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A numerical framework to compute the effective transport 

coefficients for porous electrode microstructures is presented. The 

anode and cathode electrodes of solid oxide fuel cells are 

discretized as porous microstructures that are formed by randomly 

distributed and overlapping spheres with particle size distributions 

that match those of actual ceramic powders. The technique 

involves the construction of the composite electrode microstructure 

based on measureable starting parameters and the subsequent 

numerical evaluation of the effective transport coefficients. We use 

both the finite volume method and the Monte-Carlo simulation to 

enumerate effective transport coefficients. The results of the 

calculations are compared with experimental data for electron 

conductivities for a range of solid-matrix compositions. 

Comparisons are also made with theoretical correlations for 

effective coefficients. The effect of Knudsen diffusion on effective 

gas diffusivity is also addressed in this paper. Numerical results are 

compared with a harmonic average approximation based on 

Bosanquet’s formula. 

 

 

Introduction 

 

Research and development of solid oxide fuel cell (SOFC) technology have been 

pursued in recent years due to their potential advantages over conventional electricity 

power generation as they promise to have high electrical efficiency, fuel flexibility, low 

emissions, low noise, and high reliability (21). Commercial applications of SOFCs have 

been demonstrated by the operation of more than 125 kW combined heat and power 

SOFC cogeneration system by Siemens Power Generation (22), operating on natural gas 

at atmospheric pressure, with electrical efficiency up to 47% at full load. An overall 

system energy efficiency of more than 80% can be expected, assuming steam/hot water 

or other cogeneration. The present focus for SOFC technology is to maintain a high 

power density and reduce the system cost. This requires further development of the cell 

technology, especially an improvement of the electrodes. To optimize the design of a 

given electrode, repetitive procedures for testing prototypes are necessary. To circumvent 

the high cost of manufacturing and testing a number of prototype cells, computer based 

modeling techniques, recently reviewed in (12), play an important role in improving the 

design and optimization for performance enhancement.  
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It has long been recognized that microstructural features affect the cell performance 

by influencing the rates of the processes in the porous electrodes.  Features such as the 

particle size distribution, composition and porosity can influence important 

microstructural parameters including the total and active triple phase boundary length, the 

gas-solid internal surface area, the tortuosity and the pore size distribution.  Until recently, 

modeling techniques have averaged these microstructural features and assumed that the 

electrodes are homogeneous, relying on correlations to describe the transport of gas and 

charged species through the porous electrodes. Real SOFC electrodes may have a wide 

distribution of pore sizes and highly tortuous networks of solid/pore phases, which are 

influenced by the microstructural features and may not be captured by these correlations. 

Experimental techniques (7,9,16,28,31) have been used for measuring effective 

conductivities and diffusivities. These experiments can be difficult and time consuming 

and are ultimately limited to a small range of microstructures.  

 

From a mathematical modeling point of view, it is important to exploit well-

constructed microstructures and their transport properties for porous anode and cathode 

electrodes used in SOFCs. Previous work has been focused on developing representative 

anode and cathode geometries through numerical construction of porous microstructures 

that are formed by randomly distributed and overlapping spheres. These numerical 

constructions can have microstructures that match closely with real electrodes (15). 

Triple phase boundary length, internal surface area, pore size distribution and the 

percolation of all relevant phases within the porous composite electrodes were computed 

directly from numerical electrode construction. Nevertheless, techniques for 

systematically evaluating the effective transport coefficients on complicated 

microstructures are non trivial. In this paper, we present numerical frameworks to 

compute the effective transport coefficients efficiently and accurately for realistic porous 

electrode microstructures. These properties can directly be used to obtain performance 

calculations for transport phenomena in porous electrodes (4,5,6,8,11,13,14).  

 

To evaluate effective transport coefficients within porous microstructures, theoretical, 

experimental and numerical techniques have been investigated. Theoretical methods 

based on the percolation theory (20) and Bruggeman theory (1) are only applicable to 

limited idealized microstructures. In recent years, various numerical methods have been 

widely applied to evaluate effective coefficients. Repeated sampling techniques (such as 

the Monte-Carlo simulation) evaluate effective transport quantities on disordered 

random-resistor networks (23,24), random packing of spheres (2,3), clusters of hollow 

spheres and cylinders (29), and 3-D pixelized structures (30). On the other hand, 

continuum-scale methods (such as finite element method) have been applied for random-

distributed pore structures (17,18). Although these models represent some features of the 

3-D micro-morphologies of porous structures, they are still far from representing real 3-D 

porous microstructures used in SOFC electrodes.  

 

In the present work, the proposed numerical technique differs from previous 

techniques in several ways. First, we numerically construct realistic 3-D porous 

microstructures using measurable parameters as inputs to match microstructures of real 

electrodes. Second, we render a surface geometry of a porous microstructure to construct 

a computational unstructured grid. Note that our meshing strategy can be generalized to 

import any type of surface CAD geometry as inputs. This technique can also incorporate 

with surface imaging data from the focused ion beam-scanning electron microscopy 
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(FIB-SEM) (27). With this computational structure, we use both the finite volume 

method (FVM) and Monte-Carlo (MC) simulations to calculate effective transport 

coefficients. The results of the calculations compared with experimental data for effective 

electron conductivities for a range of solid-matrix compositions. Comparisons are also 

made with theoretical correlations for effective transport coefficients. The effect of 

Knudsen diffusion on the effective gas diffusivity is also addressed in this paper. MC 

simulations differ from continuum-scale methods (such as FVM), in that Knudsen 

diffusion is implicitly accounted-for. Numerical results are compared with a harmonic 

average approximation based on Bosanquet’s formula (19). 

 

 

Methodology 

 

Sample Microstructure 

 

A detailed account of the algorithms used to develop the geometry can be found in 

(14). For transport through porous electrodes, the transport coefficient should be 

modified to account for volume averaging as well as the tortuous pathway of the 

transported species. To evaluate the effective transport properties using continuum-scale 

methods, a cubic geometry consisting of randomly placed spheres, as shown in Figure 1, 

is considered. This geometry was designed to reflect the microstructure of an air sprayed 

electrode fabricated in our lab. The geometry was constructed using two cases: a 

‘polydisperse’ case where true particle size distributions of LSM and YSZ powders were 

considered and a ‘monosized’ case where the two ceramic powders had the uniform 

particle size. A cubic domain of 10µm  was used as a sample domain for the polydisperse 

case with mean LSM/YSZ particle diameters of d lsm = 0.73µm  and dysz = 0.51µm  as well 

as standard deviations of σ lsm = σ ysz = 0.3µm . The porosity values of the geometry ranged 

from 25% to 40% (ε = 0.25; 0.3; 0.35; 0.4). For the monosized case, three cubic domains 

of 5µm , 10µm , and 15µm  were considered with particle diameter of d lsm = dysz =1.0µm  

and porosity of 30% (ε = 0.3). 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. SEM image (left), computational domain (middle) and its unstructured mesh 

(right) for a porous composite electrode. LSM (electron-conducting) particle, YSZ (ion-

conducting) particle, and gas pore space (gas-transporting) are displayed as ‘red’, ‘blue’, 

and ‘gray’, respectively. Non-percolating particles are excluded here. 
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Finite Volume Method (FVM) 

 

The transport processes in this model include mass diffusion, electron conduction and 

ion conduction. The governing equation for these processes can be written as follows: 

∇ ⋅ αb∇φ( )= 0,      on Ω, [1] 

where αb  is the bulk transport coefficient, φ  is the relevant potential, and Ω  is 

computational domain. We impose fixed potential boundary conditions on the top and 

bottom surfaces, i.e., φtop = φ1 and φbot = φ0, and use symmetry boundary conditions on 

solid (i.e., LSM and YSZ) and pore interfaces as well as sides of Ω such that 
∂φ
∂n

= 0. 

Equation [1] is independently solved by FVM for each phase (i.e., mass, electron, or ion) 

on unstructured mesh (e.g., Figure. 1 (right)) using OpenFOAM. Sample electron, ion 

and mass potential fields for each phase computational domain are displayed in Figure. 2. 

 

 

 

 

 

 

 

 

 

 
 

Figure 2. Examples of potential field through LSM particles (left), YSZ particles (middle) 

and Pore space (right).  

 

The effective transport coefficients can be derived from the calculated potential fields 

as shown in Figure 2. The effective transport coefficient α eff  of the porous microstructure 

is evaluated by 

αeff =
q

∇φ
 [2] 

where q denotes flux density. Note that the effective transport coefficient is defined as 

Deff , κeff

e , and κeff

i  for mass, electron and ion transport processes, respectively. 

 

Monte Carlo (MC) Simulation 

 

Monte-Carlo (MC) simulation, which calculates diffusion coefficients based on the 

mean-squared displacement of a large number of molecules (or tracers), is also 

considered. Contrary to continuum approaches, MC simulations intrinsically take into 

account Knudsen diffusion. Knudsen diffusion or intermediate diffusion regimes can be 

expected in SOFC porous electrodes (15), where pores are small enough for gas diffusion 

not to be governed by random intermolecular collisions only but also by collisions 

between molecules and solid walls. 

 

The principles of our MC simulation were similar to previous MC methods performed 

in various porous media (3,24,29). First the initial position of a molecule was set in the 

desired phase (pore, electron-conducting or ion-conducting phases). The molecule was 
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allowed to travel in a random direction in the given phase for a certain distance before it 

collided with another molecule. Then, a new direction was picked randomly and the 

molecule traveled again until a new collision occurred. The distance traveled between 

two intermolecular collisions is the free path. It was taken from an exponential 

probability distribution around a mean value, the mean free path λ , which arises from 

thermodynamics. For a gas at temperature T  and mean pressure P , with a molecule 

diameter d , the mean free path is given as follows:  

Pd2

RT
2Ν

=
π

λ , [3] 

where R is the gas constant, and Ν is the Avogadro number. Note that Equation [3] is 

valid for gas diffusion only. However, the MC solver also applies to electron and ion 

transport. In this case, electrons and ions were considered as a gas and we assumed 

electron and ion transport to occur in the bulk diffusion regime. Therefore, we arbitrarily 

set a mean free path for electrons and ions that was small enough to ensure these 

conditions. When moving molecules encountered an interface between two phases (e.g. a 

solid wall when considering gas molecules traveling in the pore phase), diffuse reflection 

was assumed to occur (25). Molecules were reflected along a random direction in the half 

space of the desired phase. When molecules moved out of the computational domain, we 

used either periodic boundary conditions, if the continuity of the phases was ensured 

when the molecule position was translated from one domain boundary to its opposite, or 

symmetry boundary conditions. These mixed boundary conditions avoided phase jumps 

and ensured the connectivity of the different phases when the displacement of the tracers 

was larger than the computational domain. 

 

Tracers were allowed to travel during a given amount of time τ . The procedure was 

repeated for a large number of tracers. Effective diffusion coefficients were eventually 

obtained from the mean square displacement of the tracers, according to the following 

equation first proposed by (10):   

τ
ξα
6

2

eff

><
= . [4] 

Finally, note that, in the following, we present the results for effective diffusivities as 

bulkeff αα / , where 3vbulk /λα =  is the bulk diffusivity, with v  the thermal velocity. Also, 

it was verified that the computational solutions converged for 1000 tracers and a total 

traveled distance of 5000 times the length of the computational domain, which are the 

parameters we use in the presented results. 

 

Conductivity Measurement 

 

The effective electron conductivities calculated numerically were compared with 

experimentally obtained effective electron conductivities of composite cathodes 

measured using the van der Pauw technique (26). Pure LSM as well as composite LSM-

YSZ cathodes of various volume fractions were fabricated by spraying low viscosity 

ceramic ink onto a dense, 12 mm diameter, 0.5mm thick YSZ electrolyte disk. The 

electrode samples were then sintered at 1150
o
C for 2 hrs. The electrodes were estimated 

to be between 30-40% porous and had controllable and uniform thickness ranging from 

15-25 µm. 
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For the DC van der Pauw conductivity measurements, the sample was placed in a 

furnace in air with four Pt contact points, A, B, C and D spring loaded onto the corners of 

the composite electrodes, forming a virtual square. The Pt contact points were attached to 

a Solartron 1287 potentio/galvanostat. For temperatures between 400 and 900
o
C, a small 

constant current was applied between contact points AB and a voltage was measured 

between CD with a resistance RAB,CD. The lead wires were then rotated so that a small 

current could be applied between the points AC and a voltage could be measured between 

BD. The resistivity of the sample was calculated with the knowledge of the electrode 

thickness (obtained after the measurement for all samples by SEM) from Equation [5]: 

exp
−πR

AB, CD
L

ρ
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ + exp

−πR
DC, BA

L

ρ
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ =1 [5] 

 

 

Evaluation of the Effective Electron and Ion Conductivities 

 

We compared our numerical results against effective electron conductivity 

measurements from the van der Pauw technique. Figure 3 shows the resulting effective 

electron conductivity as a function of volume fraction of LSM particles plotted in a semi-

log scale for both polydisperse and monosized cases. It can be seen from Figure 3 (left) 

that the numerical results from both FVM and MC simulations display a good qualitative 

agreement with the DC van der Pauw conductivity measurements. Discrepancies most 

likely come from uncertainties in the experimental particle size distribution and porosity. 

These issues are currently under investigation. It was found that the change in the 

effective conductivity decreased as the domain size increased. For example, increasing 

the domain size from 5µm  to 10µm  changed the solution by 20% whereas increasing the 

domain size from 10µm  to 15µm  changed the solution by 3%. Hence, the domain size of 

10µm  was chosen to reduce computational cost and minimize numerical accuracy. Figure 

4 shows that both the effective electron and ion conductivities increase with decreasing 

porosity.  

 

 

 

 

 

 

 

  

 

 

 

 

  

 

Figure 3. Normalized effective electron conductivity as a function of LSM volume solid 

fraction in semi-log scale for polydisperse case (left) and for monosized case (right). 

Porosity of 35% was used for both cases. 
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Figure 4. Normalized effective electron conductivity as function of LSM volume fraction 

(left) and normalized effective ion conductivity as function of YSZ volume fraction 

(right) with porosities ranging from 25% to 40% for the polydisperse case. 

 

 

Evaluation of Effective Mass Diffusivity 

 

Diffusion mass transport through the pore space will be considered herein. To begin, we 

validate our simulation results against the theoretical predictions of Bruggeman theory 

(1) that are available for the case of an isotropic array of spheres. The computational 

mesh for this simplistic geometry is presented on the left-hand side of Figure 5. It simply 

consists in a single spherical particle surrounded by fluid. The right-hand side of Figure 5 

shows the effective mass diffusivity as a function of porosity. Both FVM and MC 

simulations demonstrate excellent agreement with Bruggeman theory.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Computational mesh for an isotropic array of solid spheres (left) and its 

resulting effective mass diffusivity in the fluid phase (right) using both FVM and MC 

simulations.  

 

Mass diffusion in small pores is affected by the Knudsen effect, which accounts for 

collisions of gas molecules with solid walls. Knudsen number is the ratio between the 
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mean free path and pore diameter, i.e., Kn = λ /dpore . Figure 6 shows the influence of the 

Knudsen number on effective mass diffusivity. Data were obtained from MC simulation 

in the polydisperse case at 40% porosity and 50% LSM content by varying the mean free 

path of gas molecules. The results show in good agreement with Bosanquet’s relation, 

which is often used to take into account the Knudsen effect in porous media. Bosanquet’s 

equation yields a corrected diffusivity coefficient D  by taking into account a Knudsen 

diffusivity coefficient KD  as follows: 
1

bulk
1

K
1

bulk
1 DKn1DDD −−−− +=+= )(  [6] 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. Effective mass diffusivity as a function of the Knudsen number. 

 

Figure 7 presents the effective mass diffusivity as a function of porosity. The fluid is 

O2 at operating conditions relevant to a real SOFC, i.e. T=850°C and P=1atm. Under 

these conditions, the mean free path is 372=λ nm. The Knudsen number ranges between 

1.77 and 2.44, which yields average pore diameters of 150 and 210 nm respectively, in 

good agreement with (15). Tortuosity was estimated to be approximately 2 for 40% 

porosity. Due to the presence of Knudsen diffusion effects, the effective mass diffusivity 

by Bruggeman theory is no longer valid. However, Bosanquet’s formula given in 

Equation [6] can be used to correct FVM results, which leads to a fairly good agreement 

with MC simulations. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. Computational mesh for the pore space (left) and its resulting effective mass 

diffusivity in porous media (right) using both FVM and MC simulations. 
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Conclusions 

 

The proposed numerical methods for evaluating effective transport coefficients are 

demonstrated in terms of electron, ion and mass transport processes. With these 

strategies, one can find the effective transport coefficients within porosity ranged from 

25% to 40% for porous electrodes used in SOFCs. Both FVM and MC techniques are 

very useful tools to evaluate effective electron and ion conductivities. For diffusion mass 

transport, MC simulation has proven to be more appropriate tool than FVM due to its 

straightforward application within transition and Knudsen diffusion regimes, i.e. Kn ≥1. 

In transition and Knudsen diffusion regimes, FVM requires modification based on 

Bosanquet’s formula. Detailed computational and parametric studies for SOFCs will be 

addressed in future papers. 
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