolution. The inflow velocity
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True Relative Error

510 |
=
w
3
[
x
@
2
=
| 10°
1 2 3 4 5
Case
(a) u and its sensitivities (b) p and its sensitivities

Figure 3. Verification problem: Convergence of 1, p and their sensitivities.

u=free,v=0 1
y

c,-f u,v=0
> o
= d=1 u, v = free "
B = % @
] H '
3 P

i i u=free,v=0

.

X,=6 Xg=15
(a) Domain and boundary conditions (b) Mesh

Figure 4. Pulsed flow around a square cylinder: Definition and mesh.
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varies in time according to:
2wt
Ug(t) = Us (1+asin -l) (22)
Ts

where Uj is the time mean value of the free-stream velocity, o the amplitude of the sinusoidal variation, and
Ts its period. These parameters are set to

Up=1, a=04, T,=4. (23)

The initial conditions are obtained from a steady state solution of the flow and sensitivity equations. The
Reynolds number Re = plpd/p is set to 100.

The time-step is set to AT = 0.025 following the work of Sohankar.?” This leads to 160 time-steps per
period of the inflow boundary condition (T, = 4). Sensitivities are computed with respect to Uy, a, and T,.

The only non-zero boundary condition for the sensitivities are those at the inlet. Implicit differentiation of
Uy yields the following expressions:

sUe(t) = %=1+asin% (24)
o au . 2mt
se (1) = %i = U sin 7 (25)
o 2t 2m¢
Tafpy = 22 _ jnidid
S;e() = T, U a (— 2 ) cos T. (26)
U
S () = Zpa =0 (27)
0
o 89U
5ee (1) = Ba’-’f =0 (28)
U 4t 2mi ont\? . 2mt
TaTa 4y — f _ _ | 2= in —
St (t) = T2 =l a T3 €os . (Tg) snTﬂ (29)

uinlet ~-+a---

.g
v
-
-
")
o

velocity
-
o.o-a-"o’o"
T g
o-5.
LR .
° eceo0®
»
.,o¢o-°'°‘°'°'°
$9.0
B
oo,

Koo
e
K.
a“

velocity
o
pressure

Figure 5. Pulsed flow around a square cylinder: Flow response at (x =2,y =0).
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2. Flow response

The harmonic variation of the inflow boundary condition should induce symmetrical vortex shedding. This
is exactly what is observed in the flow simulation {see Figures 6). Figure 5 shows the time variation of the
inflow velocity and that of the flow (velocity and pressure) at a point located on the symmetry axis one
diameter downstream of the c¢ylinder. The signal is shown from time ¢ = 0 for six periods of the inflow
variation. Notice that the transverse velocity v is zero, confirming that the flow and vortex shedding are
symmetric with respect to the z-axis. The axial velocity u and the pressure p vary with the period of the
inflow boundary condition. The streamwise velocity u is in phase with the inflow and corresponds to the
variations induced by the shed vortices. Notice that the pressure is out of phase by 7 /2 with respect to the
inflow .20

Vorticity contours are shown on Figure 6 over one period T, corresponding to the shaded area on Figure
5. The points on the left-hand curves show the phase in the inflow boundary condition. Two vortices form
at the rear corners of the square cylinder during the ascending phases of the pulsation; shedding occurs at
the peak of the pulsation. Vortices are transported downstream in the wake during the descending phase
while two new vortices start building up. The flow remains symmetric throughout the flow period as can
be seen from the straight contours near the symmetry axis. Thus, the dominant phenomena is symmetric
vortex shedding induced by the flow pulsation.

J\

t=15.0s
_,-/\
t = 15.5s
AN
t=16.0s ‘/’
AN
t=16.5¢ _/
VAN
t=17.0s
N\
t=17.5s
/\\
t=18.0s
t = 18.5s

Figure 6. Pulsed flow around a square cylinder: Symmetrical vortex shedding.

By looking carefully at Figure 5 one notices that v becomes non-zero near the end of the simulation. A
trend towards oscillation seems to be developing. The flow is no longer symmetric at time ¢t = 24 and a
transition of flow regime is occurring. The simulation was continued for six additional periods T,. Vorticity

9of 18

American Institute of Aeronautics and Astronautics



contours are shown in Figure 7 at times ¢t = 32, t = 36, ¢t = 40, and t = 44. The flow becomes strongly
non-symmetric and a Karman vortex street is developing. This is to be expected as the wake of a square
cylinder at Re = 100 is an unstable flow. Because the critical Reynolds number for this flow is Re., = 51,%7
a vortex street would develop for constant inflow boundary conditions. Here, the pulsation at the inflow acts
as a trigger for vortex shedding. Obviously, the final periodic flow will depend on T, the imposed pulsation
period, and the obstacle natural shedding frequency.

t=2320s
t =36.0s
t =40.0s
t =44.0s

Figure 7. Pulsed flow around a square ¢ylinder: Karman vortex street at later times.

3. Flow sensitivity responses

The time signal at {(z = 2,y = 0) of the first and second order flow sensitivities with respect to a, T, and Uy
are shown in Figures 8, 9 and 10. The solution of the sensitivity equations is compared with the derivative
computed by central finite differences with da = 0.01a. The accuracy of the the finite differences derivatives
is of the order of O(8a?) for both the first and second order derivatives. The following observations can be
made:

¢ The period of the sensitivity signals is T,, the period of the inflow pulsation;

e Velocity and pressure sensitivities with respect to T, exhibit linearly increasing amplitudes. This is

to be expected since the inflow boundary condition for Si* = (~2mtUpa/T3) cos 3 is a linearly

increasing function of time;

# The v—sensitivities are initially small, but they become sizable by the end of the simulation. This is
especially visible for St which becomes of the same size as S5° by the end of the simulation. A similar
behavior was observed in the time-signal of v, the transverse velocity component;

¢ In all cases the computed sensitivities agree very well with the finite difference derivatives.
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Figure 8. Pulsed flow around a square cylinder: Sensitivities with respect to a at (z = 2.0,y = 0.0).
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Figure 9. Pulsed flow around a square cylinder: Sensitivities with respect to T, at (zr = 2.0,y = 0.0).
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Figure 10. Pulsed flow around a square cylinder: Sensitivities with respect to Uy at {z = 2.0,y = 0.0).

4. Fast evaluation of nearby flows

Sensitivities can be used for fast evaluation of nearby flows. Consider for example what happens to the
u-velocity, when a generic parameter a is subject to a variation da form the reference value ap. The Taylor
series expansion give:

9*u ba?
T2
We use the above parameter perturbations in linear Taylor series and compare estimates of u, v and p to a
full flow analysis at the perturbed values of the parameters. Results obtained using first and second order
Taylor series are shown. The reconstructed solutions are very close to those recomputed at the perturbed
value of the parameter. Hence, only the errors of the Taylor series with respect to the recomputed solution
are shown in Figure 11. The Taylor series approximations of the flow response are in good agreement with
the CFD analysis at the perturbed values of the parameters at early times, t < 35. Agreement deteriorates
slightly at later times. In all cases agreement improves when both first and second order sensitivities are
used. Agreement is better for perturbations in « than for perturbations in T,, and Uy. In the latter case, the
Taylor series still yields good results at early times. The Taylor series estimates are less accurate for ¢ > 35.

u(x,y;ao + da) = u(z, y;a0) + gda + O(da®). (30)

C. Pulsed flow around a circular cylinder

The flow problem together with the first and second order sensitivities was also solved for the pulsed flow
around a circular cylinder. Figure 12 shows first and second order sensitivities with respect to U, and
the comparison with central finite difference approximation. As can be seen both first and second order
derivatives are accurately computed and the agreement with the finite differences is excellent. This is an
improvement over the case of the square cylinder which can be explained by the absence of singularities
associated with the corners of the square cylinder geometry.
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Figure 11. Pulsed flow around a square cylinder: Errors of fast nearby solutions for da equal to 1% of a at

(z = 2.0,y = 0.0).
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Figure 12. Circular cylinder in pulsed flow at (r = 2.0,y = 0.0): Sensitivities with respect to [/,.

The errors of the fast nearby solutions obtained from Taylor series expansions are shown in Figure 13.
Here again, the accuracy of the reconstructed solution improves greatly when both first and second order
sensitivities are used in the Taylor expansion. Errors of the reconstructed solution are smaller in the case of
the circular cylinder than in the case of the square cylinder.
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Figure 13. Circular cylinder in pulsed flow at (z = 2.0,y = 0.0): Errors of fast nearby solutions.

D. Uniform flow around a circular cylinder

For this problem a steady velocity profile was imposed at the inflow. Because the computational domain
and mesh are symmetrical with respect to the horizontal axis passing through the center of the cylinder, the
vortex street behind the cylinder is difficult to generate. In such circumstances the vortex formation depends
on truncation errors and tolerances for the non-linear iterative convergence. In this work we investigate the
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Figure 14. Uniform flow around a circular ¢ylinder: Karman vortex street.
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sensitivity of the flow solution and therefore the repeatability of the solution is of paramount importance.
The controlled and repeatable vortex street formation is achieved by imposing a slightly non-uniform velocity
profile as given by:

Up = Us (1 + Upg()) (31)

where Uy = 1 is the value of the free-stream velocity, U}, is a small perturbation velocity set at 10~ and
g(y) is an anti-symmetric function taking values between -1 and 1. Here we have used the form:

9(y) = tanh(By) (32)

with 3 = 10. This approach ensures that small changes in parameter values will induce small changes in the
behavior of the flow.

An initial solution was obtained at Re = 100 using the computational domain with dimensions as shown
in Figure 4(a). Vorticity contours are shown in Figure 14 at times t = 94 through ¢t = 100. The flow is
strongly non-symmetric and a Karman vortex street is present in the wake behind the cylinder.

The frequency of the vortex street was analyzed by computing the Strouhal number:

. 1D

St=g- (33)
where f is the frequency of the vortex shedding and D is the diameter of the cylinder. The Strouhal number
is known to depend upon the Reynolds number of the flow and a correlation of experimental data for the
Strouhal-Reynolds relationship was proposed by Williamson.?® Here, the solution given by the present
numerical approach is compared with the correlation of Williamson. The sensitivity of the Strouhal number
with respect to the Reynolds number was also obtained from the sensitivity of the flow with respect to the
free-stream velocity. Results are shown in Figure 15. Two sets of numerical solutions are plotted. The first
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0.161
4~ Simulation, Mesh 1
0.155+ -6~ Simulation, Mesh 2
+ Slope from sensitivity
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l‘ A i I X
5/0 80 90 100 110 120 130

Re

Figure 15. Uniform flow around a circular cylinder: Strouhal dependence upon Reynolds.

one, identified as Mesh 1, corresponds to the solution obtained on a domain of the size shown in Figure 4(a).
Behr et al.? reported that St depends on the position of the upper and lower boundaries. Therefore, a
second series of computations was carried out on a domain twice as height as that of the Figure 4(a) (Mesh
2). For this configuration of the horizontal boundaries, the solution exhibits little dependence to further
changes of the boundary position.?® As can be seen, the numerical solution overestimates the experimental
correlation, but the difference decreases when increasing the size of the computational domain. Note also
that the gap between the simulated St and the experimental values remains the same when varying the
Reynolds number, thus indicating that the simulation recovers well the change in St when Re changes. The
sensitivity of the Strouhal number with respect to Re was also computed by using the first and second order
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sensitivities of the solution with respect to the free-stream velocity (see the blue symbols in Figure 15).
As can be seen, the SEM produces results that correctly describe the trend in the St — Re relationship.
The slope of §t computed from the sensitivities agrees very well with the computed and experimental St-
Re relationships. Comparison between the values of 9St/9Re given by the experimental correlation and
the sensitivity analysis are shown in Figure 16. Here again we see that the agreement is good with the
experimental observation.
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Figure 16. Uniform flow around a circular cylinder: Variation of the slope S5t with Re.

VI. Conclusion

A general sensitivity equation formulation was developed for the solution of first and second order sen-
sitivities for time-dependent incompressible laminar flows. The method was verified on a problem with a
closed form solution to confirm the rate of convergence of the solver for the flow and the first and second
order sensitivities.

The method was then applied to pulsed flow around square and circular eylinders. The fow starts with
symmetrical vortex shedding due to the harmonic variation of the inflow boundary condition. The flow then
goes through a transition phase leading to the usual Karman vortex street characterized by alternate vortex
shedding. First and second order sensitivities compare very well with those obtained by finite differences
indicating that sensitivity computations are accurate. Sensitivities were also demonstrated as a powerful tool
for fast evaluation of nearby flows. Results indicate that accuracy improves when second order sensitivities
are included in the Taylor expansion.

The sensitivity analysis was also carried out for the classical uniform flow past a circular cylinder and
special emphasis was placed on the sensitivity of the Strouhal number. The slope of the St — Re relationship
computed using sensitivity information agrees well with both the computed and experimental changes of St
with Re number.
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