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THE EFFECT OF THE DEGREE OF MIXING ON THE

PARTIALLY-PREMIXED FLAME SPEED

J. BOULANGER∗, F. LIU1, and L.-Y. JIANG

Gas Turbine Laboratory / IAR
1ICPET

National Research Council, Ottawa, ON

ABSTRACT

A relationship between the partially-premixed deflagration speed and the local degree of
mixing was derived based on simple scaling laws. The results are validated by comparison
with direct numerical simulations of the primitive equations. The correct trend is observed
regarding the decrease of speed from the planar premixed deflagration down to the diffusion
flame quenching with the narrowing of the local mixing-layer. Satisfactory agreements are
also obtained considering the increase in the robustness of the flame with asymmetry of its
tip.

INTRODUCTION

Phillips, [1], who reported the first observation of a triple-flame, was able to reveal a critical
property of Partially-Premixed Flames (PPF): the speed is influenced by the thickness of
the mixing-layer in which it is established. Narrowing the mixing-layer reduces the quality
of mixing and makes the flame slow. Studies reported in the literature investigate relatively
well mixed cases only, [2, 3], and view the flame front as a collection of non-interconnected
flamelets. Buckmaster, [4], provides a description of the edge-flame based on the 1-D Dif-
fusion Flame (DF) response. The whole system, which is in practice non-uniform along the
local mixing-layer, is treated based on the response of the purely 1-D non-premixed situa-
tion. It is intended here to develop a correlation that would be valid for a broader range and
including more realistic physical phenomena.

BASIC EQUATIONS

Combustion is simplified as a one-step irreversible reaction, in usual notations (i = F or O
for fuel or oxidizer species, respectively):

ω̇ = −
ρω̇i

νiWi

= A

(
ρYO

WO

)νO
(

ρYF

WF

)νF

e−
Ta
T (1)
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Figure 1: Left: configuration. Right: rotation laws of the normal to the flame front and the
normal to the iso-T.

The mixture fraction is given by:

Z =
ΦYF /YF,o − YO/YO,o + 1

1 + Φ
where Φ =

νOWOYF,oLeO

νF WF YO,oLeF

(2)

Z is linear in the spanwise direction and uniform in the streamwise direction. Zs = 1/(1+Φ)
is the stoichiometric mixture fraction and Za the composition maximizing the reaction rate,
where the flame tip stabilizes.

The transport equations for species and temperature are written in usual notations:

DρYi

Dt
−∇ ·

(

ρ
DT

Lei

~∇Yi

)

= ρω̇i (3a)

DρCpT

Dt
−∇ ·

(

ρCpDT
~∇T

)

= −Qρω̇F (3b)

From dimensional analysis [5], a reference length is given by (SL is the PPF tip speed,
the quantity to be sought):

δL =
λ

Cp(ρSL)
(4)

The species feeding free stream mass fractions, the jump in temperature, and the density
ρ, heat Cp, conductivity λ in the flame at stoichiometry provide normalizing references to
recast Eqs 3. The superscript + will be used to identify non-dimensional variables.

The non-dimensional temperature source term is thus defined as:

ω̇+ = DaY +νF

F Y +νO

O e
−β 1−T+

1−α(1−T+) (5)

where the propagation-based Damköhler number is given as:
Da = AνF

LeF

Zs
(ρ+ρs)

νF +νO(YF,o/WF )νF−1(YO,o/WO)νO
λs/Cp

(ρSL)2
e−β/α, the Zeld’ovitch parameter

β = α(Ta/Ts) and the heat release rate α = (Ts − To(Zs))/Ts.
At the leading edge of a stabilized flame, and after the introduction of the Howarth-

Dorodnitzyn transformation and the Chapman approximation, Eqs 3a and 3b become:

−∇Y +
i

∣
∣
∣
~n
− Le−1

i ∆Y +
i = −ζiω̇

+ (6a)

−∇T+
∣
∣
∣
~n
− ∆T+ = ω̇+ (6b)
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~n is the normal to the flame front at the flame tip. ζi = Φδi,OZs/Lei.
The Laplacian is recast as:

∆T+ = ~∇||~∇T+|| ·
~∇T+

||~∇T+||
+ ||~∇T+||

(I)
︷ ︸︸ ︷

∇ ·
~∇T+

||~∇T+||
(7)

Term (I) in the above equation is linked to the divergence of the normal to the iso-T. It
does not exist for a planar front. In the case of a homogeneous curved front, it is simply
related to the rotation of the flame front normal. In the present case, the front temperature
is non-homogeneous. The rotation of the normalized vector in term (I) is more pronounced,
Fig. 1(b), with the creation of an additional tangential term estimated as follows.

At the tip of the flame, −~∇T+/||~∇T+|| has no component tangential to the front. On
the wings, at a distance scaling with the radius of curvature of the front C+−1, it is coarsely
pointing to the side of the mixing-layer. This leads to the divergence along the tangential
direction of the front of the order C+.

Thus, we have here an equivalent order of magnitude of the heat loss due to the curvature
and the heat loss which creates the curvature. This is what is expected from common sense.

Equation 6b becomes, with the help of Eq. 7:

−~∇T+
∣
∣
∣
~n
− ∆T+

∣
∣
∣
~n
− 2C+~∇T+|~n = ω̇+ (8)

INTERNAL ZONE

The temperature drop from its reference maximum value in the flame sheet is introduced as
T+(Zs) = 1 − Γε, Γ ≈ 1 and ε is a small parameter. In combustion, the high temperature
dependence implies this drop must be small. This can only happen in a very thin sheet,
slightly ahead of the burned gas, whose thickness δR = εδL. This leads to coordinates
magnifying to describe the reaction sheet structure: ∂r+ = ε−1∂r∗ , C

+ = ε−1C∗. r+ is the
distance along ~n from the centre of the flame tip osculatory circle.

Z, T+, εΓ and Y +
i are linked together by enthalpy conservation. At the tip of the flame,

Eq. 8 may be finally written at the leading order:

∂2Γ

∂r∗2
+ 2C∗

∂Γ

∂r∗
= DaενF +νO+1ZνF

s (1 − Zs)
νO

(

Γ +
Z − Zs

Zs(1 − Zs)ε

)νF

ΓνO

exp

{

−βε

(

Γ + (γ + 1)
Z − Zs

2Zs(1 − Zs)ε

)}

(9)

for Z > Zs (in a typical hydrocarbon flame, a slightly rich mixture maximizes the reaction
rate and thus drives the tip stabilization).

The asymmetry factor of the diffusion flames, [6], is here recovered:

γ = 2
(

Zs
LeF Cp

QYF,oZs

(TO,o − TF,o) − 1
)

(1 − Zs) + 1 (10)
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Across the diffusion layer, the infinitely fast chemistry temperature drop is sharper either
on the rich side if γ > 0 or on the lean side if γ < 0. By shifting to the rich side, the flame
tip also profits from the side with the weakest temperature slope.

To make the exponential argument a finite number in Eq. 9, the following scaling is
required: βε ≈ 1.

By introducing the gradient of Z, the exponential argument of Eq. 9 becomes:

Γ + (γ + 1)
βη+

2Zs(1 − Zs)
C+−1θ η+ = ||~∇Z|| (11)

θ is the fraction of the spanwise dimension of the front where the heat release is close to
its maximum (∼ 90% as a criterion). This defines the leading edge. A dimensional analysis
based on an analogy with generic DF leads to θ ≈ .2 [7].

Thanks to the heat transfer from the tip to its neighbourhood, the extension of the
leading reaction kernel where the temperature is circa equal to 1 − ε competes with the
Burke and Schumann solution:

(γ + 1)
βη+

2Zs(1 − Zs)
C+−1θ ≈ Γ ≈ 1 (12)

which gives an estimate of the curvature:

C+ ≈ (γ + 1)
βη+

10Zs(1 − Zs)
(13)

By aiming at incorporating heat transfers within the TF structure, the topology of the
front is much better predicted than in the conventional TF theories which predict a really too
narrow radius of curvature. Heat exchange within the structure is an integral fundamental
TF phenomenon which cannot not be assumed as negligible. The interesting result at this
step is the scaling of the curvature with the global temperature slope on the side of the
flame. This is an expected result since the reaction rate is highly temperature dependent.
The non-equilibrium solution has its maximum at Za instead of Zs. Basing γ, Eq. 10, on Za

instead of Zs to estimate the tip curvature allows one to account for the global temperature
slope in the actual flame configuration.

Integration of Eq. 9 from the burned gases towards the upstream of the reaction zone
yields:

ε−1

[

−
∂T+

∂r∗

]+∞

−∞

− 2C∗ε−1[T+]+∞

−∞
= [F (r∗)]+∞

−∞
= −

(
∂T+

∂r+

)

C+−1

+ 2C+ (14)

with the integrated reaction rate:

[F (r∗)]+∞

−∞
=

∫ +∞

−∞

dr∗DaενF +νO+1ZνF
s (1−Zs)

νO(Γ + β
Za − Zs

Zs(1 − Zs)
)νF ΓνOe−(Γ+(γ+1)β Za−Zs

2Zs(1−Zs)
)

(15)
From this expression, the position of the flame tip is extracted as the location where the

reaction rate is maximal:

Za = −
γ

1 + γ

2Zs(1 − Zs)

β
+ Zs νF = νO = 1 (16)
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Through analogy with premixed flames, Eqs 14 and 15 provide a solution for Da from
which the PPF speed is obtained:

SL = So
L

√

1 − γ
γ+1

eγ

1 + 2C+ −
(

∂T+

∂r+

)

C+−1

(17)

So
L is the stoichiometric premixed flame speed. The last term must match the external

solution in the preheat zone to close the speed expression.

EXTERNAL ZONE

Behind the flame front, the temperature equals its equilibrium value at an order 1/β. The
region upstream of the flame is called the preheat zone. Despite the fact that Eq. 8 has been
developed strictly in the flame region, it will also be used to estimate the temperature field
in the preheat region. An ad hoc solution of the following form is proposed:

T+ = e−r+
(

1 +
1

r+

)

e
1

C+
1

1 + C+
(18)

It is an assembling of the solutions for weakly curved flames and for the Laplacian-dominated
equation.

TEST AGAINST DIRECT NUMERICAL SIMULATIONS AND DISCUSSION

Direct simulations are conducted using a sixth-order steady-state incompressible DNS code,
[8], over a square grid of 350 × 350 nodes. Grid independency has been checked. The size
of the domain is chosen in such a way that it roughly corresponds to 20 × 20 stoichiomet-
ric unstrained planar premixed flame units. The transport coefficients are normalized and
constant. The pre-exponential constant of the chemical term is chosen as: Ae−β/α = β3/4,
with β = 15. The reaction is second order. The computations are conducted for gradient
magnitudes up to the presumed quenching value η+ = Zs(1 − Zs) [5]. For ease, the non-
dimensionalization of η is approximated thanks to the stoichiometric planar premixed flame
length.

Figure 2 shows the correlation between the normalized flame velocity SL and the mixture
fraction gradient η+. It is seen that, with the increasing magnitude of the latter, the whole
range of the partially-premixed regime is represented with good accuracy. When the flame is
made asymmetrical by changing Zs, the acceleration compared to the stoichiometric planar
premixed flame is well retrieved, as well as the general trend versus η, showing that the
location of the tip on the side with the weakest temperature drop helps reduce the curvature
at the same time as maximizing the chemistry.

A correlation has been proposed in a simple form for the PPF speed with respect to non-
mixing, based on a phenomenological analysis when the necessity of including new physical
ingredients to accurately describe the PPF increases the mathematical complexity. It appears
to be versatile and reliable for a wide range of configurations.

Dr. W. Wallace is gratefully acknowledged for his help in improving the final version of

this communication.
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Figure 2: Response of the PPF velocity to the mixture fraction gradient. Filled circles: DNS.
Line: analysis.
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