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Abstract

Axial magnetization processes in soft ferromagnetic nanodots are investigated in this paper.
Under the simplifying assumption of axisymmetric vortex-like magnetic structures we find the
equilibrium magnetic configuration by unidimensional numerical minimization of the magnetic
Gibbs free energy. We propose a simple analytical model for the axial magnetization processes in
amorphous ferromagnetic nanodots. Axial coercive field values from this analytical model are com-
pared with those from full numerical micromagnetic simulations and good agreement is obtained. .
An experimental method for evaluating the exchange interactions in soft magnetic materials by

using the axial magnetic loops of nanodots with different aspect ratios is proposed.
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I. INTRODUCTION

" Magnetic force rﬁicroscopy,l'3 Hall magnetometry,? and spin-polarized scanning tunnel-
ing microscopy® have shown that ferromagnetic cylindrical nanoparticles often present a
' ﬂux—ciosing vortex configuration with zero axial magnetization in the circumnferential region
(vortex shell) and a small region of non-zero axial magnetization at the vortex center {vortex
core).? Accurate experimental phase diagrams of circular permalloy® and supermalloy® nano-
magnets have established the range of aspect ratios in which the vortex structure becomes
the most suitable magnetization state. The theoretical study of magnetization reversal in
submicron cylindrical nanodots has drawn much attention because of the potential of the dot
arrays as particulate recording media’ or magnetic random access memory (MRAM).2 De-
spite their accuracy, full numerical micromagnetic techniques are not suitable for modeling
large scale magnetic nanostructures due to the need for large amounts of computer time and
of hardware resources. In order to avoid this difficulty, simple analytical functions for the vor-
tex magnetization state have been proposed,®!® and analytical models for the magnetization
processes have been develof)ed for, individual nanodots'** and for arrays.!?1% Most of these
studies deal with the in—pl:an.e magnetization processes, for which the reversal mechanisms
cdnsi‘st of nucleation, displa,t':emelht and annihilation of a given vortex configuration®!13
whereas the out-of-plane i’nagnetization processes haye not been as thoroughly studied.

In this paper we use Usov’s analytical functionsi0 in order to model the out-of-plane -
(axidl) magnetization processes in ferromagnetic nanodots with a vortex-like magnetiéation
state. Due to axial symrﬂetry, the vortei core displacements are completely neglected, so
that the core reversal consists only of nucleation and annihilation of axisymmetric vortex
states. Magnetization processes in the nanodot shell are assumed to be coherent rotations,
and the vortex core radius to be invariant. Under these assumptions, the equilibrium vortex
state in an external magnetic field is obtained by unidimensional minimization of the Gibbs
free energy with respect to the vortex core radius. Axial magnetization processes in the nan-
odot shell are treated as perpendicular magnetization processes, using the Stoner-Wohlfarth
model.'® The reversal mechanism is then analytically investigated and the coercive field val-
ues corresponding to the global magnetization reversal are compared with those obtained

by full numerical micromagnetic simulations.



II. NUMERICAL MICROMAGNETICS

Numerical micromagnetic simulations of axial magnetization processes in permalloy cylin-
drical nanodots with different aspect ratios were performed using the public code OOMMF .17
The material parameters were those given as default for permalloy in OOMMEF, that is
A =13 x 10"'2J/m for the exchange constant and M, = 0.86 x 10° A/m for the saturation
magnetization. All the nanodots have the same thickness L = 20nm but different radii,
R, from 30nm to 200 nm. Uniformly decreasing magnetic fields from +27T down to —27T
by 50 equidistant steps were applied in the axial direction and the magnetic equilibrium
configuration found at each field stage. Each field stage is numbered from 0 to 49 in such a
way that 0 corresponds to +27 and 49 to —27T field values.

All the nanodots investigated exhibit a core-shell vortex structure with large values for
the axial component m, near the cylinder symmetry axis (vortex core) but considerably
smaller values (even zero) in the circumferential region (vortex shell). An example of such
a structure is shown in Fig. 1 for R = 530nm. The red arrows represent a vector cut plane
(yOz) through the remanent magnetization field (zero applied field). The colors of the
points in this plane are associated with the axial component m, of the magnetization: blue
. indicates very small values {(m, = 0) of this parameter whereas red highlights the axially
magnetized regions (m, ~ 1). The color gradient corresponds to a tramsition region, in
which the magnetization components vary continuously between the extreme values.

In order to provide a more quantitative insight into this core-shell magnetic configuration,
.. we show, in the upper graph of Fig. 1, the dependence of both axial m, and circumferential
m,, components along a radial direction (Oy) of the nanodot. The axial component vanishes
at almost all points in the vortex shell (|y| > R, ) but has large values in the vortex core
(lyl < Ry). In contrast, the circumferential component m,, is maximal in the vortex shell
but becomes continuously smaller in the vortex core, so that it completely vanishes at points
located on the symmetry axis (O).

Under application of an external axial magnetic field, the topology of the magnetization
profiles along the nanodot radial direction changes and the magnetization components in
both core and vortex shell undergo inherent modifications. In Fig. 2 we show the profile of
axial magnetization (M,) along a radial direction of the nanodot (Oy as shown in Fig. 1) for

R = 100nm. As we may see in this figure, at the first field stage (point A and Hy = +27)




the nanodot is completely saturated in the axial direction that is M, equals the saturation
magnetization M, = 0.86 x 10® A/m of the sample. The following field values until the 16th
stage (Hig = 0.72T) hardly change the magnetic configuration of the nanodot but at the
17th stage {point B and H,7 = 0.87) a non-uniform configuration nucleates and replaces
the previous uniform magnetization state.

As the magnetic field continues to decrease, the vortex core shrinks slightly and the
axial magnetization in the vortex shell diminishes. Point O corresponds to the 25th field
stage, with Has = 0 that is the remanent magnetization state of the nanodot. As already
shown elsewhere,'® the axial magnetization corresponding to this retnanent state is almost
zero in all vortex shell points except a very small region near the vortex core where M, is
negative but much smaller than in the core so that the nanodot still has a net magnetization
in the axial direction. At small negative field, the nanodot undergoes a small, continuous
decrease of the core radius and an increase of the shell axial magnetization in the negative
direction (process OC on Fig. 2). Because the vortex core is still magnetized in the positive
direction, the total magnetic moment of the nanodot vanishes when absolute values of the
{fortex core and shell maé;netic moments balance. Between C and D {Hyy = —0.327 and
Hyy = —0.47T), the vortex core undergoes a magnetization reversal. Below —0.4 T, absolute
values of axial magnetization increase uniformly with the same susceptibility as before, until
point E. Further increases of the negative field result in annihilation of the vortex core-shell
configuration, and the nanodot reaches the uniform magnetization state (point F) in the
negative direction. '

Four critical points may be identified in the axial magnetization process described above:

— vortex nucleation, corresponding to the transition AB from the uniform to the core-

shell magnetization state;
— coercive field, where the total magnetic moment vanishes (between O and C);

— core reversal (transition CD) and

vortex annihilation, from vortex core-shell to uniform magnetization states (EF).

Theoretical investigation of these processes may relate intrinsic properties of the ferro-
magnetic materials with critical fields on the magnetization loops. In Fig. 3 we show a

typical magnetization curve as obtained by numerical modeling (R = 50nm). As we may
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see in this figure, the most easily distinguishable critical points are the vortex nucleation
{AB) and the coercive field {H.). The vortex annihilation (EF) is satisfactorily distinguish-
able for this process, but it becomes very difficult to observe for large nanodots. The vortex
core reversal (CD) is almost impossible to identify on the magnetization curve for all the
nanodots investigated here, which cannot be used for this purpose.

In what follows, we describe an analytical model for the axial magnetization processes
in soft ferromagnetic nanodots, and apply this model in order to find an expression for the

axial coercive field.

III. ANALYTICAL MICROMAGNETICS

The main objective of this section is to obtain an analytical expression for the total
Gibbs frec energy and find the equilibrium configuration of the nanodot magnetization by
numerical minimization of this energy. In order to express the terms of the Gibbs free
energy we have to define analytical functions m(x,y, z) for the magnetization vector field
inside the ferromagnetic nanodot. Such analytical functions for the magnetization- vector
inside the vortex core has been proposed by Feldtkeller and Thomas® and by Usov.!? In this
work we use the latter, which has been intensively applied in the last decade for in-plane
magnetization processes in soft ferromagnetic nanodots.!!~1%1%18 Qur choice is motivated by
the fact that the magnetization states in Usov’s model are described by piecewise functions
whose sub-intervals correspond to the vortex core and vortex shell. Thus, we have a clear
separation between the vortex core and shell so that no additional parameters are needed
in order to approximate the core radius.

Usov’s analytical rigid vortex model'®!

involves two complex variables, a and ¢, related
to the vortex core displacement z,, and the vortex core radius R,. For axisymmetric mag-
netization states a and consequently z, are both zero, so that R, = ¢cR with ¢ referred to as
a normalized vortex core radius. The components of the normalized magnetization at each

point of a cylindrical nanodot are then given by two simplified complex functions:

2w(s)
1+ w(s) - W(s)

(1)

My (8) =

for the in-plane component, and



1 — w(s) - W(s)
1+ w(s) - w(s) 2)

for the out-of-plane (axial) component. In Egs. (1) and (2), s is a complex number used to

m.(s) =

represent the position vector ¥ = (z,y), defined as

L
s—R-I-zR (3)

where R is the cylinder radius and w{s) is a piecewise complex function:

wls) = i if|sj<c

(4)

i if|s| Zzc
We denote by w the complex conjugate of w and i = /—1.

An intuitive graphical representation of an axisymmetric vortex magnetization state ob-
tained with the above equations is shown in Fig. 4. This configuration corresponds to a
remanent state of the nanodot, that is, in zero applied field. The axial component m, of
the magnetization in this remanent state is zero at all points of the nanodot shell (r > R,),
but becomes large close to the cylinder axis (r < R,). The magnetic moment in the axial
direction is directly related to the core vortex radius and in the remanent state it does not
depend on the vortex shell volume (in the shell, the axial component of the magnetization
is zero).

In non-zero axial magnetic field, the shell magnetization changes and we assume that the

magnetization is proportional to the applied field, so that

M, = H. (5)

The assumptions made in order to write Eq. (5) are that magnetization processes con-
sist mainly of coherent rotations, described by transverse Stoner-Wohlfarth curves and are
independent of the vortex core configuration. In order to illustrate the validity of this as-
sumption, we show in Fig. 5 the dependence of the axial magnetization component M, upon
external applied field H, at a point located inside the vortex shell as obtained from numerical
micromagnetic simulations. This curve corresponds to the demagnetization process shown
in Fig. 2. The critical points B, O, C, D and E of this process are highlighted and labeled

in Fig. 5. The dependence of the axial magnetization on external applied field is linear with



an ‘almost unit slope (the exact value is 1.08). This justifies our assumption, and validates
Eq. (5). Obviously, this equation cannot be used in describing non-equilibrium processes
which imply transitions from or toward uniform magnetic states (AB or EF in Fig. 2).

We now combine Usov’s analytical functions with Eq. (5) in order to obtain a complete
description of the magnetization vector field inside a core-shell vortex configuration. If we

define h = H/M;, Eq. (5) may be rewritten as

M, shell = h. (6)

We assume that the axial magnetization component {m,) in the vortex core is given by

T2

RZ -
Meporelr) = (1= W) Gt +h, (7)

that is, Usov’s original analytical expression for the axial magnetization in the vortex core
(2) is rescaled so that its minimal and maximal values are now h and 1 instead of 0 and 1
respectively, as in Eq. {2). A graphical representation of magnetization profiles along the
nanodot radial direction, obtained from Eq. (7), is shown in Fig. 6. If the radial component
of the magnetization is assumed to be zero at all points inside the nanodot then m? +mfa =1

and the circumferential component m, can easily be expressed as

My = /1 —mZ. (8)

With the analytical functions of Eqgs. (7) and (8) we shall deduce the total Gibbs free energy
and obtain the equilibrium configuration for a vortex-like magnetic structure nucleated in

an amorphous nanodot {any magnetocrystalline anisotropy contribution is neglected).

A. Exchange energy

The exchange energy functional for a ferromagnetic body of volume V is generally ex-

pressed as

Egx = /;’A [(vmﬂr)2 +(vm,)’ + (sz)z] dv (9)

were A is the exchange constant and m,, m, and m, the Cartesian components of the

norimalized magnetization. Because the analytical expressions for the magnetization are

7




piecewise functions (Eqs. 6 and 7) the integral in Eq. {9) splits into two terms Fgy core

corresponding to the vortex core and Egx shent for the vortex shell so that

Eex = Epx core + EEX sheit (10)

Using Eq. (7) for the z component and m, = msiny and m, = m,cosy we can easily

deduce that!?

2 2
or 1-mZ . r

R 2 2
z,c0T€ 1 1-— z
EEex core = QwLA/ [(6m 2 ) + Macore | 1 gy (11}
0
As for the second term, with m, g = h from Eq. (6) we simply have my gy = V1 — h?

and

EEX,sheu = 21TLA(1 - h2) In —% (12)

B. Demagnetizing energy

The energy due to the demagnetizing field of the nanodot is obtained from the distri-
butions of the magnetic charges (poles) on the dot side and faces.!! For an axisymmetric
vortex state, the magnetization is tangential to the surface at all points on the cylinder side
so that the demagnetizing energy is given by the distributions of magnetic charges on the
cylinder end faces only. The contribution from the magnetic charges located on the nanodot

faces is given by!!

Enms = poMZ7 [G(0) — G(L)] (13)
where
R psR p2m p2n
G(z) = 1 - f / f ""1""202(7"1)0;("“2)0!7”1drzdﬂpldfpz _ (14)
@72 Jo Jo Jo Jo /TTH7+1I~2r7mac08(ip1 — 2)

o represents the surface density of the magnetic poles on the cylinder faces and for the

magnetic configuration we proposed in Eqs. (6) and (7), it must be expressed as

R2_p2 .
(l—h)ﬁugﬁ-i-hlfrs}?,u
if r > R,.

a(r) =

(15)



C. Zeeman energy

In a uniform axial magnetic field, the Zeeman energy functional can be expressed as a

sum of two terms corresponding to the vortex core and shell regions:

EZ = EZ,co-re + EZ,sheH (16)

If we denote by pieore and pgnen the total magnetic moments of the core and shell regions

respectively, we find

EZ = #UhMSJU‘COTE + uOthﬂ'sheH (17)

with yg the absolute magnetic permeability of the vacuum. We have

Ry
Leore = Qﬂ'LMsf M coreTdT (18)
0
and the above integral can easily be carried out by taking into consideration the well known
result |
/p_$23dm——£+ In(p+2?) +C (19)
prz T Ty TP
and obtain
1

Yeore = 2 LR2M, [h +{1—-h)In2 - 3| (20)

For the vortex shell we have
psnett = *LM, (R? — R2) h. (21)

D. Gibbs free energy

The total Gibbs free energy of an amorphous ferromagnetic nanodot in a vortex-like

magnetization state can now be written as

E=FEpgx+Eys+ Ez (22)



where the terms above are given by Eqgs. (10), (13) and (16). The equilibrium configuration
arises from the competition between these three terms and can be obtained by unidimen-

sional numerical minimization of £ with respect to the vortex core radius R, i.e. by solving

§E (h; R,) = 0. (23)

Eq. (23) states that the core radius has to be computed at each magnetic field stage. The
dependence of total Gibbs free energy E on vortex core radius R, for axial magnetic fields
from h = —0.2 up to h = +0.2 is shown in Fig. 7(a). As the magnetic field h becomes large,
the vortex core radius value at which E is minimum increases continuously. The vortex core
radius undergoes an absolute variation of AR, =~ 3nm when the magnetic field changes
from h = —0.1 to h = +0.1. However, for relatively small values of the axial magnetic field
we can consider that the vortex radius does not vary too much with respect to the remanent
state (h = 0) so that the energy minimization may be carried out over two energetic terms
only, Egx and Epys (h=0= Ez =0}

| d(Eex + Ems) = 0. (24)
. This assumption greatly simplifies the analytical mo_deling of the magnetization processes
_in weak axial magnetic fields because Eq. (23) has to be solved only once, for the remanent
state, any other state being completely defined by the external field value by virtue of Eq.
(6). As we shall see in the next section, this assumption is very appropriate in axial coercive
field modeling, due to its relatively small values.

Accurate numerical solutions of Eq. (24) for amorphous permalloy nanodots with L =
20nm of thickness and radius values in the range 30 to 200nm indicate that the vortex
core radius is about R, = 15.44nm and does not depend upon dot radius (see Fig. 8(a)).
The same behavior was obtained by full numerical micromagnetic modeling (OOMMF )
as we may see in Fig. 8(b). We show here a comparison between the remanent magnetic
configurations at equilibrium as obtained with the analytical rigid vortex (ARVM) and
numerical (OOMMF') models. We observe that the analytical model agrees well with the
numerical simulations except in the boundary region between core and shell where the

analytical model underestimates the axial magnetization component.
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IV. AXIAL COERCIVE FIELD

The coercive field in an axial magnetization process is obtained by imposing the condition
that the total magnetic moment of the nanodot vanishes. This condition is fulfilled when
the magnetic moments of the vortex core and vortex shell are of the same magnitude but in

opposite directions. Mathematically, this condition may be written as:

Ry
M, ehet™ L (R® — RZ) = 27l / My coreTdT. (25)
0

By using the analytical expressions (6) and (7) for m; spen and m, core respectively, we obtain

In2-0.5

H,(R)= M .
(#) TR tn2-1

(26)

As we may observe in Fig. 9(a), this result agrees very well with the axial coercive field from
numerical micromagnetic simulations (OOMMF). That is, the axial magnetization processes
are described acceptably by the analytical model.

This result may be very useful in the experimental determination of the exchange constant
A by numerical fit of Eq. (26} to the experimental values of the coercive field of nanodots
with different aspect ratios and R, as fit parameter and then solving Eq. (24) with A as
unknown. As an example, we show in Fig. 9(b) the solution of Eq. (24) for exchange

constant values in the range of 5 x 107!2 to 12 x 1072 J/m and saturation magnetization

M, = 0.86 x 105 A/m.

V. CONCLUSION

Using Usov’s analytical rigid vortex model we investigated the axial magnetization pro-
cesses in soft ferromagnetic nanocylinders (nanodots). We deduced analytical expressions for
exchange, demagnetizing and Zeeman energy terms for axisymmetric vortex configurations
and obtained the equilibrium configurations by numerical minimization of the total Gibbs
free energy. We propose an analytical model for the axial magnetization processes in soft
ferromagnetic nanodots and find a simple analytical expression for the axial coercive field
under the assumption that the vortex core exerts negligible influence on the magnetization

processes in the vortex shell. Both the magnetization profiles and axial coercive fields from
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this analytical model are found in good agreement with those from full numerical micro-
magnetic simulations. The influence of the exchange constant on the vortex core radius is
investigated and the relationship between these two parameters presented for an amorphous

ferromagnetic nanodot.
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FIG. 1: Vector cut plane of the remanent magnetization state in a permalloy ferromagnetic nanodot
and magnetization profiles along the nanodot radial direction Oy for the components m, (red) and

m (blue) as obtained by numerical micromagnetic simulation.
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FIG. 2: Axial magnetization (M) along the radial direction Oy (as shown in Fig. 1) for a permalloy
nanodot with R = 100nm and magnetic fields uniformly decreased from 427 to —27 in 50 equal
steps. Magnetic field stages are numbered with integers from 0 {corresponding to +27T) to 49 (for

—2T). Some of these numbers are indicated to the right of the curves.
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FIG. 3: Typical axial demagnetization curve for an amorphous ferromagnetic nanodot of radius
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FIG. 4: Remanent magnetization state in a cylindrical ferromagnetic nanodot for an axisymmetric

vortex state as obtained with the analytical rigid vortex model for R, = 0.5R.
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Normalized axial magnetization

FIG. 6: Axial magnetization profile along the radial direction Oy (Fig. 1) as obtained with
the analytical rigid vortex model - Eq. (7) - for four values of the external magnetic field and
R, = 15.44nm. At h = -0.5 both parallel {cyan) and antiparallel {blue) magnetic configurations

are shown.
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nanodots of thickness L = 20nm and various radii from R = 30nm up to R = 200nm in the
absence of an external magnetic field; (b) Numerical and analytical micromagnetic simulations of

the remanent axial magnetization (m;) in permalloy nanodots with different aspect ratios (L =

20 nm).
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FIG. 9: (a) Numerical (symbols) and analytical (line) modeling of the axial coercive field for
circular permalloy nanodots with L = 20nm and radius from 25 up to 200nm; (b) Solution of

Eq.(24) for exchange constant values in the range of 5 x 10712 t0 12 x 10712 J/m.
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