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a b s t r a c t 

Ultrafine and highly light absorbing soot particles have been known to be harmful to human health and a 

major climate forcer. Understanding the mechanisms of soot formation and developing reliable and robust 

soot models are essential to design efficient and clean combustion systems. Thermal radiation is often the 

dominant heat transfer mode in both turbulent and laminar flames and affects soot formation through its 

influence on temperature. Significant progress has been made in modelling soot formation, thermal ra- 

diation transfer, and turbulence radiation interaction in hydrocarbon flames over the last three decades. 

However, the optically thin approximation has still been used to simplify thermal radiation transfer mod- 

elling and turbulence radiation interaction has often been neglected in soot formation modelling without 

proper justification. In this paper, soot models developed for laminar and laboratory scale turbulent jet 

diffusion flames, non-gray radiative heat transfer models, and turbulence radiation interaction models 

are reviewed. The aim of this review is to highlight the importance of thermal radiation heat transfer 

in both laminar and turbulent diffusion flames and turbulence radiation interaction in turbulent jet dif- 

fusion flames. Use of the optically thin approximation is often not justified even in laminar diffusion 

flames. This is particularly true in diffusion flames at elevated pressures or microgravity. Although the 

prediction of soot in both laminar and turbulent flames is primarily influenced by soot kinetic model, 

it is also significantly affected by aerosol dynamic model, thermal radiation heat transfer model, and 

turbulence radiation interaction model. It is important to accurately model soot aerosol dynamics and 

non-gray thermal radiation transfer in laminar diffusion flames and additionally to adequately model tur- 

bulence radiation interaction in turbulent flames for the purpose of validating reaction mechanisms and 

soot kinetic models. 

Crown Copyright © 2022 Published by Elsevier Inc. on behalf of The Combustion Institute. All rights 

reserved. 

1. Introduction 

Global energy consumption and carbon dioxide emissions in the 

energy and power sectors will continue to increase as a result of 

accelerated growth in population and economy. To mitigate climate 

changes caused by combustion-generated CO 2 and soot emissions, 

considerable progress has been achieved in the production and uti- 

lization of renewable energy resources. However, combustion of 

fossil fuels is still the main source of energy and will remain so 

in the foreseeable future. In 2018, the major World energy sup- 

ply sources were oil, coal, natural gas, and biofuels at 31.6%, 26.9%, 

22.8%, and 9.3%, respectively [1] . It was estimated in the Interna- 
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tional Energy Outlook 2016 [2] that fossil fuels will continue to 

supply approximately 80% of the World’s energy by 2040. Although 

progress in clean energy transitions will continue to grow rapidly, 

oil, natural gas, and coal will remain the major energy sources in 

the next few decades. 

The drawbacks of fossil fuel combustion are the emissions of 

carbon dioxide (CO 2 ) and other pollutants, such as nitric oxides 

(NO x ), carbon monoxide (CO), unburnt hydrocarbons (UHCs), and 

soot, that are detrimental to human health, environment, and cli- 

mate. Soot is a major by-product formed during incomplete com- 

bustion or pyrolysis of hydrocarbon fuels, biomass burning, and 

fires. Soot particles are ultrafine with a characteristic size ranging 

from a few to a few hundred nanometers and rich in carbon and 

contain a small amount of hydrogen and oxygen. Emissions of soot 

from combustion systems and fires have been known to pose se- 

rious health risks and play a significant role in climate forcing [3] . 
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Nomenclature 

a stretching factor 

A v avogadro number, mol −1 

A n PAH with n rings 

C progress variable 

d diameter, m 

D diffusivity, m 

2 /s 

f k -distribution function 

f s soot volume fraction 

F i line-shape profile of line i , 1/cm 

−1 

g 0 quadrature point 

g cumulative k -distribution 

G incident radiation, W/m 

2 

H heaviside function 

I radiative intensity, W/m 

2 sr 

k absorption coefficient variable or absorptive index, 

m 

−1 or ( −) 

k B Boltzmann constant, J/K 

L characteristic length scale, m 

m complex refractive index 

M i molar mass of species i , kg/mol 

n particle number density or refractive index, m 

−3 or 

( −) 

N s Soot number density, m 

−3 

N molecule number density, mol/m 

3 

p pressure, Pa 

P probability density function or Filtered density 

function 

˙ q ′′ 
R 

net radiative flux, W/m 

2 

˙ Q net total radiative heat loss, W 

S Soot specific surface area or spectra line strength, 

m 

−1 or ( −) 

S i strength of the i th spectral line, cm 

−1 /mol m 

−2 

S R radiative source term, W/m 

3 

t time, s 

T temperature, K 

T p blackbody source temperature, K 

u i i th velocity component, m/s 

V T,i i th velocity thermophoresis component, m/s 

X R enthalpy defect, J/kg 

x i mole fraction of the species i 

Y i mass fraction of the species i 

Z mixture fraction 

Greek symbols 

˙ ω s Soot production rates, kg/m 

3 /s 

χ scalar dissipation rate, s −1 

χR radiant fraction 

� LES filter scale, m 

ε emissivity, μm 

η wavenumber, cm 

−1 

κ absorption coefficient, m 

−1 

λ wavelength, μm 

μ viscosity, kg/ms 2 

	 solid angle, sr

ω subgrid intermittency 


 scattering phase function 

φ scalar or composition variable vector 

ρ density, kg/m 

3 

σ Stefan–Boltzmann constant or scattering coefficient, 

W/m 

2 /K 

4 or m 

−1 

τ optical thickess 

Subscripts 

abs absorption 

b blackbody 

emi emission 

g gas 

p Planck-mean value or particle 

s Soot 

η at wavenumber η
0 reference state 

Superscripts 

f l flamelet 

Operators 

〈 φ〉 time averaged value of φ
〈 φ〉 � filtered value of φ
〈 A | B 〉 conditional mean of A given B 

φ′ fluctuation of φ̂ φ density-weighted filtered value of φ˜ φ Favre averaged value of φ

Acronyms 

CMC conditional moment closure 

DNS direct numerical simulation 

DOM discrete ordinates method 

FDF filtered density function 

FPV flamelet progress variable 

FS full spectrum 

FSK full-spectrum k -distribution 

FVM finite volume method 

HACA hydrogen-abstraction carbon-addition 

HFPDF hybrid flamelet transported PDF method 

HFTFDF hybrid flamelet transported FDF method 

LBL line by line 

LES large eddy simulation 

MC Monte Carlo 

MOM method of moment 

NBCK narrow-band correlated- k 

OTA optically-thin approximation 

OTFA optically-thin fluctuation approximation 

PAH polycyclic aromatic hydrocarbon 

PDF probability density function 

PMC photon Monte Carlo 

RANS Reynolds-averaged Navier–Stokes 

RCFSK rank-correlated full-spectrum k -distribution 

ReS resolved-scale fluctuations 

RHT radiative heat transfer 

RTE radiative transfer equation 

SGS subgrid-scale fluctuations 

SLF steady laminar flamelet model 

SLW spectral line weighted-sum-of-gray-gases 

SNB statistical narrow-band 

SNBCK statistical narrow-band based correlated- k 

TCI turbulence/chemistry interaction 

TPDF transported PDF method 

TRI turbulence-radiation interaction 

TSI turbulence/soot interaction 

WBCK wide-band correlated- k 

WSGG weighted-sum-of-gray-gases 

Significant research and development efforts have been devoted to 

design cleaner combustion devices without losing efficiency and 

to modify the fuel properties by blending with low-carbon fuels 

or additives. To achieve these goals, it is paramount to gain de- 

tailed understanding of the physicochemical mechanisms govern- 
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ing the soot formation processes and the kinetic pathways from 

fuel to soot. Although emission of soot from combustion systems 

and fires is undesirable, its formation is beneficial in certain appli- 

cations, such as in furnaces and boilers to enhance radiation heat 

transfer from flames to the load and in carbon black production 

from hydrocarbons. It is hence important to develop capabilities of 

effectively controlling soot formation and oxidation. 

Despite significant progress in the understanding of detailed 

mechanisms of soot formation in hydrocarbon combustion, soot 

formation remains one of the most formidable and unresolved 

problems in the field of combustion, especially the details of soot 

inception from gas-phase precursor species to condensed phase 

particles [4–7] . Like other combustion-generated pollutants, such 

as NO x , CO, and UHC, the soot related processes, namely incep- 

tion, surface growth, and oxidation, are kinetically controlled and 

highly sensitive to temperature. This means that accurate predic- 

tion of temperature is a prerequisite to accurate prediction of soot 

and other pollutants. 

On the other hand, thermal radiation heat transfer is an im- 

portant and often a dominant heat transfer mode in small-scale 

flames and large-scale combustion systems and fires, respectively. 

This is because the radiative heat transfer rate increases rapidly 

with increasing temperature due to the exponential dependence 

of the blackbody radiation intensity on temperature. The impor- 

tance of radiation heat transfer depends on thermal conditions, 

such as temperature and concentrations of participating species 

(mainly CO, CO 2 , H 2 O, and soot in gaseous fuel combustion, as well 

as particulates in solid fuel flames), and flow characteristics, such 

as pressure, length scale, and residence time, making it particu- 

larly important in sooting flames, high-pressure combustion sys- 

tems, large-scale furnaces and boilers, fires, and flames in micro- 

gravity. 

Well-controlled laminar flames, such as laminar coflow diffu- 

sion flames, have been frequently used as a preferred configuration 

to gain fundamental understanding of the effects of certain param- 

eters on soot formation, such as pressure [8] and additives [9] . This 

is because such stable flames are closely related to practical jet dif- 

fusion flames, allow reproducible measurements using optical di- 

agnostics, and have a fairly simple flow field to permit tractable 

numerical simulation using advanced physical and chemical mod- 

els, e.g., [10–14] . In particular, several well-documented laminar 

coflow diffusion flames with well-defined burner inlet conditions 

have been selected as target flames at the International Sooting 

Flame Workshop [15] . Although radiation heat transfer in lam- 

inar coflow diffusion flames at atmospheric pressure is in gen- 

eral less important than in large-scale turbulent flames, it can 

still lower the peak flame temperature by about 100 K at nor- 

mal gravity [16] and even more in the flame centerline region 

around the flame tip [16,17] . The effect of radiation heat transfer 

on flame temperature can become much more significant at mi- 

crogravity due to enlarged flame size and longer residence time 

[17,18] . Such a large variation in temperature could have signif- 

icant impact on the prediction of species that are highly sensi- 

tive to temperature, such as NO x , PAHs, and soot. It is therefore 

critical to model radiative heat transfer accurately in both small- 

scale laminar flames and large-scale turbulent flames for model 

validation and prediction of soot and other pollutants. Radiative 

heat transfer is enhanced in sooting flames due to the presence 

of soot. Unlike gaseous radiating species, namely CO 2 , H 2 O, CO, 

and hydrocarbons, which have distinct narrow bands consisting 

of a large number of spectral lines, soot absorbs and emits con- 

tinuously over the entire spectral range of interest in combustion 

research from visible to mid infrared. Although the visible spec- 

trum has negligible contributions to thermal radiation at typical 

flame temperatures, it is of great interest to optically based soot 

diagnostics. 

Accurate modelling of radiative heat transfer in flames and 

combustion systems is challenging and time-consuming due to the 

strongly spatial, directional, and spectral dependence of radiative 

intensity. This is perhaps one of the main reasons for the often 

simplified treatment of radiative heat transfer modelling using the 

optically thin approximation (OTA) in many numerical studies of 

laminar and turbulent diffusion sooting flames [13,14,19,20] , even 

though it is well-known that this approximation is questionable 

even in laminar diffusion flames [16,17] . Accurate modelling of 

thermal radiative heat transfer requires accurate solution to the 

radiative transfer equation (RTE) and an accurate representation 

of the spectral radiative properties of gaseous radiating species, 

mainly CO 2 and H 2 O, and particulates, such as soot, coal, biomass, 

and fly-ash particles. Various RTE solvers of different levels of ac- 

curacy and computational efficiency and radiative property mod- 

els have been developed in the last three decades to model ra- 

diative heat transfer in a wide range of combustion applications, 

from laminar and turbulent flames to pulverized coal-fired fur- 

naces and boilers [21] . Remarkable advances have also been made 

in the development of accurate yet computationally efficient gas 

radiation models in last two decades. In particular, global models, 

such as the weight-sum-of-gray gas (WSGG) model, the spectral- 

line based on weight-sum-of gray- gas (SLW) model, and full- 

spectrum correlated-k (FSCK) model, are now able to achieve solu- 

tions within few percents of line-by-line (LBL) accuracy with only 

a small fraction of the computational cost of LBL [22] . Accurate 

non-gray radiative property models have been increasingly em- 

ployed for the simulations of lab-scale laminar flames and turbu- 

lent flames. However, incorporation of these radiation models into 

large-scale flame and fire modelling remains a challenge due to the 

excessive increase in computational effort. It is worth pointing out 

that the state-of-the-art radiative models are applicable not only to 

conventional fuel-air flames, but also to oxy-fuel flames and com- 

bustion applications with flue gas recirculation [23] . 

Due to the strong absorbing and emitting ability of soot over 

the entire spectrum, there is a strong coupling between soot for- 

mation and thermal radiation heat transfer, i.e., the presence of 

soot strongly enhances thermal radiation, which in turn signifi- 

cantly alters the soot related processes through affecting the tem- 

perature distribution. In general, thermal radiation reduces the 

peak temperatures in high-temperature regions but increases tem- 

peratures in low-temperature regions where there are appreciable 

concentrations of absorbing species, such as CO 2 , H 2 O and partic- 

ulates, i.e., it tends to smooth the temperature distribution. 

In turbulent flames, besides dealing with the formidable issues 

of solving the RTE and modelling the highly non-linear turbulence 

and chemistry interaction, additional difficulties arise due to turbu- 

lence radiation interaction (TRI), which significantly increases the 

complexity of thermal radiation transfer modelling and becomes 

more important in turbulent sooting flames. Proper modelling of 

TRI incurs extra computational burden to the already computation- 

ally expensive turbulent combustion modelling. The importance of 

TRI in turbulent combustion modelling has drawn considerable re- 

search attention in the last two decades and the progress in TRI 

modelling has been reviewed by Coelho [24] and Modest and Ha- 

worth [23] . 

The importance of radiative heat transfer in flames, fires, and 

combustion systems has long been recognized and has been re- 

viewed and discussed in several reviews and monographs [21,23–

25] . These previous reviews provided a valuable overview and 

comprehensive summary of certain important aspects of radiative 

heat transfer in combustion science at the time of publication, such 

as in pulverized coal combustion systems [25] , in turbulent flames 

[21,23,24] , in radiation-induced flame extinction and laminar flame 

speed [21] . However, no comprehensive reviews of recent numer- 

ical studies of sooting flames of laboratory scale that emphasized 
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the importance of accurate prediction of non-gray thermal radia- 

tion or the coupling of soot and thermal radiation are currently 

available. Given the importance of accurate modelling of ther- 

mal radiation heat transfer in both laminar and turbulent sooting 

flames and the strong interest of developing capabilities of accu- 

rately modelling soot formation, we will review studies of mod- 

elling sooting flames fuelled with gaseous or vaporized liquid fuels, 

both laminar and turbulent diffusion flames. The objectives of this 

review are threefold: (1) to highlight the strong coupling between 

soot and radiation in both laminar and turbulent sooting flames 

and the importance of TRI in turbulent flames, (2) to show that it 

is in general necessary to use non-gray radiation models to accu- 

rately model thermal radiation heat transfer in both laminar and 

turbulent jet diffusion flames and the use of OTA should be used 

with caution, and (3) to demonstrate that it is feasible and practi- 

cal to employ accurate global non-gray radiative models in sooting 

flame modelling. The term accurate modelling is employed through- 

out this article and needs to be quantified. For radiation modelling, 

it means that the predicted divergence of radiative flux (source 

term) and heat flux are within 10% of reference solutions, obtained 

with line-by-line and Monte Carlo solver of the RTE in decoupled 

flow/radiation calculations. For soot modelling, it refers to models 

that predict the peak soot volume fractions within about a factor of 

two compared to experimental data, which is quite ambitious con- 

sidering the experimental uncertainties on soot measurements and 

the currently limited understanding of soot formation processes. 

The paper is organized as follows. In Section 2 , the current un- 

derstanding of soot formation mechanism and available soot mod- 

els for laminar and turbulent flames are briefly reviewed with a 

focus on soot models. Section 3 is dedicated to modelling radia- 

tive heat transfer in laminar and turbulent flames, with emphases 

on the radiative properties of sooting flames, different methods to 

model these properties, theory and models of TRI, and coupling 

between radiation and soot in laminar and turbulent sooting diffu- 

sion flames. Finally, concluding remarks are provided in Section 4 . 

2. Soot formation modelling 

A very large number of soot models have been proposed in 

the literature to describe soot formation and oxidation in differ- 

ent applications, including laminar flames, turbulent flames, in- 

cylinder engine combustion, fires, and pulverized coal combustion. 

Correspondingly, these soot models vary drastically in complexity 

and sophistication from fuel and smoke-point height based, acety- 

lene based semi-empirical type models, to PAH based detailed soot 

models. The following discussion concerns only soot models devel- 

oped and commonly used for modelling soot formation in laminar 

and laboratory-scale turbulent flames. Before discussing the soot 

models, it is useful to briefly review the current understanding of 

soot formation mechanisms since they form the core of soot model 

development. 

2.1. Soot formation mechanisms 

The mechanisms responsible for soot formation in hydrocar- 

bon combustion have been extensively investigated and compre- 

hensively reviewed recently by Wang [5] , Wang and Chung [26] , 

and Martin et al. [7] . The following physicochemical processes are 

involved in soot formation in flames fuelled with aliphatics [6] : (i) 

fuel pyrolysis and formation of radicals and intermediate hydrocar- 

bon species, (ii) formation of benzene, (iii) formation and growth 

of PAHs, (iv) formation of incipient soot particles through coagula- 

tion and dimerization of PAHs, (v) formation of primary soot par- 

ticles through coalescence, coagulation, and surface growth of in- 

cipient soot particles, (vi) formation of fractal-like soot aggregates 

through aggregation of primary soot particles in the presence of 

surface reactions, and finally (vii) oxidation and oxidation-induced 

fragmentation of soot aggregates. Step (ii), formation of benzene, 

is the rate-limiting step in the overall process of soot formation 

for aliphatics. For soot formation in aromatic fuels Step (ii) will be 

bypassed and the formation of PAHs, i.e., Step (iii), becomes the 

rate-limiting step of soot formation process. These physicochemi- 

cal processes can occur concurrently. For example, incipient soot 

particles can coagulate and coalesce and, at the same time, change 

in size through surface addition and oxidation reactions. The tran- 

sition from gas-phase precursor species to condensed-phase incipi- 

ent soot particles, i.e., Step (iv), is the critical step of soot formation 

but remains poorly understood [5,7] . 

It has been generally agreed that incipient soot particles have 

a characteristic diameter of about 1 to 3 nm and are likely liquid- 

like [5,27] . Soot inception plays a bottle-neck role in the subse- 

quent soot growth even though it contributes negligibly to the 

mass of soot aggregates. This is because inception soot particles 

provide the initial soot surface for heterogeneous surface reactions 

and PAH adsorption and are much smaller than mature soot. Dif- 

ferent soot inception mechanisms have been proposed and can be 

grouped into two types: (i) physical PAH clustering or dimerization 

held together by van der Waals forces and (ii) chemical inception 

mechanism in which smaller PAHs with aliphatic chains are chem- 

ically linked through bond formation. Moderately sized stable PAHs 

with four (pyrene, A4) to seven (coronene, A7) rings have been fa- 

vored to be the precursor PAH species in the dimerization-based 

soot inception mechanism, since the concentrations of these PAHs 

in flames are of similar orders of magnitude as the number densi- 

ties of soot nuclei [5] . To date, physical dimerization of moderately 

sized PAHs has been commonly assumed in formulating soot in- 

ception models in laminar flame modelling [28–31] , though theo- 

retical calculations have shown that it is thermodynamically unfa- 

vorable at flame temperatures [32,33] . Both the physical and chem- 

ical soot inception mechanisms suffer deficiencies [5] . To overcome 

the drawback of physical PAH dimerization in modelling incipient 

soot formed physically through reversible PAH clustering, hybrid 

PAH dimerization based soot inception models, which allow chem- 

ical bond formation in dimers formed by physical dimerization, 

have been proposed [34,35] . It is also worth noticing that recent 

research on soot inception has suggested that benzene and smaller 

PAHs are likely important precursor species for soot inception 

based on both numerical [34,36] and experimental [37] studies 

and clustering of hydrocarbons by radical-chain reactions (CHRCR) 

may be an important mechanism for PAH growth and soot incep- 

tion [38] . These new developments are currently under evaluation, 

e.g., [39] and have not been extensively used in modelling sooting 

flames. 

Once formed, the incipient soot particles provide initial surface 

for subsequent heterogeneous surface reactions with hydrocarbons 

and PAH adsorption and undergo coagulation, resulting in an in- 

crease in particle size and mass. It has been widely accepted that 

the hydrogen abstraction acetylene addition (HACA) reaction se- 

quence [28,40] is the dominant mechanism for soot particle sur- 

face growth via heterogeneous surface reactions. In addition to the 

HACA surface growth pathway, PAH adsorption also plays an im- 

portant role in soot particle surface growth. 

Oxygen molecules and O and OH radicals have been considered 

the dominant contributor for soot oxidation in flames. Although 

soot oxidation by O radicals was explicitly taken into account in 

some studies [16,19,41,42] , it has been neglected in some other 

studies, e.g., [28,43,44] and all numerical studies of soot formation 

in laminar flames using the CoFlame code [31] . The absence of ex- 

plicit contribution of soot oxidation by O radicals in soot models 

may be based on the considerations that the collision efficiencies 

of O and OH with soot particles are subject to uncertainty and O 

and OH radicals nearly overlap spatially along the flame front. 
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2.2. Soot models 

Soot particles are fractal-like aggregates as a result of coagu- 

lation and aggregation of primary particles in the presence of in- 

ception and surface growth. Therefore, soot models consist of two 

aspects: one is the soot kinetics describing the processes of incep- 

tion, surface growth, and oxidation, the other is the soot particle 

dynamics dealing with the particle morphology and size distribu- 

tion. The two aspects may be modelled separately, similar to incep- 

tion, surface growth, and oxidation in soot kinetics. In this section, 

we will summarize models commonly used in modelling soot for- 

mation in laminar and laboratory scale turbulent sooting flames. 

2.2.1. Soot kinetic models 

Soot inception modelling has drawn significant research atten- 

tion, reflecting its bottle-neck role but largely unknown details in 

the overall soot formation processes. The general view of soot in- 

ception is that incipient soot particles appear when PAHs grow 

by physical and chemical processes to sufficiently large sizes. The 

majority of soot kinetics models developed in the literature dif- 

fer mainly in the inception step and fall in one of the following 

two main types: semi-empirical models and detailed or PAH based 

models. 

Semi-empirical soot models The acetylene based soot formation 

mechanism proposed by Leung et al. [45] was a relatively sim- 

ple yet quite successful semi-empirical soot model. This model 

was developed based on the experimental observations that cer- 

tain pyrolysis intermediates, rather than the parent fuel, in partic- 

ular acetylene, are a good indicator for soot formation [46,47] in 

flames of aliphatic fuels. In acetylene based semi-empirical soot 

kinetics models, acetylene is assumed to be the only species that 

contributes to both soot inception and surface growth. Following 

Leung et al. [45] , the soot inception and surface growth are mod- 

elled by the following irreversible and first-order reactions, respec- 

tively, 

C 2 H 2 −→ 2 C (s ) + H 2 (1) 

C 2 H 2 + n C (s ) −→ (n + 2) C (s ) + H 2 (2) 

where C (s ) denotes solid carbon. The soot inception and surface 

growth rates are given as 

r 1 = k 1 (T )[ C 2 H 2 ] in [ kmol / m 

3 / s ] (3) 

r 2 = k 2 (T ) f (S)[ C 2 H 2 ] (4) 

where [C 2 H 2 ] is the acetylene molar concentration, k 1 and k 2 are 

rate constants, S is the soot particle surface area per unit mixture 

volume and f (S) is a function of S, which has often been assumed 

to be equal to S [41,43,48] or the square root of S [16,45] . The 

square root dependence of soot surface growth rate on particle sur- 

face area was interpreted by qualitatively considering the effect of 

soot aging [45,49] in a simple way. Soot aging refers to the de- 

crease in surface reactivity of soot particles as they grow larger 

due to the loss of active surface sites [50] . Although both expres- 

sions, i.e., f (S) = S and f (S) = 

√ 

S , can predict similar soot volume 

fractions, in both magnitude and distribution, in fuel/air diffusion 

flames of small hydrocarbons at atmospheric pressure when proper 

kinetic parameters were used, it has been shown that the use of 

f (S) = 

√ 

S can better capture the effects of pressure [49] and oxy- 

gen concentration in the oxidizer [42] on soot formation in laminar 

coflow diffusion flames. Soot oxidation due to O 2 and O and OH 

radicals is modelled by the following three irreversible reactions: 

1 / 2 O 2 + C (s ) −→ CO (5) 

Table 1 

Reaction rate constants of the semi-empirical soot model of Leung et al. [45] with 

k = AT b exp (−E/T ) (in m, s, K). 

k i A b E Equation 

1 10 4 0 21,100 3 

2 6000 0 12,100 4 

3 10 4 0.5 19,680 8 

4 – – – –

5 – – – –

Table 2 

Reaction rate constants of the semi-empirical soot model of Fairweather et al. [48] 

with k = AT b exp (−E/T ) (in m, s, K). 

k i A b E Equation 

1 1 . 35 × 10 6 0 20,632 (3) 

2 500 0 12,077 (4) 

3 1 . 78 × 10 4 0.5 19,625 (8) 

4 – – – –

5 – – – –

Table 3 

Reaction rate constants of the semi-empirical soot model of Liu et al. [16] with 

k = AT b exp (−E/T ) . 

k i A b E Equation Ref. 

1 1000 0 16,103 (3) [16] 

2 1750 0 10,064 (4) [16] 

A 20 0 15,098 (9) [52] 

B 4 . 46 × 10 −3 0 7650 (9) [52] 

T 1 . 15 × 10 5 0 48,817 (9) [52] 

Z 21.3 0 −2063 (9) [52] 

4 1 . 27 × 10 3 0 0 (10) [52] 

5 665.5 0 0 (11) [53] 

OH + C (s ) −→ CO + H (6) 

O + C (s ) −→ CO (7) 

Two different expressions for the rate of soot oxidation by O 2 have 

been used. One is the expression of Lee et al. [51] given below 

r 3 = k 3 (T ) S[ O 2 ] (8) 

where [O 2 ] is O 2 molar concentration. The other is the Nagle–

Strickland–Constable (NSC) O 2 oxidation model given below (in 

kg m 

−2 s −1 ) [52] 

r 3 = 120 

[
k A x O 2 χ

1 + k Z x O 2 
+ k B x O 2 (1 − χ) 

]
, χ = 

[
1 + 

k T 
k B x O 2 

]
(9) 

It should be pointed out that k B in Eq. (9) is a reaction constant 

and not the Boltzmann constant. The rates of soot oxidation by OH 

and O radicals are expressed as 

r 4 = ϕ OH k 4 (T ) T −1 / 2 x OH (10) 

r 5 = ϕ O k 5 (T ) T −1 / 2 x O (11) 

where x i denotes the mole fraction of species i and ϕ OH and ϕ O are 

respectively the collision efficiency of OH and O radicals on soot 

surface. The rates of all three oxidation reactions shown above are 

for per unit soot particle surface. Different reaction rate constants 

in R 1 to R 5 have been proposed in the literature and the commonly 

used values are summarized in Tables 1–3 . 

It is noticed that soot oxidation by OH and O radicals was not 

considered in the studies of Leung et al. [45] and Fairweather et al. 

[48] . In more recent studies, Lindstedt and co-workers have incor- 

porated soot oxidation by O and OH radicals in a series of numer- 

ical studies of turbulent diffusion flames [19,20,54] using refined 
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semi-empirical soot kinetic models. The model constants of Leung 

et al. [45] and Fairweather et al. [48] given in Tables 1 and 2 have 

nearly the same activation energies, but quite different prefactors 

A . This is because the model parameters of Leung et al. [45] were 

developed for f (S) = 

√ 

S , while those of Fairweather et al. [48] for 

f (S) = S. Likewise, the model parameters listed in Table 3 were 

modified from those of Leung et al. [45] given in Table 1 and are 

also intended for f (S) = 

√ 

S . The collision efficiency of OH and O 

on soot particle surface was assumed to be 0.1 [52] and 0.5 [53] , 

respectively. However, the collision efficiency of both OH and O 

was assumed to be 0.2 in the study of Liu et al. [16] . 

The acetylene based soot models described above provide the 

rates for soot particle inception, surface growth, and oxidation and 

are given as 

S incep = 

2 

C min 

A v r 1 (12) 

where C min is the assumed number of carbon atoms in incipient 

soot particles and A v is Avogadro’s constant. Typical values of C min 

are 10 0 [45] , 70 0 [16] , and 90,0 0 0 [48] , giving the incipient soot 

particle diameter of about 1.2, 2.4, and 11.9 nm, respectively. 

S sg = 2 r 2 M s (13) 

where M s is the carbon molar mass (12 g/mol). 

S ox = −(r 3 + r 4 + r 5 ) SM s (14) 

Then the source terms in the transport equations for soot mass 

fraction S Y s and soot particle number density per unit mixture 

mass S N s are respectively expressed as 

S Y s = 2 r 1 M s + 2 r 2 M s − (r 3 + r 4 + r 5 ) SM s (15) 

S N s = 

2 

C min 

A v r 1 − 2 C a d 
1 / 2 
p 

√ 

6 k B T 

ρs 
(ρN s ) 

2 (16) 

The second term on the right hand side of Eq. (16) represents par- 

ticle coagulation and will be discussed in Section 2.2.2 . The soot 

particle diameter d p is related to Y s and N s as 

d p = 

(
6 

π

ρ

ρs 

Y s 

ρN s 

)1 / 3 

(17) 

The acetylene based semi-empirical soot models have been exten- 

sively used to model soot formation in diffusion flames of aliphatic 

fuels. These studies include laminar counterflow diffusion flames 

[45,55–57] , laminar coflow diffusion flames [16,18,41,43,49,58–64] , 

and turbulent jet diffusion flames [48,52,65,66] as an incomplete 

list. They have been also used for the simulations of high-pressure 

n-dodecane and heptane spray flames [67,67,68] . It is worth point- 

ing out that Liu et al. [43] introduced temperature dependent fac- 

tors to modify the soot oxidation rates by O 2 and OH within the 

frame work of acetylene based semi-empirical soot model to pre- 

dict the transition from non-smoking to smoking of a laminar 

coflow ethylene/air diffusion flame with increasing the fuel flow 

rate. 

Since soot inception has been found to be associated with the 

formation of PAHs, the assumption that soot inception is directly 

linked to acetylene may cause significant error in the predicted 

location of soot inception in flames of heavier fuels than C 2 , es- 

pecially in aromatic fuels. Another drawback of acetylene based 

semi-empirical soot models is that they are unable to capture the 

chemical effects of reactive additives on soot formation, such as H 2 

[69] . To improve the acetylene based soot inception model, Lindst- 

edt [70] proposed that both acetylene and benzene contribute to 

soot inception. In this improved semi-empirical soot model, soot 

inception is modelled by the following two reactions 

C 2 H 2 −→ 2 C(s) + H 2 (18) 

Table 4 

Reaction rate constants of the semi-empirical soot model of Lindstedt [70] with k = 

AT b exp (−E/T ) (in m, s, K). 

k i A b E Equation 

18 0 . 63 × 10 4 0 21,000 (20) 

19 0 . 75 × 10 5 0 21,000 (21) 

2 0 . 75 × 10 3 0.0 12,100 (4) 

3 0 . 12 × 10 6 0.5 19,800 (8) 

C 6 H 6 −→ 6 C ( s ) + 3 H 2 (19) 

The corresponding reaction rates are given as 

r 18 = k 18 (T )[ C 2 H 2 ] in [ kmol / m 

3 / s ] (20) 

r 19 = k 19 (T )[ C 6 H 6 ] in [ kmol / m 

3 / s ] (21) 

The rates of these two soot inception reactions, the surface growth 

by C 2 H 2 addition assuming f (S) = S, and oxidation by O 2 using 

the Lee et al. model provided by Lindstedt [70] are summarized 

in Table 4 . In this improved semi-empirical soot model, soot oxi- 

dation by OH and O radicals was again not considered. 

Another improved semi-empirical soot model was developed by 

Hall et al. [71] which assumed that soot inception rate is related to 

the formation rate of two- and three-ringed aromatics (C 10 H 7 and 

C 14 H 10 ), which in turn are formed from the following two reactions 

2 C 2 H 2 + C 6 H 5 −→ C 10 H 7 + H 2 (22) 

C 2 H 2 + C 6 H 6 + C 6 H 5 −→ C 14 H 10 + H 2 + H (23) 

The formation rates of C 10 H 7 and C 14 H 10 are estimated by assum- 

ing that the intermediates are in steady-state and [H 2 ] � [C 2 H 2 ]. 

The resultant soot inception rate can be found in [72,73,71] . Bel- 

trame et al. [74] proposed to model soot inception by the following 

global reaction between benzene and phenyl 

C 6 H 6 + C 6 H 5 −→ 12 C (s ) + 5 H 2 + H (24) 

In these improved semi-empirical soot inception models, it 

is necessary to either employ a more detailed gas-phase reac- 

tion mechanism that includes reaction pathways leading to ben- 

zene and PAH formation or estimate the concentrations of pre- 

cursor species using a simplified model, such as a global reac- 

tion as in Beltrame et al. [74] , or assuming steady-state interme- 

diates as in [71] . These improved semi-empirical soot models have 

been used to model soot formation in laminar diffusion flames 

[17,70,72,74] and turbulent jet diffusion flames [73,75,76] . 

Further efforts have also been made to improve semi-empirical 

soot kinetic models in both the soot inception and surface growth 

steps. Smooke et al. [77] modelled soot inception based on the for- 

mation rates of two- and three-ringed aromatics proposed by Hall 

et al. [71] and the surface growth by using the modified HACA 

mechanism of Colket and Hall [78] in their numerical study of 

soot formation in laminar coflow nitrogen-diluted ethylene dif- 

fusion flames. Lindstedt and Louloudi [19] used a refined semi- 

empirical soot model and a method of moment for soot aerosol 

dynamics to model two turbulent ethylene diffusion flames. In the 

soot kinetic model, soot inception was attributed to C 2 H 2 as in Le- 

ung et al. [45] , while soot surface growth through C 2 H 2 addition 

was modelled based on the similarity between soot surface chem- 

istry and that of naphthalene. Soot oxidation was modelled as sur- 

face reactions with O 2 and OH and O radicals. The details of this 

soot kinetic model and rate constants are given in Lindstedt and 

Louloudi [19] . In a later study, Schiener and Lindstedt [54] assumed 

pyrene as incipient soot particles and it is formed through 8C 2 H 2 
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→ C 16 H 10 + 3H 2 , i.e., soot nucleation was modelled as a global re- 

action step from acetylene to pyrene with the rate fitted using re- 

sults from detailed chemistry, while soot surface growth and oxi- 

dation remained the same as those in Lindstedt and Louloudi [19] . 

These refined semi-empirical soot kinetic models were developed 

to incorporate the main features of experimentally observed soot 

inception and surface growth without invoking detailed PAH chem- 

istry. 

Detailed soot models Although the details of transition from gas- 

phase precursor species to condensed incipient soot particles re- 

main unresolved, it has been widely accepted that PAHs are pre- 

cursor species for soot inception in hydrocarbon flames [5,7,40] . 

Consequently, it is important to develop soot inception models us- 

ing PAHs as building blocks, even though the dominant PAHs con- 

tributing to soot inception are still subject to debate and ongoing 

investigations. 

Detailed soot models are mechanistic in nature and are de- 

veloped to describe soot formation kinetics at elemental reac- 

tion level. These models have the following two features: (1) 

soot inception is modelled as physical and/or chemical interactions 

among PAH precursor species, and (2) the PAHs involved in soot 

inception are predicted from a detailed gas-phase reaction mecha- 

nism that incorporates known PAH formation pathways. The main 

differences between the semi-empirical and detailed soot kinetic 

models are twofold. First, in semi-empirical soot models the PAH 

soot precursors are either represented by a smaller stable species, 

typically C 2 H 2 , as surrogate of PAHs or modelled by some assumed 

global reactions. Second, the soot surface growth step in semi- 

empirical models is formulated based on C 2 H 2 addition only, i.e., 

without PAH adsorption, while detailed soot kinetic models typ- 

ically account for both the HACA mechanism and PAH absorp- 

tion in the soot surface growth step. It is worth pointing out that 

there are currently large uncertainties in the formation and growth 

pathways of aromatics beyond benzene [7] . As such, the perfor- 

mance of a detailed soot model is influenced by the PAH formation 

sub-mechanism of the selected gas-phase chemistry model mainly 

through the soot inception step and the surface growth by PAH ad- 

sorption. 

The majority of PAH based soot inception models used in flame 

modelling assume that incipient soot particles are formed as a re- 

sult of physical dimerization of moderately sized PAHs. Soot in- 

ception due to irreversible dimerization or coagulation of two PAH 

molecules through collision and sticking is assumed to proceed as 

PAH + PAH −→ dimer (25) 

Dimers are considered incipient soot particles that provide initial 

surface for subsequent growth and oxidation through surface reac- 

tions and PAH absorption. Frenklach and Wang [79] and Blanquart 

and Pitsch [80] provided the general expression for the formation 

rate of dimers of two PAHs of any size based on the gas kinetic 

theory. In the particular case of homogeneous dimerization by two 

identical PAH molecules, the soot inception rate is calculated as 

S incep = 2 . 2 γ

√ 

4 πk B T 

C mass N C,PAH 

d 2 PAH A 

2 
v [ PAH ] 2 (26) 

where γ is the sticking efficiency to account for the short life- 

time of dimers [80] , 2.2 is the van der Waals enhancement fac- 

tor, k B is the Boltzmann constant, C mass is the mass of a carbon 

atom, N C,PAH is the number of carbon atoms in the PAH molecule, 

d PAH is the average diameter of PAH molecule and is estimated as 

d PAH = d A 
√ 

2 N C,PAH / 3 with d A = 1 . 395 
√ 

3 Å being the size of a sin- 

gle aromatic ring [79] , and [PAH] indicates the molar concentra- 

tion of the PAH species involved. Pyrene has been the most widely 

assumed PAH species for soot inception through physical dimer- 

Table 5 

Reactions involved in the HACA mechanism for soot surface growth and oxidation 

[28] with k = AT b exp (−E/RT ) . 

No. Reaction A (cm 

3 /mol/s) n E(kcal/mol) 

S 1 C s −H + H ↔ C •s + H 2 4 . 2 × 10 13 0 13.0 

S 2 C s −H + OH ↔ C •s + H 2 O 1 . 0 × 10 10 0.734 1.43 

S 3 C •s + H → C s −H 2 . 0 × 10 13 0 0 

S 4 C •s + C 2 H 2 → C s −H 8 . 0 × 10 7 1.56 3.8 

S 5 C •s + O 2 → 2 CO + product 2 . 2 × 10 12 0 7.5 

S 6 C s −H + OH → CO + products ϕ OH = 0 . 13 

ization after the studies of Frenklach and Wang [50,79] and Appel 

et al. [28] . 

In detailed soot models, the growth of soot particle mass has 

been exclusively modelled by surface addition reactions with C 2 H 2 

through the hydrogen abstraction acetylene addition (HACA) mech- 

anism and adsorption of PAH species upon collisions between soot 

particles and the involved PAH molecules and the adsorption rate 

is modelled based on the collision rate between soot particles and 

the PAHs. Similar to the situation of modelling soot inception, 

there is currently also no consensus on what PAHs contribute to 

soot particle surface growth through adsorption, though all soot 

models make the assumption that the same PAHs involved in soot 

inception also contribute to soot surface adsorption. The HACA 

mechanism of surface reactions with small hydrocarbon molecules 

is an analogy to the HACA mechanism for PAH growth [40] . The 

reactions involved in the HACA mechanism for soot surface growth 

are listed in Table 5 following Appel et al. [28] . 

The HACA mechanism describes the soot surface as composed 

of aromatic basal planes and edges sites. The surface sites can be 

saturated as denoted by C s −H or dehydrogenated as denoted by C 

•
s . 

Reactions S 1 and S 2 are the abstraction process through which the 

saturated surface sites are activated by H and OH radicals to form 

surface radicals, C 

•
s , which can also be deactivated by combination 

with H radical through reaction S 3 . Reaction S 4 is the step of acety- 

lene addition to the surface radicals through which soot particles 

gain mass. The last two reactions in Table 5 , i.e., S 5 and S 6 , are ac- 

tually soot oxidation reactions by O 2 and OH radicals. It is worth 

pointing out that modified HACA mechanisms in terms of abstrac- 

tion reactions and rate constants have also been proposed. Colket 

and Hall [78] put forward a slightly different version of the HACA 

mechanism from that of Appel et al. [28] . Blanquart and Pitsch pre- 

sented a modified version of the HACA surface growth mechanism 

by allowing S 3 to be reversible and providing different rate con- 

stants for reactions S 1 to S 4 [80] . 

The rate of soot particle mass gain by reaction S 4 can be evalu- 

ated as Frenklach and Wang [50] , [81 ] 

S sg = 2 C mass k 4 [ C 2 H 2 ] 
αχC •s A s N s 

A v 
(27) 

where χC •s is the number of dehydrogenated sites per unit surface 

area, A s is the particle surface area, N s is the particle number den- 

sity (m 

−3 ), and α, the steric factor, is a parameter between 0 and 

1 introduced to model the decrease in soot surface reactivity due 

to aging [28,50] . Table 6 summarizes the values and expressions 

reported in the literature for α. 

Assuming C 

•
s is in steady-state, χC •s can be evaluated as Fren- 

klach and Wang [50] : 

χC •s = 

(k 1 [ H ] + k 2 [ OH ]) χC s −H 

k −1 [ H 2 ] + k −2 [ H 2 O ] + k 3 [ H ] + k 4 [ C 2 H 2 ] + k 5 [ O 2 ] 
(28) 

where χC s −H 
is the number of sites per unit soot particle surface 

area and takes the value of 2 . 3 × 10 15 sites/cm 

2 [50] . The rates of 

soot oxidation by O 2 and OH radicals are evaluated as: 

S ox, O 2 = −2 C mass k 5 [ O 2 ] 
αχC •s A s N s 

A v 
(29) 
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Table 6 

Proposed values and/or functional forms for the steric factor α. μ1 is the first 

size moment of the soot particle distribution, and a = 12 . 56 − 0 . 00563 T and b = 

1 . 38 + 0 . 0 0 068 T . A p represents the particle age and θ is the critical age. C is a not 

a constant and varies with flame condition. d p is the primary particle diameter and 

d p, 0 = 8 nm. T a is thermal age defined as 
∫ 

s T dt , i.e., integration of temperature with 

respect to residence time along streamline. 

Ref. Functions 

Frenklach and Wang [50] 0.1 

Apple et al. [28] tanh 
(

a 
log μ1 

+ b 
)

El-Leathy et al. [82] 0 . 0 017 exp (1210 0 /T ) 

Guo et al. [69] 0 . 0 045 exp (90 0 0 /T ) 

Singh et al. [83] 

{
1 . 0 for A p ≤ θ

0 . 2 for A p > θ

Singh et al. [83] 0 . 02 + 0 . 8 exp (−CA p ) 

Veshkini et al. [84] 6974 . 6 
T 2 a 

exp (− 88 . 06 
T a 

) 

Gu et al. [85] exp 
(
−1 . 2 d p /d p, 0 

)

S ox, OH = −C mass ϕ OH [ OH ] βOH A v (30) 

where βOH is the collision rate between OH and soot particles and 

can be calculated using the gas kinetic theory similar to collision 

rate between PAHs of different sizes [50,80] . 

The above detailed soot model consisting of pyrene dimeriza- 

tion for soot inception and surface growth by the HACA mecha- 

nism of Appel et al. [28] and pyrene adsorption has been cou- 

pled with different soot aerosol dynamics models to successfully 

investigate the effects of different factors on soot formation in 

laminar coflow diffusion flames, such as additives and fuel blends 

[69,86–91] and pressure [92,93] . It has been demonstrated in sev- 

eral studies that the detailed soot model is capable of reproduc- 

ing the chemical effects of reactive additives and blend fuels on 

soot formation, at least qualitatively. However, the main issue of 

this detailed soot model has been known to severely underpre- 

dict the soot volume fraction in the centerline region of laminar 

coflow diffusion flames [94] . Although this issue can be partially 

attributed to the uncertainty in the PAH formation sub-mechanism 

[94] , there are also likely deficiencies in the soot inception and sur- 

face growth models. For example, due to absence of H and OH rad- 

icals in the centerline region of laminar coflow diffusion flames, 

the HACA mechanism is not activated. Zhang et al. [95] proposed 

the Carbon Addition Hydrogen Migration (CAHM) reactions as an 

additional mechanism for soot surface growth. The CAHM mecha- 

nism has not been incorporated into soot formation models since 

the importance of CAHM reactions to soot surface growth is sub- 

ject to debate [96] . Another potential improvement of the cur- 

rent HACA mechanism in soot surface growth is the additional H- 

abstraction reactions to activate the surface sites by hydrocarbon 

radicals, such as CH 3 , C 3 H 3 , and C 2 H, suggested by Wang et al. 

[30] . This enhanced HACA mechanism has not been used in mod- 

elling soot formation in laminar coflow diffusion flames. 

Among detailed soot models developed recently for modelling 

soot formation in flames, the focus has been placed on the soot 

inception step. Blanquart and Pitsch [80] modelled soot inception 

as the dimerization of eight PAH species ranging from naphtal- 

ene (C 10 H 8 ) to cyclo[cd]pyrene (C 18 H 10 ) through collision and stick- 

ing. Wang et al. [30] modelled soot inception by considering both 

homogeneous dimenrization (by two same PAHs) and heteroge- 

neous dimenrization (by two different PAHs) among eight PAHs 

starting from pryene up to coronene with a PAH size dependent 

collision efficiency model. In addition, Wang et al. [30] also used 

an enhanced HACA mechanism discussed above to model soot 

formation in counterflow diffusion flames of binary fuels. In the 

CoFlame code, soot inception is modelled as collision and stick- 

ing among three PAHs, namely benzo[a]pyrene (BAPYR), secondary 

benzo[a]pyrenyl (BAPYR 

∗S), and benzo(ghi)fluoranthene (BGHIF), 

with a constant ad hoc collision efficiency of 0.0 0 01 [31] . Zhang 

et al. [97] considered five PAHs from A 2 to BGHIF as the incep- 

tion and PAH adsorption species in the modelling of soot forma- 

tion in laminar coflow doped CH 4 /air diffusion flames with n- 

heptane and toluene mixtures. The results showed that the pre- 

dicted soot inception location is earlier, i.e., closer to the burner 

exit, than experimental measurements when smaller PAHs than 

pyrene were assumed as soot inception species. The same obser- 

vation has also been made by Xing and Groth [98] , who evaluated 

the performance of a two-equation acetylene based semi-empirical 

soot model and several detailed soot models in the prediction of 

two laminar coflow diffusion flames. It is noticed that the pre- 

dicted soot onset location in laminar coflow diffusion flames is a 

good global indicator of soot inception models. On the other hand, 

Eaves et al. [36] , Kholghy et al. [34] , and Gleason et al. [37] sug- 

gested that smaller aromatic species as small as benzene are more 

important in soot inception. 

Other recent developments in soot kinetics modelling include 

all three aspects from inception, surface growth, and oxidation. In 

soot inception modelling, Eaves et al. [36,99] showed the impor- 

tance of reversibility of soot inception and PAH adsorption, while 

Kholghy et al. [34,35] demonstrated the importance of chemical 

bond formation in dimers formed through collisions. Veshkini et al. 

[84] proposed a thermal age dependent steric parameter α to bet- 

ter model the decrease in soot surface reactivity due to aging. Fi- 

nally, Khosousi and Dworkin [44] proposed a thermal age depen- 

dent steric parameter for soot oxidation rate by O 2 to predict the 

transition from non-smoking to smoking of laminar coflow ethy- 

lene/air diffusion flames with increasing the fuel flow rate. 

Soot maturity After inception, soot particles undergo various 

physical and chemical processes as they are convected through the 

flame and their physical and chemical properties vary continuously 

as they evolve from incipient and young particles to mature and 

fractal-like aggregates. Soot maturity refers to the state of soot be- 

tween incipient and mature particles and can be characterized by 

C/H ratio, density, and the wavelength dependence of soot absorp- 

tion function (dispersion exponent) [6,100] . It has been shown in 

several studies that the soot absorption function and dispersion ex- 

ponent vary spatially in laminar diffusion flames [101–103] . These 

findings have profound implications not only in optically based 

soot diagnostics but also in soot model development and validation 

since the existing experimental data sets of soot volume fraction 

reported in the literature were obtained using soot maturity inde- 

pendent optical constants. The maturity dependent optical prop- 

erties of soot particles also affect the prediction of radiative heat 

transfer in sooting flames. It is therefore important to extend the 

current capabilities of soot formation modelling in flames to soot 

maturity. Some effort s in this direction have been made by Eaves 

et al. [36] and Kholghy et al. [104] . 

2.2.2. Soot aerosol dynamics models 

In addition to surface growth and oxidation, incipient soot par- 

ticles also undergo coagulation and coalescence and later agglom- 

eration and aggregation to form polydisperse fractal-like aggre- 

gates formed by primary particles [105,106] . The goal of aerosol 

dynamics models is to adequately model the soot particle size dis- 

tribution while taking into account the fractal structure of soot 

particles. Although prediction of soot formation is predominately 

affected by the soot kinetic model, the soot aerosol dynamics 

model also plays a fairly important role in the predicted soot vol- 

ume fraction and size distribution. This is because the particle size 

distribution and morphology affect the particle surface area avail- 

able for growth and oxidation. Proper modelling of the soot aerosol 

dynamics aspect governing the soot particle and aggregate size dis- 

tributions requires the solution to the multi-dimensional integro- 

differential population balance equation (PBE), which governs the 
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evolution of particle number density distribution and is computa- 

tionally expensive to solve. The PBE can be written as Sung et al. 

[107] , Xing et al. [108] 

∂n ( � x , t; �
 ε ) 

∂t 
+ 

∂ 

∂x j 

(
(u j + V T j ) n ( � x , t; �

 ε ) 
)

− ∂ 

∂x j 

(
D s 

∂n ( � x , t; �
 ε ) 

∂x j 

)
= 

dn ( � x , t; �
 ε ) 

dt 

∣∣∣
incep+ agg+ sg+ adsorp+ ox 

(31) 

where n ( � x , t; �
 ε ) is the soot particle number density, �

 x is spatial 

variable, t is time, � ε is internal parameters for describing particles 

such as particle volume, particle surface area, u j is flow velocity, 

V T j is soot particle thermophoretic velocity, D s is soot diffusion co- 

efficient. The term on the right hand side of Eq. (31) represents 

the source terms due to inception, agglomeration, surface growth 

through the HACA mechanism, PAH adsorption, and oxidation. 

Models developed for soot aerosol dynamics in flame modelling 

have recently been reviewed by Rigopoulos [109] and summarized 

and evaluated by Xing et al. [108] . The discussion here is limited 

to the aerosol dynamics models commonly used in sooting flame 

modelling. 

Models assuming monodisperse spherical particles The simplest 

method to deal with the aerosol dynamics aspect of soot parti- 

cles is to assume that soot particles are monodisperse spherical 

particles, which is equivalent to assume that the particle size dis- 

tribution is a δ-Dirac function. Consequently, with the help of a 

particle coagulation model the soot aerosol can be fully described 

by only two variables: soot mass or volume fraction and soot par- 

ticle number density, which are obtained by solving their trans- 

port equations. The particle diameter can be simply related to the 

volume fraction and number density [45] . This forms the basis for 

the two-equation implementation of different soot kinetic models. 

Particle coagulation has been modelled based on the gas kinetic 

theory and the coagulation rate is expressed as Leung et al. [45] 

R coagu = 2 C a d 
1 / 2 
p 

√ 

6 k B T 

ρs 
(ρN s ) 

2 (32) 

where C a is a coagulation parameter, d p is the soot particle diam- 

eter, k B is the Boltzmann constant, ρs is the bulk density of soot 

and has a value of about 1.9 g/cm 

3 , ρ is the gas mixture density, 

and N s is the soot particle number density per unit mixture mass. 

It is noticed that R coagu is a sink term in the transport equation of 

soot particle number density N s since coagulation reduces the par- 

ticle number density. The value of C a has typically been set to 3 

[48] or 9 [45] . The consequences of allowing particle coagulation 

into larger spherical particles are reduced particle number density 

and particle surface area at a given volume fraction, which in turn 

reduces the overall soot surface growth rate. It is worth pointing 

out that Liu et al. [16] neglected soot coagulation by setting C a = 0 

based on previous experimental observations that primary soot 

particle number density remains almost constant in the growth re- 

gion. In fact, neglect of primary soot particle coagulation is a better 

way to represent the particle surface area based on the consider- 

ation that agglomeration/aggregation of primary soot particles has 

a much smaller influence on particle surface area than assuming 

coagulated particles are spherical. The sensitivity of soot predic- 

tion using semi-empirical soot models and assuming monodisperse 

spherical particles to various model parameters in turbulent non- 

premixed ethylene/air jet flames has been systematically investi- 

gated by Ma et al. [66] . 

Although the two-equation implementation of soot models has 

typically been coupled with various semi-empirical soot kinetic 

models [16,17,41,43,45,48,52,61] , it can also be coupled with a de- 

tailed soot model as in the studies of Guo et al. [69] and Trottier 

et al. [110] . 

Methods of moment 

Moment methods do not seek to solve for the particle num- 

ber density distribution, but to obtain the moments of the distri- 

bution by solving their transport equations with the help of a clo- 

sure scheme. The transport equations of moments are obtained by 

integrating the PBE after multiplying it by the desired power of 

the internal parameters. The two lowest order moments, zeroth- 

order and first-order, have the significance of particle number den- 

sity and particle volume fraction. A large number of methods of 

moment have been developed using different closure techniques 

[29,108,109,111] . These moment methods can be grouped into uni- 

variate methods and bivariate methods. The former methods con- 

sider the particle number density distribution in terms of particle 

volume only, i.e., assuming soot particles are polydisperse spheri- 

cal particles, and deal with moments of particle volume, while in 

the latter methods the particle number density is a function of two 

internal parameters that are needed to describe soot fractal aggre- 

gates formed by monodisperse primary particles in terms of parti- 

cle volume and particle surface area [29] , total particle mass and 

number of primary particles [112] , or particle volume and number 

of primary particles [108] . Therefore, the bivariate methods allow 

for a more realistic representation of polydisperse fractal-like soot 

particles, albeit they are more complex and computationally inten- 

sive since mixed moments have to be considered. In addition, bi- 

variate moment methods rely on the approximation that primary 

particles within aggregates are monodisperse, which is reasonable 

for flames at atmospheric pressure [113] given the fairly narrow 

primary particle size distributions; however, it becomes question- 

able for flames at elevated pressures where the primary particle 

size distributions are quite broad [114–116] . In general, only few 

moments are sufficient to represent soot particle size distribution. 

Xing et al. [108] applied two univariate (6-moment quadrature 

method of moment, QMOM, and 5-moment QMON-Radau) and 

two bivariate methods of moment (8-moment conditional quadra- 

ture method of moment, CQMOM, and 7-moment CQMOM-Radau) 

coupled with a soot kinetic model to predict soot formation in 

laminar coflow methane-ethanol/air diffusion flames at elevated 

pressures. The soot kinetic model assumes soot inception from 

acetylene, surface growth by the modified HACA mechanism of 

Blanquart and Pitsch [80] , and oxidation by O 2 and O and OH radi- 

cals. Their results showed that the peak soot volume fractions at 

all three pressures (2, 4, and 6 atm) predicted by the two uni- 

varate methods, QMOM and QMON-Radau, are about 50% lower 

than those predicted by the two bivariate methods, i.e., CQMOM 

and CQMOM-Radau. In addition, implementing the same soot ki- 

netic model into the two-equation approach resulted in peak soot 

volume fractions about 20% lower at all three pressures. These re- 

sults are consistent with the notion that assuming soot aggregates 

as spherical particles significantly reduces the available area for 

surface growth and the neglect of primary particle coagulation in 

the two-equation soot model formulation is a better approxima- 

tion as far as predicting soot volume fraction is concerned. In fact, 

the two-equation implementation of a soot kinetic model can be 

viewed as the simplest univariate method of moment where only 

the two lowest order moments are considered. The findings of Xing 

et al. [108] indicate that it is important to account for the aggre- 

gate morphology of soot particles in modelling soot formation and 

validation of soot kinetic models. 

Sectional models 

Sectional models represent the continuous particle number 

density n ( � x , t; �
 ε ) by a discrete one. Assuming all soot particles are 

uniform in mass density, regardless of their size, and primary par- 

ticles are spherical, the volume of a particle (aggregate) can be rep- 

resented by its mass. In sectional methods, the entire range of par- 

ticle mass from incipient particles at the lower end to a sufficiently 

large value at the upper end (larger than the mass of the heavi- 

est particles in the system of interest) is discretized into a num- 

9 



F. Liu, J.-L. Consalvi and F. Nmira Combustion and Flame xxx (xxxx) xxx 

ARTICLE IN PRESS 

JID: CNF [m5G; December 30, 2022;14:28 ] 

ber of sections, N sec , or mass bins. For fixed boundary mass values 

between sections, the methods are called fixed sectional methods, 

which are simpler and less computationally demanding. Only fixed 

sectional methods are discussed here. The range of particle mass is 

typically discretized in such a way that the mass ratio of two con- 

secutive sections is a constant value, which is called the sectional 

spacing factor. Similar to the methods of moment, sectional meth- 

ods can also be univariate or bivariate. Univariate sectional meth- 

ods assume that the soot particles are spherical and one transport 

equation for the particle number density is solved in each section. 

In bivariate sectional methods, soot particles are treated as fractal- 

like aggregates formed by monodisperse primary particles and the 

soot particles in each section are described by aggregate number 

density and primary particle number density. Consequently, two 

transport equations in each section have to be solved: one for the 

aggregate number density and the other is for the primary parti- 

cle number density. A detailed description of the sectional method 

implemented in the CoFlame code can be in Zhang et al. [11] , 60 ], 

117 ]. To resolve the heaviest soot particles in moderately sooting 

flames, about 30 sections have typically been used in numerical 

studies, making bivariate sectional methods computationally inten- 

sive. 

Compared to the methods of moment, the main advantage of 

the sectional methods is that they can predict soot particle size 

distribution as well as the degree of particle aggregation. How- 

ever, this advantage is gained at significantly more computational 

expense. This is because a quite large number of transport equa- 

tions have to be solved to resolve the aggregate and primary par- 

ticle number density in each section. In almost all the numerical 

studies using the CoFlame code, the particle mass was discretized 

into 35 sections, resulting in 70 transport equations to model the 

soot aerosol dynamics. In contrast, less than 10 transport equa- 

tions are solved in the methods of moment [98,108] . So far, sec- 

tional methods have been mainly used to model soot aerosol dy- 

namics in laminar flames due to their large computational cost, 

though univariate sectional methods have also been used to model 

soot aerosol dynamics in turbulent flames [20,54,118,119] . Soot for- 

mation modelling in laminar diffusion flames using the CoFlame 

code or its earlier variants has all been conducted with the bi- 

variate sectional method for soot aerosol dynamics. Smooke and 

co-works dealt with soot aerosol dynamics using a univariate sec- 

tional method in their numerical studies of soot formation in lam- 

inar coflow diffusion flames [10,77] . In recognition of the impor- 

tance of soot aggregate structure to the determination of soot par- 

ticle surface area, Lindstedt and co-workers have introduced ap- 

proximations to account for soot aggregates in both the univari- 

ate moment method [19] and univariate sectional method [120] . 

Both bivariate methods of moment and bivariate sectional methods 

are able to provide much more realistic representation of soot ag- 

gregate surface area than their univariate counterparts at a higher 

computational cost, especially for the bivariate sectional methods. 

Therefore, similar results of soot prediction are expected from both 

the bivariate sectional methods and bivariate methods of moment 

when all other sub-models, such as gas-phase chemistry, soot ki- 

netic model, and radiation model, remain the same. 

2.3. Turbulence-soot interaction 

The modelling of soot production in turbulent flames intro- 

duced additional difficulties related to turbulent mixing and tur- 

bulence/chemistry/soot production interactions. The main objective 

of this section is to review how these interactions are modelled in 

conjunction with the state-of-the-art turbulent combustion mod- 

els. This literature review will be restricted to the modelling of 

well-documented canonical laboratory-scale turbulent flames, as 

those investigated in the ISF workshops [15] , in which most of the 

modelling developments have been assessed. This review is also 

limited to studies published from the beginning of the century and 

to non-premixed flames as they represent the vast majority of nu- 

merical studies devoted to soot production in turbulent flows. A 

specific review on the modelling of soot aerosol dynamics in tur- 

bulent flows was recently published and completes the present de- 

scription [109] . 

The simultaneous developments of, on one hand, Direct Nu- 

merical Simulation (DNS) of canonical scenarios [121–126] and, on 

the other hand, temporally and spatially resolved soot measure- 

ment techniques [127–130] , have greatly contributed to the under- 

standing of how turbulence and soot production processes interact. 

These interactions were found to be mainly governed by the very 

low diffusivity of soot, i.e., it is transported differentially compared 

to gaseous species, and by the slow soot (and also PAHs) chemistry 

that results in time scales significantly longer than those of typi- 

cal combustion processes. The main consequences are that: i) soot 

is confined to very thin structures with the soot field exhibiting a 

high spatially and temporally intermittent behaviour, ii) soot (and 

also PAHs) cannot be parameterized by local mixture fraction and 

scalar dissipation rate [121–124] , iii) the differential diffusion gov- 

erns the drift of soot in the mixture fraction space and determines 

the proximity of the soot to the flame which, in turn, influences 

soot reaction rates and radiative emission [121–123] , iv) the lo- 

cal concentration of PAH is very sensitive to scalar dissipation rate 

with PAH and soot growth being favoured in regions of low dissi- 

pation rate and inhibited in regions of high dissipation rate [124] . 

In addition, it was found that soot is rapidly oxidized in the vicin- 

ity of the stoichiometric surface and soot leakage across the flame 

occurs due to local extinction events [125,126] . 

Table 7 summarizes the main numerical studies related to the 

simulations of well-documented lab-scale sooting turbulent non- 

premixed flames. These studies are ranked in chronological order 

which highlights the increasing level of sophistication over time 

with LES becoming the standard for the modelling of the flow 

field and with the use of PAH-based soot models and discretized 

PBE models for the modelling of soot chemistry and soot parti- 

cle dynamics respectively. These later particle dynamics models al- 

low a direct representation of the soot particle size distribution. 

LES accounts the intermittent nature of soot [119,131–134] . How- 

ever, the soot formation/oxidation processes occur at the unre- 

solved sub-grid scales and their interaction with turbulence must 

be modelled irrespective of the treatment of the flow field. This 

modelling is mainly dictated by the turbulent combustion model 

and Table 7 shows that four models were mainly considered, in- 

cluding the flamelet-based combustion models (SLF or FPV), trans- 

ported PDF (TPDF) methods, hybrid-flamelet transported PDF (HFT- 

PDF) methods, and Conditional Moment Closure (CMC) approach. 

The soot production rates, ˙ ω s (φg , φs ) , depend on gas-phase related 

quantities, φg , and soot-related quantities, φs , such as soot mass 

fraction, number density, and particle size. ˙ ω s (φg , φs ) are highly 

non-linear functions of φg and φs , such as its Reynolds-averaged 

value in RANS, 〈 ̇ ω s 〉 , or its filtered value in LES, 〈 ̇ ω s 〉 �, cannot be 

directly related to mean or filtered values of φg and φs : 

〈 ˙ ω s (x, t) 〉 = 〈 ρ〉 
∫ ∫ 

˙ ω s (φg , φs ) 

ρ(φg ) 
˜ P (φg , φs ) dφg dφs � = ˙ ω s ( ̃  φg , ̃

 φs ) 

(33) 

〈 ˙ ω s (x, t) 〉 � = 〈 ρ〉 �
∫ ∫ 

˙ ω s (φg , φs ) 

ρ(φg ) 
ˆ P �(φg , φs ) dφg dφs � = ˙ ω s ( ̂  φg , ̂

 φs ) 

(34) 

where the notations ˜ φ and 

̂ φ refer to density-weighted mean and 

filtered values of φ, respectively. � represents the LES filter width. 
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Table 7 

Main modelling features of the RANS simulations and LES of turbulent non-premixed sooting flames. The abbreviations Nucl., SG, Cond., 2 Eq., MoM, SM, MC, and PMC 

refer to nucleation, surface growth, condensation, two-equation, Method of Moments, Sectional Methods, Monte Carlo and Photon Monte Carlo, respectively. Em. TRI and 

Abs. TRI indicate that emssion TRI and absorption TRI in RANS and SGS emission TRI and SGI absorption TRI in LES are considered. OTFA indicates that absorption TRI in 

RANS or SGS absorption TRI in LES is neglected. 

Ref. and year Flame Turb. model Combustion Mech. Soot kinetic Soot dynamics RTE solver Rad. property TRI 

Kronenburg et al. CH 4 jet RANS CMC GRImech Nucl: C 2 H 2 2 Eq. – OTA No 

[137] 1–3 atm [153] [154] SG : C 2 H 2 –

Brookes and Moss CH 4 jet RANS SLF Nucl: C 2 H 2 2 Eq. – OTA Emi. TRI 

[65] 1–3 atm [153] SG: C 2 H 2 

Pitsch et al. C 2 H 4 jet RANS Unsteady [155] Nucl: PAH MoM OTA No 

[139] [156] flamelet SG: HACA 

Cond. PAH 

Lindstedt and C 2 H 4 jet RANS TPDF Reduced Nucl: C 2 H 2 MoM OTA No 

Louloudi [19] [156,157] SG: HACA 

Wang et al. C 3 H 8 jet RANS Eddy Grimech 3.0 Nucl: PAH (A 4 ) MoM P 1 gray & No 

[158] [159] breakup [154] + Wang SG: HACA FSCK 

[160] Cond. PAH 

Aksit and Moss CH 4 jet RANS HFTPDF Grimech [154] Nucl: C 2 H 2 2 Eq. – OTA No 

[149] 1–3 atm [153] SG: C 2 H 2 

Yunardi et al. C 2 H 4 jet RANS CMC Qin et al. [161] Nucl: C 2 H 2 2 Eq. – OTA Em TRI 

[152] [156] SG: C 2 H 2 

Mehta et al. C 2 H 4 /CH 4 RANS TPDF Reduced Nucl: C 2 H 2 MoM PMC LBL Em. TRI 

[145,162] jets [159] Qin et al. [161] SG: HACA Abs. TRI 

Mueller et al. Delft III LES RFPV [163,164] Nucl: PAH (A 2 ) MoM – OTA No 

[131] [165] SG: HACA + 

cond. PAH 

Ref. Flame Turb. model Combustion Mech. Soot kinetic Soot dynamics RTE solver Rad. property TRI or SGS TRI 

Navarro-Martinez and CH 4 jet LES CMC-RCCE Lindstedt et al. C 2 H 2 2 Eq. – OTA No 

Rigopoulos [132] 1 atm [153] [166] 

Gupta et al. Scaled-up LES TPDF Skeletal State – PMC LBL Em. TRI 

[167] flame D CH 4 /air [168] relationship Abs. TRI 

Donde et al. Delft III LES HFTFDF [163,164] Nucl: PAH MoM – OTA No 

[135] [165] SG: HACA 

Cond. PAH 

Xuan & C 2 H 4 LES RFPV [163,164] Nucl: PAH MoM – OTA No 

Blanquart [144] jet [138] SG: HACA 

Cond. PAH 

Pal et al. Scaled-up RANS TPDF Skeletal State – PMC LBL Emi. TRI 

[169] flame D [168] relationship P 1 , P 3 OTA Abs. TRI 

FVM FSCK 

Consalvi et al. C1-C3 RANS HFTPF Qin et al. Nucl: C 2 H 2 /A 1 2 Eq. FVM WBCK Emi. TRI 

[75,150] jets [161] SG: C 2 H 2 OTFA 

Rodrigues et al. C 2 H 4 /N 2 LES FPV KM2 Nucl: PAH SM - [119] OTA [119] No [119] 

[119,170] jet [138] [171] SG:HACA MC [170] NBCK [170] No [170] 

Cond. PAH 

Sewerin & Delft III LES TFDF GRimech 1.2 Nucl: C 2 H 2 PBE – OTA No 

Rigopoulos [172] [165] [154] SG: C 2 H 2 

Jain and Xuan C 2 H 4 LES FPV [173] Nucl: PAH MoM – OTA –

[136] Jet [138] SG: HACA 

Cond. PAH 

Yang et al. C 2 H 4 /H 2 /N 2 LES FPV [163,164] Nucl: PAH MoM – OTA No 

[133] jet [128] SG: HACA 

Cond. PAH 

Schiener and C 2 H 4 /N 2 [174] RANS TPDF Reduced Nucl: C 2 H 2 SM – OTA No 

Lindstedt [174,175] [19] SG: HACA 

[54,146] Delft III [165] 

Grader et al. C 2 H 4 jet LES Pres. Reduced [176] + Nucl: PAH SM – OTA No 

[177] [178–180] PDF Sectional PAH SG: C 2 H 2 
Wu et al. C 7 H 16 pool DNS Reduced Nucl: C 2 H 2 2 Eq. PMC LBL –

[181] fire [182] [176] SG: C 2 H 4 

Tian et al. C 2 H 4 /N 2 RANS TPDF Reduced Nucl: C 2 H 2 SM – OTA –

[20] jet [138] [19] SG: HACA 

Huo et al. Delft III LES TPDF [183] Nucl: PAH SM – OTA No 

[147] [165] SG: HACA 

Cond. PAH 

Nmira et al. C 2 H 4 buoyant LES SLF Qin et al. Nucl: C 2 H 2 /A 1 2 Eq. FVM RCFSK Emi. TRI 

[134] flame [184] [161] SG: C 2 H 2 OTFA 

˜ P and 

ˆ P � represent the joint density-weighted PDF and FDF, re- 

spectively. 

Flamelet-based models The steady flamelet-based models, such 

as the steady laminar flamelet model (SLF) and the flamelet 

progress variable (FPV), assume that chemistry responds infinitely 

fast to perturbations from the turbulent flow field. Consequently, 

the gas-phase related quantities are described by a reduced set of 

parameters, including the mixture fraction, Z, the scalar dissipation 

rate, χ , in SLF, or a progress variable, C, in FPV and an enthalpy- 

related parameter, X R , to account for the effects of radiative loss 

on the flamelet structure. The steady state flamelet equations are 

solved a priori to provide the state relationships for species mass 

fraction, temperature, and other thermochemical properties. These 

state relationships are stored in a flamelet library that results in 
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Fig. 1. Scatter plots of soot volume fraction, f s , coloured by particle T (considered at the gas temperature) (left) and T (right) along with conditional means of f s (green 

line), OH mass fraction (left) (black line) and T (right) (red line) at different axial locations. The vertical line represents the stoichiometric mixture fraction Z st = 0.064. Taken 

from Tian et al. [20] (with permission). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

a very computationally efficient method. The mean in RANS or 

filtered quantities in LES are then obtained from convolution of 

the state relationships with a presumed PDF or FDF, respectively. 

As discussed previously, the PAH and soot chemistry is slow and 

cannot be accurately parameterized by Z and χ (or C). As a re- 

sult, specific transport equations are solved for these quantities 

[65,131,133,135,136] . The main modelling issue is then related to 

the closure of the production rates in these transport equations. In 

particular, this requires the formulation of a joint-presumed PDF of 

φg = { Z, χ or C, X R } and φs . In the RANS context, Brookes and Moss 

proposed to express the joint PDF in Eqs. 33 by assuming the sta- 

tistical independence of the variables [65] . In their simulations of 

methane jet non-premixed flames at 1 and 3 atm, the scalar dissi- 

pation rate was fixed to a single value. They assumed further that 

the marginal PDF of X R , and φs is δ−Dirac functions whereas that 

of Z follows a β distribution: 

˜ P = β(Z) δ(X R − ˜ X R ) δ(φs − ˜ φs ) (35) 

This “uncorrelated” formulation was found to underestimate 

significantly the measured soot volume fraction. They attributed 

the discrepancies to a strong overestimation of the soot oxida- 

tion. The origin of this overestimation was explained by Kronen- 

burg et al. [137] and can be understood by considering Fig. 1 which 

represents the scatter plots of soot volume fraction and temper- 

ature along with conditional means of soot volume fraction, OH 

mass fraction and temperature. These results were predicted by 

Tian et al. [20] with a RANS/transported PDF simulation of the 

Sandia flame [138] . This figure shows that, owing to fast oxidation, 

there is little overlap between oxidizer species and soot profiles in 

mixture fraction space which suggests limited coexistence of ox- 

idizer and soot. Therefore, soot quantities are strongly correlated 

with oxidative species. As a result, it can be stated that soot is 

correlated with the mixture fraction only in the oxidation region, 

but not in other regions. Clearly, the correlation between soot and 

mixture fraction in the soot oxidation region cannot be captured 

by Eq. (35) . Brookes and Moss obtained a much better agreement 

with experimental data with an ad hoc revised formulation tak- 

ing into account the correlation between mixture fraction and soot 

mass fraction [65] . On the other hand, it should be pointed out 

that the unsteady flamelet model does not suffer from this draw- 

back as it takes into account the correlation between mixture frac- 

tion and soot quantities by solving the transport equation for soot 

quantities in the mixture fraction space [139] . 

Flamelet presumed FDF approaches were also developed in 

the context of LES [131,133,140] . The joint presumed FDF was re- 

expressed as ˆ P (φg , φs ) = 

ˆ P (φs | φg ) ̂  P (φg ) . A first modelling strategy 

assumed that the conditional FDF can simply be modelled as the 

marginal FDF of the soot scalars since PAH and soot chemistry 

is characterized by long time scales compared to the main heat- 

releasing chemistry described by φg [140] . The marginal FDF of 

soot quantities was designed to account for the very high spatial 

intermittency by introducing a sooting and a non-sooting mode 

[140] : 

ˆ P (φs | φg ) = ωδ(φs ) + (1 − ω) δ(φs − φ� 
s ) (36) 
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However, Eq. (36) neglects the correlation between mixture frac- 

tion and soot quantities which leads to an overestimation of soot 

oxidation as discussed previously (see also Ref. [133] for a detailed 

analysis). In order to limit the overlap between soot quantities and 

oxidative species and improve the prediction of the soot oxidation 

rates, Yang et al. [133] updated Eq. (36) by introducing a threshold 

on mixture fraction: 

ˆ P (φs | φg ) = [ ωδ(φs ) + (1 − ω) δ(φs − φ� 
s ) ] H(Z − Z s ) (37) 

Yang et al. [133] determined Z s as the location in the mixture 

fraction space where soot oxidation becomes faster than surface 

growth. Nmira et al. [134] used a different definition for Z s in 

their simulations of buoyant ethylene diffusion flames under nor- 

mal and reduced oxygen concentrations, assuming that it corre- 

sponds to the location where soot ceases to be produced. In both 

studies, this new subgrid-scale soot production model was found 

to improve the predictions as compared to Eq. (36) . Berger et al. 

[141] have further updated Eq. (37) by introducing a log-normal 

distribution to model the sooting mode instead of a δ−Dirac func- 

tion. This modification was assessed in an a priori analysis based 

on DNS data and was found to improve model predictions for the 

coagulation source term. 

PAH chemistry, as that of soot, does not adjust quickly to 

change in the turbulent flow field and, consequently, the PAH mass 

fractions cannot be accurately described by steady flamelet equa- 

tions. To model the unsteady effects, Mueller and Pitsch [131] de- 

veloped a spatially filtered transport equation for a lumped PAH 

mass fraction, similar to that developed for NO [142] . The molec- 

ular diffusivity of the lumped PAH is assumed to be that of the 

PAH with the larger mass fraction when the lumped PAH is com- 

posed of PAHs of different size. The lumped PAH reaction rates are 

modelled as: 

〈 ˙ ω PAH 〉 � = 〈 ˙ ω + 〉 � + 

〈 (
˙ ω −

Y PAH 

)
Y PAH 

〉 
�

+ 

〈 (
˙ ω D 

Y 2 
PAH 

)
Y 2 PAH 

〉 
�

≈ 〈 ˙ ω 

f l 
+ 〉 � + 〈 ˙ ω 

f l 
− 〉 �

(̂ Y PAH ̂ Y f l 
PAH 

)
+ 〈 ˙ ω 

f l 
D 
〉 �

(̂ Y PAH ̂ Y f l 
PAH 

)2 

(38) 

where ˙ ω + , ˙ ω − and ˙ ω D represent the chemical production term, 

the chemical consumption term and the additional consumption 

term due to the dimerization process. The superscript f l indicates 

that these quantities are extracted from the flamelet library. The 

method assumes that the chemical production rate, ˙ ω + , as well as 

the terms in parenthesis on the right hand side of the first line are 

in steady state and can then be directly taken from the flamelet 

library. As discussed by Xuan and Blanquart [143] , large PAHs are 

formed from smaller aromatic species, which themselves exhibit 

substantial transient effects. As a result, the assumption of steady 

state for ˙ ω + is questionable. They proposed another strategy for 

the transport of PAH. It consists in solving a separate transport 

equations for benzene, A 1 , and every PAH species considered to 

nucleate soot, denoted to as A n hereafter. The benzene production 

rate is assumed to be in steady state whereas for the other trans- 

ported PAH the relaxation scheme given by Eq. (38) is revised to 

account for the unsteadiness of the production term: 

〈 ˙ ω A 1 〉 � = 〈 ˙ ω 

f l 
A 1 

〉 � (39) 

〈 ˙ ω A n 〉 � = 〈 ˙ ω 

f l 
A n , + 〉 �

( ̂ Y A n −1 ̂ Y f l 
A n −1 

) 

+ 〈 ˙ ω 

f l 
A n , −〉 �

( ̂ Y A n ̂ Y f l 
A n 

) 

+ 〈 ˙ ω 

f l 
A n ,D 

〉 �
( ̂ Y A n ̂ Y f l 

A n 

) 2 

(40) 

This PAH modelling strategy was first applied to LES of ethylene 

flames by considering naphthalene as soot precursor [144] . It was 

later extended to consider 6 PAHs ranging from naphthalene to 

cyclopenta[cd]pyrene in two turbulent non-premixed sooting jet 

flames using ethylene and JP-8 surrogate as fuels [136] . 

Transported PDF and hybrid flamelet/transported PDF methods 

These methods give direct access to the joint PDF or FDF and pro- 

vide an exact closure of the soot formation and oxidation terms. 

Full transported PDF methods include species mass fraction, en- 

thalpy and soot quantities as composition variables [19,20,145–

147] and can be applied to all combustion regimes [148] . The set 

of gas-phase related variables is reduced to Z, χ or C, and X R in 

hybrid flamelet/transported PDF methods in conjunction with tab- 

ulated chemistry [75,135,149,150] . However, the resulting signifi- 

cant gain in computational efficiency is accompanied by a loss 

of generality. The trade-off for avoiding the closure problem of 

the source terms is that the micro-mixing due to molecular dif- 

fusion, both for soot and for the gas-phase species, becomes an 

unclosed term that requires modelling. Soot differential diffusion 

was found to influence the solutions due to the low diffusivity 

of soot particles [20] and this process was mainly taken into ac- 

count by neglecting soot diffusion [20,75,150] . Recent DNS analysis 

confirmed the relevance of this modelling option [151] . This study 

also showed that differential diffusion of gaseous species should be 

considered to achieve accurate predictions [151] . The PDF transport 

equation was solved by stochastic methods including Lagrangian 

particle methods [19,135,145,146,149] or Stochastic Eulerian Field 

[75,150] . It should be pointed out that stochastic Lagrangian par- 

ticle methods in RANS provide realizations of the turbulent flow 

and should be able to capture soot intermittency. However, to the 

authors’ best knowledge this point was never discussed in the lit- 

erature. 

Conditional moment closure (CMC) The CMC was used in both 

RANS [137,152] and LES [132] . Transport equations were solved 

for the conditional mean of gas phase and soot related quantities, 

〈 φg | Z 〉 and 〈 φs | Z 〉 , respectively, and the unconditional means are 

obtained by integrating over of a PDF of mixture fraction assuming 

a presumed β PDF [132,137,152] : 

〈 φg 〉 = 

∫ 1 

0 

〈 φg | Z 〉 β(Z ) dZ and 〈 φs 〉 = 

∫ 1 

0 

〈 φs | Z 〉 β(Z ) dZ (41) 

The conditionally averaged soot production source terms were 

solved by applying a first order CMC closure [132,137,152] : 

〈 ˙ ω s (φg , φs ) | Z〉 ≈ ˙ ω s (〈 φg | Z 〉 , 〈 φs | Z 〉 ) (42) 

This approximation lies on the assumption that fluctuations around 

the conditional mean are relatively small. Figure 1 shows that con- 

ditional fluctuations of soot mass fraction are large. It is then ques- 

tionable if first order CMC closures for the soot model are ap- 

propriate or if second order CMC should be then preferred [132] . 

Soot volume fraction predictions in RANS/CMC [137,152] showed 

that a significantly better accordance with data when soot differ- 

ential diffusion was accounted for. Similar conclusions were drawn 

in LES/CMC of a methane non-premixed jet flame where soot dis- 

tributions were found to be much more intermittent and the pre- 

dicted values were closer to experimental data when soot differen- 

tial diffusion was considered [132] . 

2.4. New trends in modelling soot formation 

This section aims to review recent works that apply machine 

learning (ML) in the modelling of soot production. These works fol- 

low a rapidly growing trend in the simulation of reactive flows that 

resort to ML methods to reduce both computing cost and memory 

requirements [185] . 

Dworkin and co-workers proposed a soot concentration estima- 

tor [186–189] . The main idea behind the method is to estimate the 

soot volume fraction from time-integrated histories along pathlines 
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of certain physical and chemical quantities affecting f s , such as 

temperature and species concentration (denoted as X h in generic 

form hereafter) [186,187] : 

f s ( t ) = f ( X h ( t ) ) with X h = 

∫ 
pathline 

X (t) dt (43) 

Such relationship can be derived from numerical results of some 

target laminar coflow diffusion flames using detailed gas-phase 

chemistry and soot models and then applied to estimate soot vol- 

ume fraction in other flames while avoiding the complexity and 

the high-computational resources and cost required by detailed 

soot modelling. To reduce the memory requirements and compu- 

tational costs associated with Eq. (43) , Jadidi et al. [188] proposed 

first a supervised Artificial Neural Network (ANN) technique with 

eight input parameters, namely temperature history ( T h ), mixture 

fraction history ( Z h ), and mass fraction histories of oxygen ( O 2 ,h ), 

carbon monoxide ( CO h ), carbon dioxide ( CO 2 ,h ), hydrogen ( H 2 ,h ), 

hydroxide ( OH h ), and acetylene ( C 2 H 2 ,h ), and the soot volume frac- 

tion as output from the ANN. The ANN was build to model soot 

concentration fields in laminar axisymmetric coflow ethylene dif- 

fusion flames. It was trained over eight different flames and val- 

idated by considering two other flames. The average and maxi- 

mum relative errors over the eight flames used for the training 

were found to be 21.48% and 39.92% for the peak soot volume 

fraction and 8.08% and 31.64% for the integrated soot volume frac- 

tion, respectively. For the two other flames, the relative errors were 

19.64% and 52.79 % for the peak soot volume fraction and 4.66% 

and 63.43% for the integrated soot volume fraction. In a second ar- 

ticle [189] , they developed a long short-term memory (LSTM) neu- 

ral network, with six input variables ( T h , H 2 ,h , C 2 H 4 ,h , O 2 ,h , OH h , 

and C 2 H 2 ,h ) to estimate the soot volume fraction in a time-varying 

laminar ethylene/air coflow diffusion flame. 

Di Liddo et al. [190] developed a Polycyclic Aromatic Com- 

pounds (PAC)-based ML soot nucleation model with the following 

procedure. CoFlame [31] was used to provide temperature and the 

concentrations of small key gaseous species to the SNapS2 code 

[191] . The SNapS2 code simulated PAH growth and provided PAC 

molecular properties and their temporal rates of change to the 

ML module that returns the soot inception rate. This method was 

trained by using experimentally-derived soot inception rates from 

three atmospheric pressure laminar premixed ethylene/air flames 

and its predictions were found to outperform, on one hand, the 

predictions of CoFlame and, on the other hand, the predictions of 

a ML model which used only the input data from CoFlame (tem- 

perature and small species concentrations). The authors concluded 

then that detailed PAC properties are important to be considered 

in soot inception modelling. 

Seltz et al. [192] trained a combination of ANNs and convolu- 

tion neural networks (CNNs) from a hybrid stochastic-fixed sec- 

tional approach to solve for the PBE. The inputs of the ANN were 

the thermochemical parameters controlling the soot kinetics and 

the increment in time whereas the input of the CNN was the shape 

of the particle size distribution (PSD) discretized into sections. The 

output of the network was the PSD shape for the subsequent time 

step or a source term for the Eulerian transport of the PSD. 

The concept of virtual chemistry has recently emerged in the 

literature and consists of virtual species and reactions whose 

thermo-chemical properties are optimized by ML algorithms [193] . 

The range of application of the virtual mechanism is dictated by 

the operating conditions and flame configurations covered in the 

learning database [194] . Maldonado Colmán et al. proposed a vir- 

tual chemistry model for soot production in ethylene/air flames 

[195,196] . The virtual chemistry model was composed of a main 

mechanism to capture heat release and temperature [195] : 

αM 

F, 1 F + αM 

Ox, 1 Ox −→ αM 

I, 1 I ( R 

M 

1 ) 

I −→ 

4 ∑ 

k =1 

αM 

P k, 2 
P k ( R 

M 

2 ) 

and a sub mechanism to model soot production: 

αS 
F, 1 F + αS 

Ox, 1 Ox −→ αS 
V 1 , 1 V 1 + αS 

V 3 , 1 V 3 ( R 

S 
1 ) 

V 1 −→ αS 
S, 2 S + αS 

V 2 , 2 V 2 ( R 

S 
2 ) 

S + V 1 + V 2 −→ αS 
S, 3 S + αS 

V 3 , 3 V 3 ( R 

S 
3 ) 

S + Ox + V 2 −→ Ox + 2 V 3 ( R 

S 
4 ) 

where F, Ox, I, P k , V 1 , V 2 and V 3 correspond to the fuel, oxi- 

dizer and virtual species, respectively. The virtual species S corre- 

sponds to soot and R S 
2 
, R S 

3 
and R S 

4 
represent the nucleation, surface 

growth and coagulation, and oxidation of soot particles. The vir- 

tual main and soot mechanisms were optimized to target an en- 

semble of reference flame solutions computed using the detailed 

CRECK mechanism [197] . The main mechanism was optimized with 

a learning database consisting of 26 premixed flames with equiva- 

lence ratios ranging from 0.5 to 3 whereas the soot sub-mechanism 

was optimized on a different database consisting of 11 premixed 

flames with equivalence ratios ranging from 1.8 to 2.8 and 6 non- 

premixed flames of strain rates ranging from 6 to 90 s −1 . The vir- 

tual soot chemistry was found to reproduce with fidelity the soot 

volume fraction computed by detailed chemistry simulations in 

both premixed and non-premixed laminar flames [195] and was 

applied to simulate an ethylene/air non-premixed turbulent flame 

[196] . 

3. Radiation modelling in flames 

3.1. Background 

The spectral radiative transfer equation (RTE) is written as Mod- 

est and Mazumder [22] , Modest and Haworth [23] : 

s · ∇I η( r , s ) + (κη + ση) I η( r , s ) 

= κηI b,η(T ) + 

ση

4 π

∫ 
4 π


( s , s ′ ) I η( r , s ′ ) d	′ (44) 

where I η( r , s ) represents the radiative intensity at wavenumber η
along the direction of travel s . I b,η is the blackbody intensity. κη , 

ση and 
 are the radiative properties of the medium, namely the 

absorption coefficient, the scattering coefficient and the scattering 

phase function. Eq. (44) is subjected to the following boundary 

conditions at a wall: 

I w,η = εw 

I b,η(T w 

) + 

1 − εw 

π

∫ 
n ·s < 0 

I η| n · s | d	 (45) 

where εw 

and n are the wall emissivity and the unit surface nor- 

mal pointing away from surface into the medium, respectively. 

The radiative source term, S R = −∇ · ˙ q ′′ R , that appears in the en- 

ergy equation, is then expressed as: 

S R = 

∫ ∞ 

η=0 

κη

∫ 
4 π

I ηd 	d η − 4 πκp I b (T ) (46) 

where κp = 

∫ 
η κηI b,η(T ) dη/I b (T ) is the Planck-mean absorption co- 

efficient. The first term on the right hand side of Eq. (46) repre- 

sents the absorption term, while the second term is the emission 

term. Radiative heat transfer interacts with combustion soot for- 

mation through the radiative source term in the energy conserva- 

tion equation. 

The solution of a radiative transfer problem in turbulent flames 

consists of the following three tasks: 
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• Resolution of the RTE. The spectral RTE is a six-variable 

(three spatial, r , two angular, s , and one spectral, η) integro- 

differential equation and its solution requires a specific solver 

[22] . 

• The determination of radiative properties. In absence of particles 

other than soot (droplets, coal, char, ash,...), the main contribu- 

tors to radiative heat transfer are the radiating gaseous com- 

bustion products (CO 2 , H 2 O, CO, hydrocarbon fuels) and soot 

particles. The resolution of Eq. (44) requires then first a detailed 

knowledge of κη , ση , and 
 in gas/soot mixtures. 

• Turbulence-radiation interaction. The absorption, κηI η , and emis- 

sion, κηI b,η , terms are highly non-linear. A consequence is that, 

similar to the chemical source terms, the mean (in RANS) and 

the filtered (in LES) absorption and emission terms cannot be 

expressed simply in terms of the mean or filtered properties 

[21–24] . 

In laminar flames, the last issue is absent. With the exception 

of optically thin flames, all the three tasks have a strong influence 

on the overall accuracy of RHT modelling. 

3.2. Radiative transfer equation solver 

Various RTE solution methods have been developed in the last 

several decades with different accuracy, computational efficiency, 

and for different applications. The most commonly used RTE solu- 

tion methods include the Monte Carlo (MC), the spherical harmon- 

ics (P N ), discrete-ordinates (DOM), and finite volume (FVM). These 

methods have been discussed in detail in textbooks and review pa- 

pers [21,22] and will not be repeated here. This section will discuss 

briefly the methods often used in the simulations of laminar and 

turbulent sooting flames. 

In modelling radiative heat transfer in laminar flames of 

gaseous and vaporized liquid fuels where radiation scattering is 

negligible, the DOM and FVM have been preferred due to their 

good accuracy and computational efficiency [198] . The details of 

DOM/FVM in Cartesian coordinates are provided in Ref. [22] and 

can be found in Refs. [198,199] (for DOM) and Ref. [200] (for FVM) 

in axisymmetric cylindrical coordinates. The DOM has been ex- 

tensively used in numerical studies of laminar coflow diffusion 

flames, such as those using the CoFlame code [31] or its vari- 

ants [16,41,43,88,94,117,201–203] and also in Refs. [61,62,98,108] . 

On the other hand, the FVM method has been used by Con- 

salvi and co-workers in modelling both laminar [17] and tur- 

bulent diffusion flames [75,204,205] . The Monte Carlo method 

[21,22] is generally recognized as the most powerful technique to 

solve radiative transfer problems, allowing the simulation of prob- 

lems in complex geometries, bounded by surfaces with direction- 

ally and spectrally dependent radiative properties, and contain- 

ing non-gray emitting, absorbing and anisotropically scattering me- 

dia. The solutions obtained by the MC method are generally con- 

sidered as a reference, and used for benchmark purposes. Never- 

theless, applications of MC methods in coupled flow/combustion/ 

soot/radiation simulations of turbulent flames were reported in 

the literature [145,167,170,181,206] with an increasing trend over 

the recent years. These MC simulations have benefited from im- 

proved computational efficiency with the development of the Pho- 

ton Monte Carlo (PMC) method [207] or the quasi-MC methods 

[208,209] . Pal et al. [169] have conducted a comprehensive com- 

parison study of the accuracy and computational efficiency of the 

P 1 , P 3 and FVM with 16 × 4 control angles coupled to different ra- 

diative property models in RANS simulations of the Sandia flame 

D and two other optically thicker flames designed from the San- 

dia flame D by scaling up the burner diameter by a factor of 4 

with or without soot. The results of P 1 , P 3 , and DOM/FVM methods 

were compared to the benchmark solution obtained by a stochastic 

PMC solver coupled with the line-by-line (LBL) model for radiative 

properties [207] . They found that all three RTE solvers have simi- 

lar accuracy for the optically-thin Sandia flame D. For the optically 

thicker flames, the P 3 and FVM were found to provide predictions 

comparable with those of the PMC with the P 3 being significantly 

more computationally efficient. 

3.3. Radiative property modelling of sooting flames 

3.3.1. Radiative properties of sooting flames 

The radiatively participating species in sooting flames are, on 

the one hand, the gaseous radiating combustion products, includ- 

ing carbon dioxide, water vapour, carbon monoxide and the hydro- 

carbon fuels and intermediates and, on the other hand, the soot 

particles. The radiative contribution of hydrocarbon fuels and in- 

termediates is commonly neglected. However, it may play a signif- 

icant role in some specific configurations such as pool fires where 

fuel vapour affects noticeably the radiative feedback toward the 

condensed fuel surface [210–212] . 

The spectral absorption coefficient of radiating gases in the in- 

frared is characterized by millions of discrete spectral lines that 

form the vibration–rotation bands. These lines result from the 

quantum nature of the vibrational and/or rotational energies of gas 

molecules [22] . Each spectral line is characterized by its spectral 

location, ηi , its line strength, S i , and a line profile, F i (η − ηi ) , which 

accounts for line broadening [21,22] . The Lorentz line profile is a 

reasonable approximation for most of the combustion applications. 

These line parameters have been compiled in high-resolution spec- 

troscopic databases [213,214] . In particular, HITEMP 2010 [214] , de- 

veloped specifically for high temperatures representative of com- 

bustion systems, contains the locations, strengths, and widths of 

spectral lines of CO 2 , H 2 O, CO and CH 4 up to 40 0 0 K. The absorp- 

tion coefficient of a radiating gas at a given wavenumber η is the 

sum of the contributions of all the spectral lines: 

κη,g = N 

∑ 

lines 

S i (T ) F i (η − ηi ) (47) 

where N, S i and F are the molecule number density of the radiat- 

ing species under consideration, the line intensity of the i th tran- 

sition line and the line shape profile, respectively. 

Increasing temperature has a strong influence on gas spectra 

with the appearance of the so called “hot lines”. These lines are 

imperceptible at ambient temperature but become of increasing 

importance as the temperature increases. As such, temperature af- 

fects strongly the number of lines to be considered for accurate 

predictions of radiative heat transfer (RHT) [215] . Pressure also af- 

fects gas radiation through, on one hand, the increase in gas den- 

sity ( N in Eq. (47) ) and, on the other hand, the broadening of spec- 

tral lines with increasing pressure [216,217] . Numerical simulations 

showed that the first mechanism is predominant in combustion 

applications whereas the second one has a much weaker influ- 

ence on gas radiation heat transfer [216,217] . RHT calculations at 

the resolution of a spectral line are called line-by-line (LBL) calcu- 

lations and require a spectral resolution of the order of 0.01 cm 

−1 , 

leading to solve more than 10 6 RTEs to cover the entire thermal 

radiation spectrum. 

Contrary to radiating gases, soot particles emit and absorb con- 

tinuously over the entire spectrum, from ultraviolet to infrared. Ab- 

sorption and scattering of soot particles is characterized by small 

size parameters ( x = πD s /λ � 1 where D s and λ = 1 /η represent 

a characteristic soot primary particle size and wavelength, respec- 

tively) over the spectral region of interest to RHT in combustion 

applications. A consequence is that the Rayleigh theory can be 

applied to calculate the absorption cross section of soot parti- 

cles based on primary particle size, since the aggregate structure 

of soot particles has no influence on the particle total absorp- 
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tion cross section based on the Rayleigh-Debye-Gans (RDG) the- 

ory for fractal aggregates [218] . In addition, the scattering contri- 

bution is usually neglected in Eq. (44) . The assumption of negli- 

gible scattering for RHT calculations is supported by simulations 

involving more sophisticated soot radiative property models such 

as the RDG theory for fractal aggregates (RDG-FA) or the inte- 

gral equation formulation for scattering (IEFS) [206,219,220] . Al- 

though soot scattering becomes important in the visible and UV 

spectra, these spectral regions have only a marginal contribution to 

the spectrally-integrated radiative source term and radiative heat 

fluxes [220] and therefore can be neglected. The soot absorption 

coefficient is then expressed as Modest and Mazumder [22] : 

κλ,s = −Im 

[
m 

2 − 1 

m 

2 + 2 

]
6 π f s 

λ
= 

36 πnk 

(n 

2 − k 2 + 2) 2 + 4 n 

2 k 2 
f s 

λ
(48) 

where Im( x ) denotes the imaginary part of a complex function x 

and m = n + ki is the soot complex refractive index. It is convenient 

to re-write Eq. (48) as 

κλ,s = E (m ) 
6 π f s 

λ
, E (m ) = −Im 

[
m 

2 − 1 

m 

2 + 2 

]
(49) 

where E(m ) has often been termed soot absorption function and 

has a nearly constant value of about 0.35 in the visible and near 

infrared spectral regions for mature soot [221] . It is worth point- 

ing out that the knowledge of soot refractive index in the near to 

mid infrared spectral region is of great importance to the accuracy 

of RHT modelling in sooting flames. Unfortunately, it is subject to 

uncertainties due to the dependence of soot maturity and inter- 

nal nanostructure on fuel and flame conditions as characterized by 

H/C ratio, e.g., [222,223] . Nevertheless, there have been less effort s 

to determine the soot refractive index in the infrared relative to 

those in the visible spectrum. The most commonly used refractive 

index model for soot in prediction of RHT in sooting flames is that 

proposed by Chang and Charalampopoulos [224] given as 

n = 1 . 811 + 0 . 1263 lnλ + 0 . 027(lnλ) 2 + 0 . 0417(lnλ) 3 (50) 

k = 0 . 5821 + 0 . 1213 lnλ + 0 . 2309(lnλ) 2 − 0 . 01(lnλ) 3 (51) 

where the wavelength λ is in μm and the model is applicable for 

0.4 ≤ λ ≤ 30 μm. It is worth pointing out that the E(m ) value 

of soot refractive index of Chang and Charalampopoulos displays 

a fairly gradual variation with wavelength in the spectral region 

of 1 to 15 μm with an average value of E(m ) = 0 . 233 : it first in- 

creases nearly linearly from 0.219 at 1 μm to 0.285 at 4 μm and 

then decreases nearly linearly to 0.168 at 15 μm. 

LBL calculations have to solve more than one million RTEs, 

making this method prohibitive in modelling flames, especially in 

multidimensions. However, the LBL method has often been used 

to provide reference solutions in decoupled radiation calculations, 

where the concentrations and temperature of radiating species (in- 

cluding soot) are prescribed, for evaluation of approximate radia- 

tive property models [225–229] . On the other hand, Modest and 

co-workers proposed the PMC-LBL radiation model. This model is 

based on the fact that the random-number relation for the emis- 

sion wavenumber will favor the wavenumbers with substantial 

emission, requiring then fewer wavenumbers to achieve accuracy 

comparable to the one obtained from standard LBL spectral in- 

tegration. This method was found to be applicable in fully cou- 

pled flow/combustion/soot/radiation simulations of statistically sta- 

tionary turbulent non-premixed sooting flames in the contexts of 

RANS [145,169] , LES [167] and DNS [181] . However, such computa- 

tions remain too computationally demanding for engineering cal- 

culations and approximate models have to be considered. 

3.3.2. Approximate models 

Approximate gas radiative property models can be classified 

based on their spectral resolution. The narrow band models in- 

clude the traditional Statistical Narrow Band and Narrow Band 

Correlated-k [230] . These models, and also their degraded versions 

such as the Wide Band Correlated-k (WBCK) [231] , are very ac- 

curate and were applied to the simulations of both laminar and 

turbulent sooting flames in conjunction with state-of-the-art com- 

bustion and soot production models [31,75,150,170] . However, they 

are also probably too computationally-demanding to be applied in 

broader coupled flow/ combustion/ soot/ radiation simulations. As 

a consequence, this brief literature review is limited to the gas ra- 

diative property models readily implementable and applicable for 

state-of-the-art modelling of sooting flames and the readers inter- 

ested in the above-mentioned narrow-band models can refer to ra- 

diative heat transfer text books [22] . Accordingly, the following dis- 

cussion focuses mainly on the simplest radiation model, i.e., OTA, 

and global radiative property models, such as the weighted-sum- 

of-gray-gases model (WSGG) [232] , the spectral-line weighted- 

sum-of-gray-gases models (SLW) [233–235] and full-spectrum k - 

distribution models (FSK) [236] . 

The optically-thin approximation (OTA) The optical thickness, de- 

fined as τ = 

∫ L 
0 κds , measures the ratio between a characteristic 

length scale of the medium, L , and the distance travelled by a pho- 

ton before being absorbed. If τ � 1 absorption is negligible and 

Eq. (46) reduces then to the emission term only that can be easily 

computed from the Planck-mean absorption coefficients of radiat- 

ing gas and soot and the local temperature. This approximation, 

referred to as OTA, is attractive as it avoids the complications re- 

lated to the resolution of the spectral RTE ( Eq. (44) ). However, its 

validity is limited to small-scale 1D and non-smoking axisymmet- 

ric laminar coflow diffusion flames at atmospheric pressure and 

normal gravity [21] . Although OTA has often been used to simplify 

RHT calculations in numerical studies of laminar diffusion flames 

where detailed gas-phase chemistry was employed [237] and even 

with sophisticated soot kinetic models [12,14,77,238] , several nu- 

merical studies showed that it becomes questionable for laminar 

coflow diffusion flames at the smoke-point limit [43] , for high- 

pressure laminar hydrogen diffusion flames [239] and microgravity 

laminar diffusion flames [240,241] . In addition, radiation absorp- 

tion can also become important in laminar coflow diffusion flames 

and turbulent jet diffusion flames at elevated pressures and/or un- 

der oxy-fuel flame conditions due to significantly higher soot load- 

ing or higher CO 2 concentrations. Research of laminar diffusion 

flames under these non-conventional conditions is necessary to ex- 

amine the validity range of gas-phase reaction mechanisms and 

soot formation models. The consequences of using OTA in mod- 

elling laminar diffusion flames will be further discussed in Sec- 

tion 3.4. 

On the other hand, Table 7 shows that the OTA was widely 

applied to the simulations of lab-scale sooting turbulent non- 

premixed jet flames in both RANS and LES frameworks to reduce 

the computational cost on RHT and thus allow the implementa- 

tion of state-of-the-art combustion and soot production models. 

The spectral radiative structure of these flames was analyzed in de- 

tails [162,170] , showing that: (i) soot and gas radiations weakly in- 

teract with a very small part of gas radiation absorbed by soot and 

vice versa, (ii) gas radiation self-absorption is significant. It repre- 

sents for example more than 50% in the ethylene non-premixed 

turbulent flame investigated experimentally at SANDIA [170] , (iii) 

soot self-absorption is typically less than 10%. These results suggest 

that the OTA (and also the gray approximation) may be reasonably 

applicable for soot radiation but is highly inaccurate for gas radia- 

tion that is usually dominant in these flames. These latter conclu- 

sions were also found to hold for lab-scale methane non-premixed 

flames up to 4 atm [242] . Nevertheless, it is important to draw at- 
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Fig. 2. Axial evolution of the temperature and soot volume fraction. Adapted from Mehta et al. [145] (with permission). 

tention that the OTA or gray approximation for soot radiation be- 

comes hardly justifiable in larger sooting flames representative of 

industrial or fire safety applications, where soot self-absorption can 

reach as high as 75% as observed by Mehta et al. [162] while simu- 

lating a large-scale ethylene turbulent non-premixed jet flame. The 

radiating shielding observed in large-scale pool fires due to cold 

soot escaping the flame is another example of the growing impor- 

tance of soot self-absorption with the flame size [243] . 

More specifically, the discrepancies introduced by the OTA 

in lab-scale sooting non-premixed turbulent flames were quan- 

tified, showing underestimation and overestimation of the mean 

and fluctuating temperature, respectively [75,170] . In addition, the 

peaks of mean and fluctuating soot volume fraction were found to 

be substantially underestimated [75,145,170] . These differences are 

illustrated in Fig. 2 adapted from Ref. [145] . The simulations of the 

ethylene turbulent non-premixed flame investigated by Coppalle 

and Joyeux [157] were performed in the RANS context. The trans- 

ported PDF method was used to model turbulence/chemistry in- 

teraction with a systematically reduced 33-species reaction mech- 

anism containing 205 elementary reactions. The soot kinetics was 

based on acetylene as precursor for nucleation and the HACA as 

surface growth/oxidation mechanism. Soot dynamics was modelled 

by a univariate method of moments with interpolative closure and 

6 moments were considered. The RTE was solved by the PMC-LBL. 

Figure 2 shows that the peak soot volume fraction is underesti- 

mated by about 50% when the OTA is applied. The OTA tends to 

overestimate the radiative loss and then to underpredict the tem- 

perature. In these coupled simulations, these effects are somewhat 

compensated by the reduction in soot emission, which explains the 

rather limited discrepancies on temperature. 

Weighted-sum-of-gray-gases The WSGG model is probably the 

most popular global gas radiation model for combustion simula- 

tions due to its simplicity and ease of implementation. The WSGG 

model consists in assuming that the total emissivity along an 

homogeneous path, ε(T , L ) = 

∫ ∞ 

0 (1 − e −κηL ) I b,η(T ) dη/I b (T ) , can be 

approximated by a weighted sum of N gray gases, with N being 

typically about 3 and 4 [22] : 

ε(T , L ) = 

N ∑ 

i =0 

a i (T ) 
[
1 − e −k i L 

]
with 

N ∑ 

i =0 

a i (T ) = 1 (52) 

i = 0 corresponds to the transparent window (clear gas) with 

an associated gray gas absorption coefficient of k 0 = 0 . The WSGG 

parameters, namely k i and a i (T ) , are obtained by fitting the total 

emissivity over a wide range of path-length, L , and temperature, T , 

and usually a constant molar ratio of H 2 O and CO 2 is assumed al- 

though approaches to accommodate varying molar ratios were re- 

ported in the literature [244,245] . The WSGG RTE and the total ra- 

diative intensity, I, can be expressed as: 

dI i 
ds 

= k i a i (T ) I b (T ) − k i I i ; i = 0 , N and I = 

N ∑ 

i =0 

I i (53) 

The more recent WSGG model parameters were obtained by us- 

ing HITEMP 2010 to conduct LBL calculations of the target emis- 

sivities for the fitting process and these versions were found to 

provide reasonably accurate engineering predictions for situations 

representative of combustion applications [244,246] . However, the 

reader has to keep in mind that the WSGG suffers from inher- 

ent limitations due to its formulation. The first limitation is that 

the gray-gas absorption coefficients do not depend on temperature. 

The second limitation is related to the difficulty to handle the ad- 

dition of a third non-gray radiating species without significantly 

complicating the model or introducing loss in its computational 

efficiency. Two approaches were mainly proposed to include soot 

[247] . In the first, soot is considered as gray and the soot Planck- 

mean absorption coefficient, κp,s , is then added to the absorption 

coefficient of each gray gas, k i . However, it should be keep in mind 

that, as discussed previously, the gray assumption for soot is ex- 

pected to result in a loss of accuracy in large-scale or highly soot- 

ing combustion systems. In the second approach, the WSSG param- 

eters for non-gray soot ( k s,i s and a s,i s , i s = 1 , N s ) are derived inde- 

pendently and a superimposition scheme is used to obtain the ab- 

sorption coefficient, k i , and the weight function, a i , of the gas/soot 

mixture [226] : 

k i = k g,i g + k s, j s ; 0 ≤ i g ≤ N g ; 1 ≤ i s ≤ N s (54) 

a i = a g,i g × a s, j s ; 0 ≤ i g ≤ N g ; 1 ≤ i s ≤ N s (55) 

where N g and N s are the number of gray gases for the gas mixture 

and soot, respectively. This approach results in a significant loss in 

simplicity and computational efficiency since the number of RTE to 

be solved increases drastically to reach to (1 + N g ) × N s [248] . 

Global k -distribution based models The spectral-line based 

weighted-sum-of-gray gases (SLW) and the full-spectrum k - 

distribution (FSK) models are closely related and based on the 

same concept of k -distribution [249] . Therefore, the discussion of 

the concepts and governing equations will be made from a FSK 

point of view for conciseness and a detailed presentation of the 

SLW can be found in Ref. [250] . The FSK methods introduce a 

Planck-function-weighted k -distribution, f (k, φ, T p ) , and its cumu- 

lative, g(k, φ, T p ) = 

∫ k 
0 f (k ′ , φ, T p ) dk ′ [236,251] : 

f (k, φ, T p ) = 

1 

I b (T p ) 

∫ ∞ 

0 

δ
[
k − κη(φ) 

]
I b,η(T p ) dη (56) 

g(k, φ, T p ) = 

1 

I b (T p ) 

∫ ∞ 

0 

H 

[
k − κη(φ) 

]
I b,η(T p ) dη (57) 
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where δ and H are the delta-Dirac and Heaviside functions, re- 

spectively, and φ = { x i , f s , T , p} is an array of thermophysical vari- 

ables affecting the absorption coefficient. g represents the fraction 

of the spectrum-integrated Planck function with an absorption co- 

efficient κη < k . g is a smooth and monotonically increasing func- 

tion of k and its introduction for spectral integration instead of the 

wavenumber reduces drastically the number of integration points 

from about 10 6 in LBL calculation to about 10. In other words, the 

number of RTE in FSK / SLW methods to be solved is of about 10 

as compared to 10 6 in LBL. The FSK RTE has a similar form as the 

WSGG RTE ( Eq. (53) ) [236,251] : 

dI g 0 
ds 

= k ∗(g 0 ) a (g 0 ) I b (T ) − k ∗(g 0 ) I g 0 and I = 

∫ 1 

0 

I g 0 dg 0 (58) 

where the subscript 0 refers to the reference state that can be de- 

fined, for example, by volume averaged species mole fractions and 

soot volume fraction and a blackbody emission-averaged tempera- 

ture [22] , though other definitions of the reference state were pro- 

posed [250,251] . a (g 0 ) is computed as: 

a (g 0 ) = 

∂g(k 0 , φ0 , T ) 

∂g 0 ( k 0 , φ0 , T 0 ) 
(59) 

The FSK/SLW methods provide solutions with the LBL accuracy for 

homogeneous and isothermal media. Their extension to inhomo- 

geneous and/or non-isothermal media requires assuming that a 

functional (scaled) or statistical (correlated or comonotonic) rela- 

tionship [250,252,253] exits between the spectral absorption co- 

efficients at different thermophysical states, leading to the full - 

spectrum scaled k - distribution (FSSK) or the full spectrum cor- 

related - k distribution (FSCK) and the rank correlated full spec- 

trum k distribution (RCFSK), respectively. Real gas spectra are nei- 

ther truly scaled nor correlated and these assumptions introduce 

inevitably inaccuracy in these methods. As discussed in Ref [254] ., 

the scaled methods are still under development for multidimen- 

sional applications and are not recommended at this stage. On the 

other hand, several schemes were developed based on the cor- 

related or comonotonic assumptions to determine k ∗ in Eq. (58) . 

Among them, those that preserve emission, such the scheme pro- 

posed by Cai and Modest [255] or the RCFSK/RCSLW [256,257] , 

generally give more accurate predictions [248,254] : 

1. The scheme of Cai and Modest [255] . In this scheme, k ∗ is de- 

termined from the following three-step sequence: i) determine 

k 0 from g(k 0 , φ0 , T 0 ) = g 0 where g 0 is a quadrature point, ii) in- 

terpolate the local value of g = g(k 0 , φ, T ) , and iii) determine k ∗

from g(k ∗, φ, T ) = g(k 0 , φ0 , T ) . 

2. The RCFSK/RCSLW methods [256,257] . k ∗ is determined from 

g(k ∗, φ, T p ) = g 0 and the stretching factor is determined as 

a (g 0 ) = 

∂ 
∂g 0 

g[ k (g 0 , φ, T p ) , φ, T ] . 

In addition, it was demonstrated that the RCFSK/RCSLW solu- 

tions are almost insensitive to the choice of the Planck tempera- 

ture, T p [248,256,257] . 

The full-spectrum k − g distributions for gas/non-gray soot 

mixtures can be assembled directly from LBL data or from 

narrow-band k − g distributions of individual species following the 

methodology proposed by Modest and Riazzi [258] . In order to 

make the method applicable, these k − g distributions are stored 

in look-up tables for discrete values of pressure, mole fractions of 

the radiating gas, x i , soot volume fraction, f s , and gas and refer- 

ence temperatures and interpolated during simulations [259–261] . 

A machine learning based full-spectrum correlated k -distribution 

model for inhomogeneous gas-soot mixtures was recently pro- 

posed, providing solutions as accurate as those obtained with look- 

up tables while reducing significantly the memory storage [262] . 

Both FSK and SLW methods do not suffer the deficiencies of 

the WSGG methods and provide generally better predictions within 

few percent of LBL solutions in gas/soot mixtures [248,263] . These 

solutions are generally obtained with about ten quadrature points 

[248] . Recent conclusions obtained by Bagder et al. [264] in a 

propane flame under oxy-fuel combustion condition (in the ab- 

sence of soot) suggest that accurate solutions can be obtained with 

only 3–5 gray gases when the RCSLW method is used. Neverthe- 

less, this conclusion needs to be further confirmed in other com- 

bustion problems. 

3.4. Importance of thermal radiation in laminar diffusion flames 

The effects of radiation on laminar flames have been discussed 

in several recent reviews [21,23,265] . Therefore, the discussion be- 

low will focus only on the effects of thermal radiation on the struc- 

ture and soot formation of laminar diffusion flames and studies 

published in the last two decades. The importance of RHT and the 

relative importance of radiating gases and soot to RHT in laminar 

counterflow and coflow diffusion flames have been evaluated in a 

number of studies. It has been shown that thermal radiation can 

significantly affect both the overall and local properties of flames 

and the radiating gases and soot can have different influences on 

the flame properties due to their different spectral properties and 

spatial distributions in flame. The relevant studies conducted in the 

last two decades are summarized in Table 8 . 

Liu et al. [16] modelled a laminar coflow ethylene/air diffusion 

flame established on the Gülder burner (a slightly modified ver- 

sion of the Santoro laminar coflow diffusion flame burner) using 

an acetylene based two-equation semi-empirical soot model and 

GRI-Mech 3.0 reaction mechanism. The visible flame height and 

the peak soot volume fraction are about 64 mm and 8 ppm, re- 

spectively. To evaluate the importance of RHT and radiation ab- 

sorption, the calculations were conducted using several different 

treatments of RHT: (1) no radiation, (2) OTA for thermal emissions 

from CO, CO 2 , H 2 O, and soot, (3) a full radiation model consisting 

of using DOM as the RTE solver coupled with a statistical narrow- 

band correlated-k (SNBCK) based wide-band (WB) model for non- 

gray absorption coefficients of CO, CO 2 , H 2 O, and soot, (4) solving 

RTE without gas radiation (soot only), and (5) solving RTE without 

soot radiation (radiating gases only). The soot spectral absorption 

coefficient was assumed to be κλ,s = 5 . 5 f s /λ, which corresponds to 

a wavelength independent E(m ) value of 0.292 and is consistent 

with the soot Planck mean absorption coefficient given in Modest 

and Mazumder [22] . The predicted temperature distributions us- 

ing different radiation treatments are shown in Fig. 3 along with 

the measured temperature with the peak temperature in each case 

indicated. The underprediction of temperature in the centerline re- 

gion, compare Fig. 3 (c) and (b), was mainly attributed to the ne- 

glect of fuel preheating effect in the simulation. Although neglect 

of radiation absorption causes only about 5 K decrease in the peak 

temperature, it causes more than 50 K decrease in the centerline 

region around the flame tip around z = 6 cm, which is mainly at- 

tributed to absorption by CO 2 . As shown in Fig. 4 below, the soot 

volume fractions in the flame centerline region are significantly 

underpredicted, which remains a challenge in soot formation mod- 

elling in laminar coflow diffusion flames using both semi-empirical 

and detailed soot models [16,94,98] . If the soot volume fractions 

in the centerline region were better predicted to levels compara- 

ble to measured values, the neglect of radiation absorption as in 

OTA would have led to an even greater decrease in temperatures 

in the centerline region. The importance of radiation absorption in 

laminar coflow diffusion flames should not be evaluated using the 

peak temperature, since the peak temperature occurs at the flame 

wing at the lower part of the flame around z = 2 cm, where the 

high-temperature reaction zone is thin and emission dominated. 

The main effect of radiation absorption takes place in the flame 

centerline region where temperatures are relatively low and the 
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Table 8 

Main sub-models used in numerical studies of the effects of thermal radiation on the structure and soot formation in laminar diffusion flames conducted in the last two 

decades. SNBCK denotes statistical narrow-band correlated-k, WB wide-band, SF soot formation, and SFO soot formation/oxidation. 

Ref. and year Flame Gas-phase mech. Soot model RTE solver Radiative prop. model Pressure (atm) Gravity (g) 

Liu et al. Coflow C 2 H 4 GRI-Mech 3.0 A C 2 H 2 based DOM - SNBCK based 1 1 

[16] diff. flame 2-eq. model WB model 

- OTA 

- No radi. 

Liu et al. Two coflow C 2 H 4 GRI-Mech 3.0 A C 2 H 2 based DOM - SNBCK based 1 1 

[43] diff. flames 2-eq. model WB model 

- OTA 

Liu et al. Counterflow SF GRI-Mech 3.0 A C 2 H 2 based DOM - SNBCK based 1 1 

[55] C 2 H 4 diff. flames 2-eq. model WB model 

- OTA 

- No radi. 

Liu et al. Coflow CH 4 GRI-Mech 3.0 A C 2 H 2 based DOM - SNBCK 1 1 

[199] diff. flame 2-eq. model - SNBCK based 

WB moddel 

- OTA 

Smooke et al. Coflow N 2 diluted A modified A semi-detailed – OTA 1 1 

[77] C 2 H 4 diff. flames Sun et al. [266] mech. soot model 

Mungekar and Atreya Partially premixed GRI-Mech 3.0 – – OTA 1 1 

[267] CH 4 counterflow (measured f s ) 

flames 

Guo and Smallwood Coflow C 2 H 4 A combined Qin et al. An improved DOM SNBCK-based 1 1 

[268] diff. flame [161] & GRI-Mech 3.0 2-eq. model WB model 

mechanism 

Kong and Liu Coflow CH 4 GRI-Mech 3.0 A C 2 H 2 based DOM SNBCK-based 1 1 and 0 

[18] diff. flames 2-eq. model WB model 

Katta et al. C 2 H 4 jet Wang and A C 2 H 2 based – - OTA 1 1 

[269] diff. flame Frenklach [160] 2-eq. model - No radi. 

Liu et al. Coflow C 2 H 4 GRI-Mech 3.0 A C 2 H 2 based DOM - SNBCK based 1 1 and 0 

[240] diff. flames 2-eq. model WB model 

- OTA 

Charest et al. Coflow C 2 H 4 A skeletal A C 2 H 2 based DOM - SNBCK based 0.5–5 1 and 0 

[270] diff. flames mechanism [271] 2-eq. model WB model 

Blacha et al. Coflow C 2 H 4 Slavinskaya A sectional PAH – OTA 1 1 

[12] & kerosene mechanisms and soot model 

diff. flames [176,272] 

Demarco et al. 21 NDFs of Qin et al. [161] A C 2 H 2 & C 6 H 6 FVM - SNBCK 1 1 and 0 

[17] C 1 to C 3 fuels mechanism based 2-eq. model - FSCK 

& 3 C 2 H 4 IDFs - OTA 

Hernández et al. Counterflow SF Davis et al. A C 2 H 2 based DOM - SNBCK 1 1 

[57] C 2 H 4 diff. flames mechanism [273] 2-eq. model - No radi. 

flames 

Dobbins et al. Coflow N 2 diluted A modified A semi-detailed DOM - Planck mean 1 1 

[274] C 2 H 4 diff. flames Sun et al. mech [266] . soot model absor. coeff. 

- λ-dependent 

absor. coeff. 

Abdelgadir et al. Coflow C 2 H 4 - NBP [164] A detailed – - OTA 1, 2, 4 1 

[14] diff. flames - KM2 [171] model - No radi. and 8 

Pejpichestakul et al. Counterflow SF A detailed mech. A discrete sectional – - OTA 1 1 

[275] & SFO C 2 H 4 consisting of PAH & soot model - No radi. 

diff. flames ∼ 300 species 

Zheng et al. Coflow C 2 H 4 ABF [28] A detailed DOM SNBCK 1 1 

[276] diff. flames mechanism soot model 

Dobbins et al. Coflow C 2 H 4 A modified A semi-detailed Photon MC OTA 1 1 and 0 

[277] diff. flames Sun et al. mech [266] . soot model in decoupled in coupled 

calculations calculations 

concentrations of radiating species are high. Neglect of the indi- 

vidual effect of gas and soot radiation results in a similar increase 

in the peak temperature of about 30 K and 25 K, respectively, 

Fig. 3 (d) and (e). However, the temperatures in the centerline re- 

gion around the flame tip are overpredicted by more than 80 K 

and 200 K when gas and soot radiation are neglected, respectively, 

suggesting that both gas and soot radiation are important and soot 

is more important than radiating gases in this moderately sooting 

laminar coflow ethylene/air diffusion flame. If RHT is not taken into 

account, Fig. 3 (f), the predicted temperatures are erroneous since 

the peak temperature and the temperatures in the centerline re- 

gion around the flame tip are 123 K and more than 400 K over- 

predicted using the result of DOM/SNBCK based WB model shown 

in Fig. 3 (b) as the reference. 

The predicted soot volume fraction distributions using different 

radiation treatments are compared with the measured distribution 

in Fig. 4 . As pointed out above, the soot model significantly under- 

predicted soot along the flame centerline, even though the peak 

soot volume fraction was well predicted. The effects of radiation 

treatments mainly lie in the predicted visible flame height, but not 

in the peak soot volume fraction, which occurs in the flame wing 

where radiation absorption is fairly weak. Overestimation of radia- 

tion heat loss as in OTA leads to a slightly taller visible flame due 

to reduced soot oxidation rate. Conversely, underestimation of ra- 

diation heat loss as in Fig. 4 (d)–(f) results in shorter visible flame 

due to enhanced soot oxidation. The peak soot volume fraction also 

occurs earlier, i.e., at a lower height along the flame wing due to 

higher flame temperatures. Therefore, underprediction of thermal 
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Fig. 3. Comparison of measured and predicted temperature distributions using different models for radiative heat transfer in the laminar coflow C 2 H 4 /air diffusion flame. 

Taken from Liu et al. [16] (with permission). 

Fig. 4. Comparison of measured and predicted soot volume fraction distributions using different models for radiative heat transfer in the laminar coflow C 2 H 4 /air diffusion 

flame. Taken from Liu et al. [16] (with permission). 

radiation loss enhances both soot formation and oxidation, though 

the latter is more strongly prompted due to the significantly higher 

temperatures in the upper part of the flame where soot oxidation 

dominates. Neglect of soot radiation has a strong influence on the 

visible flame height than neglect of gas radiation in this flame. It is 

also clear from Fig. 4 that radiation models have essentially negli- 

gible impact on the soot inception process in the lower part of the 

flame wings. 

Liu et al. [43] modelled two laminar coflow C 2 H 4 /air diffu- 

sion flames of different fuel flow rates investigated experimen- 

tally by Santoro et al. [278] : one is non-smoking and the other 

is smoking. The overall model is similar to that used in Liu et al. 

[16] but with a modified soot oxidation sub-model. Thermal ra- 

diation transfer was modelled using DOM coupled a SNBCK based 

WB model and OTA. They showed that neglect of radiation absorp- 

tion only weakly lowers the flame temperature on the centerline in 

the non-smoking flame (by up to about 30 K); however, it strongly 

lowers the post-flame temperatures on the centerline in the smok- 

ing flame by about 150 K. Correspondingly, the use of OTA only 

weakly affects the flame cross section integrated soot volume frac- 

tion along the height in the non-smoking flame, but results in al- 

most twice the amount of emitted soot in the smoking flame, com- 

pared to the amount predicted using the full radiation model, due 

to reduced soot oxidation rate associated with the lower tempera- 

tures in the post-flame region. 

The effects of gas and soot radiation on the modelling of lam- 

inar counterflow soot formation (SF) ethylene diffusion flames of 

different oxygen mole fractions in the oxidizer (20, 24, and 28%) 

at a stretch rate of 21 s −1 were investigated by Liu et al. [55] us- 

ing essentially the same soot model and gas-phase chemistry as in 

Liu et al. [16] . Their results showed that thermal radiation lowered 

the peak flame temperature by 30, 39, and 50 K, respectively, for 

20, 24, and 28% oxygen in the oxidizer and radiation absorption is 

negligible in all the three flames investigated. In addition, gas radi- 

ation plays a larger role than soot radiation in these SF counterflow 

diffusion flames, since the high concentrations of radiating gases 

are present in the peak temperature region while the peak soot 

volume fraction occurs at a fairly low-temperature region around 
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1100 K on the fuel side. The study of Liu et al. [55] indicates that 

it is necessary to consider RHT in counterflow diffusion flames and 

OTA is applicable to produce sufficiently accurate results, i.e., radia- 

tion absorption in such counterflow SF diffusion flames can be ne- 

glected. More recently, Hernández et al. [57] modelled the same SF 

counterflow C 2 H 4 diffusion flames to those in Liu et al. [55] using 

the mechanism of Davis et al. [273] , C 2 H 2 based two-equation soot 

models, and DOM/SNBCK method for RHT. Although the results of 

Hernández et al. are qualitatively similar to those of Liu et al., their 

results display a higher sensitivity to the oxygen mole fraction in 

the oxidizer. For example, they showed that RHT reduced the peak 

flame temperature by 20, 25, and 120 K (vs. 30, 39, and 50 K in 

Liu et al. [55] ) when the oxygen mole fraction in oxidizer was 0.2, 

0.24, and 0.28, respectively. 

The effects of using several approximate SNBCK models in 

the modelling of a lightly sooting laminar coflow CH 4 /air diffu- 

sion flame experimentally investigated by McEnally and Pfeffele 

[279] were investigated by Liu et al. [199] using the same gas- 

phase chemistry and soot model as in Liu et al. [16] . In this lightly 

sooting diffusion flame (visible flame height of about 4 cm and the 

peak soot volume fraction of about 0.6 ppm), radiation absorption 

only lowers the predicted peak flame temperature on the center- 

line region around the flame tip by about 17 K and the predicted 

soot loading by about 6%, suggesting that the use of OTA is jus- 

tified in this lightly sooting and fairly small-sized laminar coflow 

CH 4 /air diffusion flame. 

The effects of radiation and radiation absorption on the predic- 

tion of three laminar coflow N 2 -diluted C 2 H 4 /air diffusion flames 

were studied by Smooke et al. [77] using a detailed gas-phase re- 

action mechanism and an improved two-equation soot model. RHT 

was calculated using OTA and the discrete transfer method cou- 

pled with the RADCAL narrow-band model. Their results showed 

that radiation absorption in the 60% ethylene flame increases the 

centerline temperatures in the early soot formation zone by up to 

40 K, which in turn leads to about 15% increase in the predicted 

peak soot levels. The results considering radiation absorption con- 

sistently display improved distributions of predicted soot volume 

fraction for the flames studied. In addition, the results of Smooke 

et al. [77] also showed that neglect of radiation loss led to a short- 

ened visible flame height by 15%, oveprediction of the peak cen- 

terline temperature by more than 300 K, and significantly higher 

concentrations of C 2 H 2 and benzene. These findings are consistent 

with those reported in Liu et al. [16] . 

Mungekar and Atreya [267] reported a combined experimental 

and numerical study of low stretch-rate ( < 20 s −1 ) partially pre- 

mixed counterflow flames. The effects of gas and soot radiation 

were investigated using the OPPDIF code, the GRI-Mech 3.0 mech- 

anism, the measured profiles of soot volume fraction, and OTA. 

Their results of radiation source term display two peaks due to 

soot radiation at relatively lower temperatures on the fuel side 

and gas radiation at the peak flame temperature region, regardless 

of the level of partial premixing. Such radiation structure of par- 

tially premixed counterflow flames is qualitatively similar to that 

of counterflow diffusion flames predicted in the study of Liu et al. 

[55] . Under their experimental conditions, soot radiation and the 

radiant fraction due to soot radiation first decreased and then in- 

creased with increasing the partial premixing of the fuel stream by 

oxygen. Although gas radiation monotonically increased with the 

level of partial premixing, the radiant fraction due to gas radia- 

tion decreased due to the higher heat release rate. The net radiant 

fraction followed the same trend as that due to soot radiation, sug- 

gesting that soot radiation played a more important role than gas 

radiation in these partially premixed counterflow flames. 

Guo and Smallwood [268] conducted a numerical study of 

the interactions between soot and NO formation in a laminar 

coflow C 2 H 4 diffusion flame using an improved two-equation soot 

model consisting of C 6 H 6 reacting with C 6 H 5 as the inception 

step and HACA as the surface growth step, GRI-Mech 3.0, and the 

DOM/SNBCK basd WB method for RHT modelling. They conducted 

three simulations to isolate the thermal and chemical effects of 

soot and NO formation: (i) the full simulation, i.e., with both soot 

and NO formation, (ii) a simulation without soot formation and at 

the same temperature distribution from (i), and (iii) a full simula- 

tion, except without soot formation. The differences between the 

results of (i) and (ii) and between (ii) and (iii) are ascribed to the 

chemical and thermal effect, respectively. In this moderately soot- 

ing diffusion flame, their results showed that the formation of NO 

has almost no influence on soot formation. However, the formation 

of soot significantly reduces the formation of NO. The formation of 

soot lowers the peak NO concentration and NO emission index by 

28 and 46%, respectively. The decrease in NO formation by soot for- 

mation is primarily caused by the thermal effect (more than 80%) 

since the formation of soot significantly reduces the temperatures 

in the upper part of the flame. The study of Guo and Smallwood 

[268] once again demonstrates that thermal radiation plays an im- 

portant role in kinetically controlled processes. 

The importance of RHT in laminar coflow CH 4 /air [18] and 

C 2 H 4 /air [240] diffusion flames at microgravity was investigated 

using the same soot model, gas-phase chemistry, and full radia- 

tion model (DOM/SNBCK based WB) as in Liu et al. [16] . Kong and 

Liu [18] investigated the effects of RHT on the structure and soot 

formation of a laminar coflow CH 4 /air diffusion flame at different 

coflow air velocities (77.6, 30, and 5 cm/s) and at there gravity lev- 

els (1, 0.5, and 0 g). Liu et al. [240] investigated the effects of grav- 

ity (at 1 and 0 g) and RHT on the structure and soot formation 

characteristics of the laminar coflow C 2 H 4 diffusion flame previ- 

ously studied by Liu et al. [16] , which is close to the smoke point. 

These studies showed that RHT becomes much more important at 

microgravity than at earth gravity due to the following two fac- 

tors. First, at microgravity the radial diffusion becomes more im- 

portant, leading to a wider flame and larger flame optical thick- 

ness. Second, the absence of buoyancy induced flow acceleration 

significantly increases the residence time, which prompts soot for- 

mation (except at the lowest coflow air velocity in Kong and Liu 

[18] ) and hence radiation heat loss. Specifically, the flame center- 

line temperatures are more significantly reduced by RHT at micro- 

gravity with decreasing the coflow air velocity and can cause more 

than 800 K decrease in the peak temperature on flame centerline 

at the lowest coflow air velocity of 5 cm/s in the study of Kong and 

Liu [18] . Based on this predicted trend, Kong and Liu [18] conjec- 

tured that the laminar coflow CH 4 /air diffusion flame may expe- 

rience radiation-induced extinction along the centerline at a suf- 

ficiently low coflow air velocity, similar to the radiation-induced 

extinction of counterflow diffusion flames at low stretches [280] , 

though their conjecture has yet to be validated experimentally. It 

is also interesting to notice that the non-smoking laminar coflow 

C 2 H 4 /air diffusion flame at 1 g becomes smoking at 0 g due to 

the drastic reduction of centerline temperatures by 10 0 0 K in the 

upper part of the flame and hence much suppressed soot oxida- 

tion rates. To demonstrate the critical role of RHT in this transi- 

tion from non-smoking to smoking flame with decreasing gravity, 

Liu et al. [240] conducted additional calculations without RHT and 

the results confirmed that the flame remains non-smoking at 0 g 

when RHT was not considered. These two studies [18,240] show 

that RHT in laminar coflow diffusion flames has a much stronger 

influence on the flame centerline temperatures and soot oxidation 

in the upper part of the flames at 0 g than their counterparts at 

1 g. Although radiation absorption in lightly to moderately soot- 

ing laminar coflow diffusion flames at 1 g does not cause a large 

temperature difference, its importance has also been emphasized 

by Smooke et al. [10] and Blacha et al. [12] due to the strong tem- 

perature dependence of gas-phase and soot chemistry. 
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The role of soot radiation on the suppression of flicker of coflow 

diffusion flames at normal gravity and atmospheric pressure was 

investigated experimentally and numerically by Katta et al. [269] . 

Numerically, they modelled the laminar coflow flames of CH 4 /C 2 H 2 

mixtures using the Wang and Frenklach mechanism [160] , a C 2 H 2 

based two-equation soot model, and OTA for radiation loss. Their 

results showed that the magnitude of flame flicker can be sup- 

pressed to produce steady flames when a sufficient amount of 

C 2 H 2 is added to the fuel stream to prompt soot formation, which 

leads to enhanced radiation loss. They also showed numerically 

that a steady diffusion flame can become unsteady when soot 

radiation was turned off, confirming that soot radiation plays a 

stabilizing role in laminar coflow diffusion flames. Charest et al. 

[270] conducted a numerical study to investigate the effects of 

pressure and gravity on laminar coflow ethylene diffusion flames 

using the skeletal C 2 mechanism of Law [271] , a C 2 H 2 based two- 

equation soot model, and the DOM/SNBCK based WB method for 

modelling RHT. They showed that radiation loss is responsible for 

the lengthened flame height with increasing pressure at micro- 

gravity, significantly reduced temperatures along the flame center- 

line in microgravity, especially at elevated pressures, and reduced 

sensitivity of carbon conversion rate to pressure above 1 atm. 

Demarco et al. [17] investigated the importance of RHT on soot 

prediction in a large number of laminar coflow diffusion flames, 

including 21 normal diffusion flames (NDFs) of C 1 –C 3 fuels and 3 

ethylene inverse diffusion flames (IDFs). Among the flames inves- 

tigated, three NDFs and one IDF are at 0 g. These laminar flames 

covered a wide range of flame height defined by the stoichiomet- 

ric mixture fraction on the flame centerline up to 13.92 cm, a 

wide range of residence time (from burner exit to the flame tip) 

up to 495 ms, and optical thickness (defined by the maximum 

integral of Planck mean absorption coefficients of CO 2 , H 2 O, and 

soot along flame diameter) up to 0.081. Soot formation was mod- 

elled using a semi-empirical two-equation soot model consisting 

of C 2 H 2 and C 6 H 6 for inception [70] , C 2 H 2 addition for surface 

growth, and oxidation by O 2 and OH and O radicals. RHT was mod- 

elled using OTA, gray model based on the Planck mean absorp- 

tion coefficients, and statistical narrow-band correlated-k (SNBCK) 

and full-spectrum correlated-k (FSCK) non-gray radiative property 

models. FVM was used as the RTE solver in the gray-model, SNBCK, 

and FSCK calculations. Their results indicate that RHT is impor- 

tant in all the flames and should always be considered. The im- 

portance of RHT is dependent on the soot loading and residence 

time. In general, RHT is more important in NDFs than in IDFs and 

and is significantly enhanced at reduced gravity. Demarco et al. 

[17] concluded that OTA can be used for flames whose maximum 

radially integrated optical thickness based on the Planck mean 

coefficients of CO 2 , H 2 O, and soot is less than 0.05, since un- 

der this condition the maximum deviation in temperature predic- 

tion is less than 20 K. Moreover, they found that the gray model 

based on the Planck mean absorption coefficient does not pro- 

vide significant improvement over OTA and the FSCK offers simi- 

lar accuracy as SNBCK with a substantial saving in computational 

time. 

Dobbins et al. [274] conducted a detailed analysis of radiative 

emission and reabsorption in three laminar coflow nitrogen diluted 

ethylene diffusion flames without and with radiation absorption in 

RHT modelling by using OTA and solving RTE with DOM, respec- 

tively. The radiative property of radiating species including soot 

was the Planck mean absorption coefficient and the wavelength- 

dependent one extracted from RADCAL. It is noticed that the peak 

soot volume fraction in the most sooting flame investigated was 

less than 2 ppm and the visible flame height was about 65 mm. 

They found that radiation absorption is non-negligible and use of 

OTA can underpredict temperatures in the centerline region around 

the flame tip by up to 27 K in the flames investigated. Under the 

conditions of their study, CO 2 was found to play a dominant role 

in the emission and absorption of radiation. 

Abdelgadir et al. [14] conducted a detailed numerical study of 

soot formation in laminar coflow C 2 H 4 diffusion flames at ele- 

vated presssures up to 8 atm using two detailed gas-phase mech- 

anisms with PAH formation, a detailed soot model, and OTA. They 

discussed the effects of radiative heat loss on the predicted soot 

concentrations and temperatures based on their results and previ- 

ous modelling results of laminar coflow and counterflow diffusion 

flames. Their results showed that neglect of radiation loss caused a 

decrease in the predicted peak soot volume fraction by 26, 21, 22, 

and 13% at 1, 2, 4, and 8 atm, respectively. They considered such 

levels of reduction of soot by radiation losses in line with previ- 

ously reported results in Liu et al. [16] , 55 ], Hernández et al. [57] , 

though the latter studies were conducted at atmospheric pressure. 

Radiation losses lowered the flame temperatures along the center- 

line by about 100 K at 8 atm. This magnitude of temperature re- 

duction by radiation loss is comparable with the results reported 

in Liu et al. [16] , Charest et al. [270] , in spite of different flame 

conditions. 

The importance of radiative loss in modelling counterflow SF 

and SFO diffusion flames has been recently further investigated by 

Pejpichestakul et al. [275] . Counterflow C 2 H 4 diffusion flames were 

modelled using a detailed reaction mechanism with PAH formation 

up to pyrene, a discrete sectional approach for larger PAH and soot 

formation, and OTA. The SF flames are the same as those investi- 

gated previously by Liu et al. [55] and Hernández et al. [57] , while 

the SFO flames were generated by modifying the compositions in 

both the fuel and oxidizer streams while keeping their velocities at 

19.5 cm/s and a burner separation distance of 1.42 cm. The results 

of Pejpichestakul et al. showed that radiation losses reduce flame 

temperatures in the range of about 20 to 30 K and 50 to 60 K in 

SF and SFO flames, respectively. The somewhat larger temperature 

reduction in SFO flames is due to their higher flame temperatures. 

The reduction in SF flames is similar to but smaller than that (20 

to 50 K) reported by Liu et al. [55] . 

CO 2 , H 2 O, CO, and soot have been commonly considered as the 

radiating species in modelling RHT in both laminar and turbulent 

flames. Although the potential importance of radiation absorption 

by hydrocarbon fuel molecules has been shown in pool fires, e.g., 

in Consalvi and Liu [212] , it has been rarely taken into account in 

laminar and turbulent flame modelling. A few effort s have been 

made in this regard. Dobbins et al. [274] considered the absorp- 

tion of ethylene in their modelling of laminar coflow nitrogen di- 

luted C 2 H 4 /air diffusion flames and found that absorption by ethy- 

lene had only little effect on the results. Recently, Zheng et al. 

[276] conducted a numerical study to investigate the importance of 

C 2 H 2 and C 2 H 4 absorption and emission on modelling soot forma- 

tion in a laminar coflow C 2 H 4 /air diffusion flame at atmospheric 

pressure. The gas-phase chemistry was modelled using the ABF 

mechanism [28] and soot was modelled using a detailed model. 

They first generated the SNB model parameters of C 2 H 2 and C 2 H 4 

from the HITRAN 2016 database and then included these two hy- 

drocarbon species in the modelling of RHT using the DOM/SNBCK 

method. Under the flame conditions of their study, their results 

showed that inclusion of C 2 H 2 and C 2 H 4 in RHT results in some- 

what lower predicted soot volume fractions by about 5 to 10%, de- 

pending on the flame height, and the peak soot volume fraction 

occurs at a somewhat higher location. 

Very recently, Dobbins et al. [277] conducted a combined exper- 

imental and numerical study of soot formation in laminar coflow 

C 2 H 4 /air diffusion flames at microgravity. Two laminar diffusion 

flame burners were used in the study: the smaller ACME coflow 

burner with the inner and outer diameters of the fuel tube of 2.16 

and 2.41 mm and the larger Yale burner with the inner and outer 

diameters of the fuel tube of 3.9 and 4.7 mm. The fuel and air flow 
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rates are such that the mean inlet velocities of both the fuel and 

air streams are 35 cm/s and the resultant visible heights of the Yale 

and ACME flames are about 68 and 16 mm at normal gravity, re- 

spectively. The chemical kinetics and soot model used in the mod- 

elling have been described in their earlier publications [77,274] . 

RHT was modelled using OTA described in Dobbins et al. [274] .To 

access the imporrtance of radiation absorption, a Monte Carlo ray 

tracing method coupled with a line-by-line spectral database was 

used to solve RTE in a post-processing fashion, i.e., decoupled cal- 

culations using converged thermal fields. For the ACME flame, the 

numerical simulation overpredicted and underpredicted the soot 

volume fractions compared to measurements at 1 g and 0 g, re- 

spectively. Therefore, the flame model predicted a much weaker in- 

fluence of gravity on soot formation than experiments. For the Yale 

flame, the predicted soot volume fractions are only about 60% of 

the measured values at 1 g and there was no experimental data at 

0 g. The predicted peak soot volume fraction at 0 g was only about 

50% higher than the 1 g value, showing a significantly weaker in- 

fluence of gravity on soot formation compared to previous studies 

[18,240,270] . Both Kong and Liu [18] , who modelled the gravity ef- 

fect on soot formation of a laminar coflow CH 4 /air diffusion flame 

of about 63 mm visible height, and Charest et al. [270] , who stud- 

ied the influence of gravity on soot formation of a laminar coflow 

C 2 H 4 /air diffusion flame of about 8 mm visible height, predicted 

100% increase in peak soot volume fraction at 0 g compared to the 

value at 1 g. In addition, the results of Dobbins et al. showed that 

both the ACME and Yale flames are lightly smoking at both 1 g 

and 0 g, though both the ACME and Yale flames are non-smoking 

(unclear for the Yale flame at 0 g due to absence of experiments). 

Their analysis of radiation losses indicated that thermal radiation 

caused 12.8 and 17.1% loss of heat release in the ACME flame and 

27.5 and 47.5% loss in the Yale flame at 1 g and 0 g, respectively. 

Although they showed that radiation absorption is more important 

at 0 g for temperature-sensitive species, e.g., soot, they also sug- 

gested that OTA was adequate in the simulation of the two flames 

at both 1 g and 0 g. They pointed out that the increased radia- 

tion absorption at 0 g is mainly caused by the enhanced absorp- 

tion by CO 2 rather than by soot. Clearly, there is a need to further 

investigate the effects of radiation and radiation absorption on soot 

formation in laminar coflow diffusion flames, especially at micro- 

gravity. 

3.5. Turbulence/radiation interaction 

The Reynolds-averaged spectral RTE and radiative source term 

in the energy equation are expressed as Modest and Haworth [23] : 

s · ∇〈 I η〉 + 〈 κη(φ) I η〉 = 〈 κηI b,η(T ) 〉 (60) 

〈 S R 〉 = 

∫ ∞ 

η=0 

〈 κηG η〉 dη − 4 π〈 κp (φ) I b (T ) 〉 (61) 

where G η = 

∫ 
4 π I ηd	. Both absorption and emission terms are 

highly non-linear functions of temperature, composition, φ, and 

spectral intensity. A consequence is that their mean value cannot 

be accurately evaluated from mean quantities [23,24] : 

〈 κη(φ) G η〉 � = κη( ̃  φ) 〈 G η〉 or 〈 κη(φ) I η〉 � = κη( ̃  φ) 〈 I η〉 (62) 

〈 κp (φ) I b (T ) 〉 � = κp ( ̃  φ) I b ( ̃  T ) or 〈 κη(φ) I b,η(T ) 〉 � = κη( ̃  φ) I b,η( ̃  T ) 

(63) 

The differences are manifestation of the turbulence/radiation inter- 

action in the RANS context. 

Similarly, the filtered RTE and radiative source term (in LES) in- 

volve the highly non-linear filtered absorption and emission terms, 

such as: 

〈 κη(φ) G η〉 � � = κη( ̂  φ) 〈 G η〉 � or 〈 κη(φ) I η〉 � � = κη( ̂  φ) 〈 I η〉 � (64) 

〈 κp (φ) I b (T ) 〉 � � = κp ( ̂  φ) I b ( ̂  T ) or 

〈 κη(φ) I b,η(T ) 〉 � � = κη( ̂  φ) I b,η( ̂  T ) (65) 

The differences are manifestation of the turbulence/radiation 

interaction in the LES context. 

Table 7 shows that TRI was usually neglected in RANS simu- 

lations of turbulent non-premixed sooting jet flames despite the 

experimental evidences of their strong effects on radiative loss 

[281–283] . Similarly SGS TRI was neglected in LES of such flames. 

The objective of the present section is to discuss the strategies to 

model TRI in both RANS and LES contexts and to highlight their 

specificity and importance for the modelling of sooting flames. 

3.5.1. Modelling absorption TRI 

RANS context The Reynolds-averaged absorption term can be re- 

written by introducing the correlation between the fluctuations of 

the absorption coefficient and the radiative intensity: 

〈 κηI η〉 = 〈 κη〉〈 I η〉 + 〈 κ ′ 
ηI ′ η〉 (66) 

The evaluation of 〈 κ ′ 
ηI ′ η〉 is difficult because the fluctuations of the 

local intensity are influenced by fluctuations that arise from spa- 

tial locations that can be anywhere in the medium. Modelling ab- 

sorption TRI requires then a detailed knowledge of the instanta- 

neous fields of temperature and composition, and solving the RTE 

over a significant amount of realizations of the flow [23,24] . Wang 

et al. proposed a particle PMC/TPDF method to model these com- 

plex interactions. This method relies on the fact that TPDF meth- 

ods based on Monte Carlo scheme and an ensemble of Lagrangian 

notional particles provide actual realizations of the flow. A spe- 

cific Monte Carlo method was developed to handle the interac- 

tions between the photons and the notional particles [207] . Metha 

et al. applied this model to simulate lab- and large-scale sooting 

jet flames in conjunction with an acetylene based soot production 

model and a method of moment to model soot particle dynam- 

ics [162] . They concluded that 〈 κ ′ 
ηI ′ η〉 can be reasonably neglected 

even in large-scale highly sooting flames. This welcome conclusion 

was latter confirmed by Consalvi and Nmira [91] . The approxima- 

tion of neglecting 〈 κ ′ 
ηI ′ η〉 is usually referred to as the optically-thin 

fluctuation approximation (OTFA) in the literature and was first in- 

troduced by Kabashnikov and Myasnikova [284] . It was applied in 

most of the studies dealing with TRI (see for example Table 7 ). 

LES context The filtered absorption term can be decomposed 

into the sum of a resolved and a subgrid fluctuation: 

〈 κηI η〉 � = κη( ̂  φ) 〈 I η〉 �︸ ︷︷ ︸ 
ReS 

+ 

[〈 κηI η〉 � − κη( ̂  φ) 〈 I η〉 �
]︸ ︷︷ ︸ 

SGS 

(67) 

Only the SGS absorption TRI requires modelling. A consensus 

was established that SGS absorption TRI can be neglected in LES of 

both non-sooting and sooting flames [167,285,286] . 

3.5.2. Modelling emission TRI 

Emission TRI depends only on local scalars, such as temperature 

and composition, and its modelling is a closure problem similar to 

that encountered for chemical reaction rates or soot reaction rates 

(see Section 2.3 ) owing to turbulence/chemistry interaction (TCI) 

and turbulence/soot (TSI), respectively. Therefore, the modelling of 

emission TRI is closely related to the turbulent combustion model 

used in the simulations. 

RANS context Moment-based closures of emission TRI were 

mainly used in conjunction with the eddy dissipation concept and 

23 



F. Liu, J.-L. Consalvi and F. Nmira Combustion and Flame xxx (xxxx) xxx 

ARTICLE IN PRESS 

JID: CNF [m5G; December 30, 2022;14:28 ] 

gray radiation models [287] . They consists in approximating the 

mean emission term by a Taylor series expansion and retaining 

only the lower-order moments: 

〈 κ I b 〉 ∝ 〈 κT 4 〉 

≈ 〈 κ〉〈 T 〉 4 
[ 

1 + 6 C T RI 1 

〈 T ′ 2 〉 
〈 T 〉 2 + 4 C T RI 2 

〈 T ′ 2 〉 
〈 κ〉〈 T 〉 

(
∂κ

∂T 

)
〈 T 〉 

] 

(68) 

The last term on the right hand side is usually neglected and C T RI 1 
is adjusted to match the experimental data [287] . 

Flamelet/presumed PDF approaches were mainly applied to 

model emission TRI in non-sooting flames by assuming δ-Dirac 

functions for the scalar dissipation, χ , and the enthalpy defect, 

X R , and a β-function for mixture fraction [288–290] . The accuracy 

of the β-PDF to model mixture fraction statistics in the context 

of emission TRI was demonstrated by Deshmukh et al. from DNS 

[291] . Similarly to the TSI closure issue discussed in Section 2.3 , 

the design of a joint presumed PDF of both gas-phase and soot 

related quantities is a difficult task and to the authors’ best knowl- 

edge no attempt was reported to model TRI in sooting flames with 

this approach. 

TPDF [145,162,292–294] and HFTPDF methods [75,150,295] , that 

provide an exact closure of emission TRI, were considered in 

both non-sooting and sooting turbulent flames. These studies had 

mainly aimed to improve the understanding of the processes re- 

sponsible for TRI as well as their impact on the prediction of radia- 

tive outputs and flame structures. They will be discussed in details 

in the next sections. 

Yunardi et al. [152] applied a first order CMC closure to model 

emission TRI in conjuction with the OTA in a turbulent non- 

premixed ethylene jet flames: 

〈 κp I b | Z〉 ≈ κp (〈 φ| Z〉 I b (〈 φ| Z〉 ) (69) 

However, to the authors’best knowledge, no systematic investiga- 

tion of the modelling of emission TRI with CMC was reported in 

the literature. 

LES context The filtered emission term can be decomposed into 

a resolved and a SGS contribution: 

〈 κp (φ) I b (T ) 〉 � = κp ( ̂  φ) I b ( ̂  T ) ︸ ︷︷ ︸ 
ReS 

+ 

[〈 κp (φ) I b (T ) 〉 � − κp ( ̂  φ) I b ( ̂  T ) 
]︸ ︷︷ ︸ 

SGS 

(70) 

Only the SGS emission TRI requires modelling. The relative contri- 

butions of resolved and SGS emission TRI depend on the filter size, 

with the SGS emission TRI increasing with the filter width (mesh 

size) [285,286] . Recent works related to turbulent non-luminous 

and luminous non-premixed flames [167] and medium and large 

scale non-luminous pool fires [205,296] showed that, for filter 

sizes that resolved more than 80% of turbulent fluctuations, the ef- 

fects of SGS fluctuations on the filtered emission term have to be 

modelled and can even exceed those of resolved-scale fluctuations. 

These studies showed also that the contribution of SGS emission 

TRI increases with the SGS optical thickness. 

On the other hand, few studies have considered SGS emis- 

sion TRI in the simulations of flames. The moment-based approach 

described by Eq. (68) was extended to model SGS emission TRI 

in LES of n-heptane fire plumes [297,298] and the constant C T RI 1 
was adjusted to match the experimental data. Few works applied 

flamelet/presumed FDF models to model SGS emission TRI in non- 

luminous non-premixed turbulent flames [205,296,299,300] . To the 

authors’ best knowledge, the only work considering TFDF method 

was reported by Gupta et al. [167] to provide a detailed exami- 

nation of TRI in LES of the baseline Sandia flame D and synthetic 

flames generated by scaling up the baseline flame with a factor of 

4 and introducing soot from an empirical correlation. 

3.5.3. Radiative structure of sooting turbulent non-premixed flames 

Emission TRI is usually decomposed into the sum of three 

contributions, namely the Planck-mean absorption coefficient- 

temperature cross-correlation ( C(κp , T ) ), the Planck function or 

temperature self-correlation ( C(T , T ) ), and the Planck-mean ab- 

sorption coefficient self-correlation ( C(κp , κp ) ) [23,24] : 

〈 κp (φ) I b (T ) 〉 = κp ( ̃  φ) I b ( ̃  T ) ︸ ︷︷ ︸ 
No TRI 

+ 

[〈 κp 〉 − κp ( ̃  φ) 
]
I b ( ̃  T ) ︸ ︷︷ ︸ 

C(κp ,κp ) 

+ 〈 κp 〉 
[〈 I b 〉 − I b ( ̃  T ) 

]︸ ︷︷ ︸ 
C(T,T ) 

+ [ 〈 κp I b 〉 − 〈 κp 〉〈 I b (T ) 〉 ] ︸ ︷︷ ︸ 
C(κp ,T ) 

(71) 

Local flame emission in sooting flames results from the ad- 

ditional contributions of gas and soot. Gas emission TRI in 

non-premixed flames was investigated theoretically by Coelho 

[301] and numerically by several other authors in canonical flames 

[134,289,292,293,302] . These studies showed that gas emission 

is systematically enhanced by TRI with the contributions of the 

temperature self-correlation and the absorption coefficient–Planck 

function correlation being dominant. A consequence is that TRI al- 

ways enhanced the flame radiative loss, confirming the early ex- 

perimental conclusions of Fisher et al. [303] and Faeth and co- 

coworkers [281,282,304–308] . The levels of enhancement were 

found to increase with the optical thickness [207,293,309,310] . 

Table 9 illustrates these conclusions through different examples 

and provides a quantification in the level of enhancement in dif- 

ferent combustion scenarios. ˙ Q net represents the total radiative loss 

obtained by integrated the divergence of the radiative flux over the 

computational domain. Wang et al. [207] applied the PMC method 

combined with a TPDF method to investigate TRI effects in the 

SANDIA flame D [311] and two other artificial flames derived from 

it by scaling up the fame diameter by a factor of 2 and 4 while 

maintaining the Reynolds number constant. The enhancement of 

radiative loss due to TRI was found to increase with the optical 

thickness from 29% for the baseline SANDIA flame D to 34% for 

the largest flame (see Table 9 ). Nmira et al. [310] used a HFT- 

PDF method in conjunction with the NBCK and the FVM as RTE 

solver to simulate artificial H 2 high-pressure non-premixed flames. 

The flames were designed from that investigated by Barlow and 

Carter [312] by applying a Froude scaling in order to preserve the 

flame geometry and the residence times while increasing the pres- 

sure and, in turn, the optical thickness. This allows isolating the 

effects of pressure on TRI. TRI effects were found to be enhanced 

with pressure as shown in Table 9 , with an increase in 

˙ Q net from 

39% at 1 atm to about 49% at 30 atm. Fraga et al. [313] modelled 

the 50 cm-diameter ethanol pool fire investigated experimentally 

by Fisher et al. [303] by using the Fire Dynamics Simulator [314] . 

In accordance with the other investigations of TRI in medium and 

large-scale pool fires [205,289,296] , they found that TRI contributes 

for the major part to flame radiative loss (about 75% as shown in 

Table 9 ). This feature is specific to pool fires that are characterized 

by a very-high intermittency resulting from the puffing process. 

The understanding in the soot emission TRI in non-premixed 

flames has widely benefited from the development of temporally 

and spatially-resolved measurement techniques of soot and tem- 

perature initiated by Gore, Sivathanu and co-workers in the early 

90’s [315,316] . They developed a three-line optical probe consist- 

ing of laser extinction at 632 nm and two wavelength emission 

pyrometry at 900 nm and 1000 nm, respectively. Soot volume 

fraction was inferred from both extinction and emission measure- 

ments whereas the temperature was inferred from the emission 

measurements. They applied this technique to turbulent acetylene 

flames [315] , highly buoyant turbulent acetylene/air and propy- 

lene/air flames [317] , 30 cm toluene pool fires [318] and 6 m × 6 m 

JP8 pool fires [319] . Their technique was also applied by other au- 
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Table 9 

Effects of TRI on flame radiative loss. �T RI = 

( ̇ Q net ) TRI −( ̇ Q net ) NoTRI ) 

( ̇ Q net ) TRI 

× 100 . 

Authors Flame Without TRI ˙ Q net (kW) With TRI ˙ Q net (kW) �T RI (%) 

Wang et al. [207] SANDIA D 0.50 0.645 29.0 

2 D 2.57 3.27 27.2 

4 D 8.48 11.37 34.1 

Nmira et al. [310] H 2 P = 1 atm 2.00 3.31 39.43 

P = 5 atm 8.91 14.17 37.16 

P = 10 atm 12.74 22.86 44.26 

P = 30 atm 22.05 47.56 49.43 

Fraga et al. [313] 0.5 m CH 3 OH 3.40 13.5 74.9 

pool fire 

thors to 2 m diameter JP8 fires [320] and 15 cm ethylene buoyant 

flames in oxygen depletion conditions [321] . These studies showed 

that soot volume fractions inferred from absorption measurements 

are significantly higher than those inferred from emission data, 

suggesting the presence of large quantities of relatively cold soot 

within the flames. They also observed that the correlation between 

soot volume fraction and temperature is highly negative in the soot 

emission region. This latter feature was confirmed by RANS simu- 

lations based on TPDF methods [204,295,322,323] and LES [170] of 

turbulent non-premixed jet flames. The two physical mechanisms 

responsible for this negative correlation were elucidated in Ref. 

[204] . The first can be explained from Fig. 1 . This figure shows that 

the hot soot, responsible for radiative emission, is located in the re- 

gion between the peak of conditional mean of soot volume fraction 

and the stoichiometry. In this region, which roughly corresponds 

to the region where soot oxidation occurs, soot volume fraction 

decreases whereas the temperature increases, explaining the nega- 

tive correlation between f s and T . This mechanism is then related 

to the non-premixed flame structure and, consequently, does not 

dependent of the fuel sooting propensity as revealed in Ref. [204] . 

The second mechanism was found to be less significant and di- 

rectly related to the fuel sooting propensity. It can be explained 

as follows: in the region of hot soot, a positive fluctuation in soot 

volume fraction results in an increase in radiative loss and then 

a decrease in temperature [204] . The negative correlation between 

the soot volume fraction and the temperature plays a major role 

on soot emission TRI. This can be highlighted by introducing the 

expressions of I b = σT 4 /π and κp,s = C f s T , where C is a constant, 

in the mean soot emission term and expanding it in Taylor series. 

Considering only the lowest order terms in the truncated series 

leads to Rodrigues et al. [170] : 

〈 κp,s I b 〉 = 

σC 

π
〈 f s 〉〈 T 〉 5 ︸ ︷︷ ︸ 
NoT RI 

(
1 + 5 

〈 f ′ s T 
′ 〉 

〈 f s 〉〈 T 〉 + 10 

〈 T ′ 2 〉 
〈 T 〉 2 

)
(72) 

Eq. (72) shows that the effects of TRI on mean soot emission re- 

sults from a balance between an enhancement due to the contribu- 

tion of the temperature self-correlation (last term in the parenthe- 

sis on the right hand side) and a reduction owing to the negative 

correlation between soot volume fraction and temperature (sec- 

ond term in the parenthesis on the right hand side) [170,323] . The 

effects of disregarding the cross-correlation between soot volume 

fraction and temperature was assessed in Ref. [295] from RANS 

simulations of the propane non-premixed jet flame burning in an 

40% oxygen-enriched oxidizer investigated experimentally in Ref. 

[159] . These effects are illustrated in Fig. 5 which shows the ax- 

ial profiles of the correlation between the soot volume fraction 

and the temperature, C( f s , T ) = 

〈 f ′ s T ′ 〉 √ 〈 f ′ 2 s 〉 
√ 〈 T ′ 2 〉 and of the divergence 

of the radiative flux, temperature and soot volume fraction with 

and without considering the correlation. The simulations were per- 

formed with a HFTPDF method, a two-equation acetylene/benzene 

based soot model and the RTE was solved by the FVM with a 

Fig. 5. Effects of the correlation between soot volume fraction and temperature. (a) 

Axial evolution of soot volume fraction-temperature correlation and divergence of 

the radiative flux. (b) Axial evolution of soot volume fraction and temperature. The 

solid lines refer to simulations considering the correlation whereas the dashed lines 

refer to simulations disregarding it. Taken from Consalvi and Nmira [295] (with per- 

mission). 

WBCK as radiative property model. As expected from the previ- 

ous discussion, C( f s , T ) becomes strongly negative in the soot re- 

gion. Considering the correlation (Full) reduces substantially the 

radiative loss, leading to an increase in the peak temperature of 

about 150 K. Both soot surface growth and oxidation were found 

to be noticeably affected (not shown). However, these effects are 

balanced leading to relatively small overall effects on soot volume 

fraction. 
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Fig. 6. Effects of TRI on incident radiative wall fluxes. Taken from Mehta et al. [162] (with permission). 

Table 10 

Resolved and subgrid-scale TRI contributions in the 4 D flame + soot. Adapted from 

Gupta et al. [167] (with permission). 

Name 

Emission Absorption χR ( −) 

ReS SGS ReS SGS 4 D 

TRI0 N N N N 0.22 

TRI1F Y N N N 0.327 

TRI2F Y N Y N 0.308 

TRI3F Y Y Y N 0.487 

TRI4F Y Y Y Y 0.480 

The previous discussion shows that complex competitive mech- 

anisms govern the effects of TRI on radiative loss in sooting non- 

premixed flames. Enhancement mechanisms are due to gas emis- 

sion TRI and temperature self-correlation effects on soot emission 

whereas inhibiting mechanisms results from the negative correla- 

tion between soot volume fraction and temperature [170,323] . A 

specific numerical study was performed in Ref. [323] by simulating 

turbulent lab-scale non-premixed jets ranging from the transitional 

to the momentum-driven regimes and fuelled by a weakly soot- 

ing fuel, methane, a moderately sooting fuel, ethylene, and a heav- 

ily sooting fuel, acetylene. It was found that enhancement mecha- 

nisms dominate in weakly sooting methane flames and taking TRI 

into account increases the radiant fraction. On the other hand, in- 

hibiting mechanisms become of increasing importance in moder- 

ately and highly sooting fuels, with their importance increasing 

with both the fuel sooting propensity and the Reynolds number. 

For flames dominated by soot radiation, the inhibiting mechanisms 

were found to prevail and taking TRI into account reduces the ra- 

diative loss. 

3.5.4. Effects of TRI on soot production and sooting flame radiative 

loss 

This section illustrates how neglecting TRI can affect soot pro- 

duction and radiative heat transfer. In the RANS context, the 

simulations reported by Mehta et al. [162] are considered (see 

Table 7 for the modelling details). The oxygen-enhanced flames 

fulled by a blend of 90% methane/10% ethylene of Wang et al. 

[261] were used as target flames. In these experiments, the fuel 

was injected through a 3-mm nozzle at a velocity of 35.4 m/s 

(Reynolds number of about 6700) and four oxygen concentrations 

in the oxidizer of 21% (Flame III), 30% (Flame IV), 40% (Flame V) 

and 55% (Flame VI) were investigated. In the four flames, gas ra- 

diation was found to strongly dominate the radiative heat trans- 

fer. In such conditions, TRI is expected to enhance radiative heat 

loss from the flame as expected from the discussion of the last 

Section 3.5.3 . This is illustrated in Fig. 6 that shows that the wall 

incident radiative flux along the combustion chamber is signifi- 

cantly increased when TRI is considered. On the other hand, these 

enhancements in radiative loss are expected to result in lower 

temperature in the flames and, in turn, in a reduction in soot pro- 

duction. These effects are observed in Fig. 7 that shows the equiva- 

lent soot volume fraction defined as f s,EQ = 

1 
D 

∫ + ∞ 

−∞ 

f s (r, z) dr where 

D is the nozzle diameter, along the height as a function of the 

height above the burner. Equivalent soot volume fractions are in 

closer agreement with experimental data and substantially lower 

when TRI is taken into account. 

In the LES context, to the authors’ best knowledge, the only 

study related to the relative importance of resolved and SGS TRI 

contributions in sooting flames was reported by Gupta et al. [167] . 

LES of the SANDIA flame D and artificial flames constructed by 

scaling up the dimensions of flame D by a factor of four were 

performed with advanced combustion and radiation models (see 

Table 7 for the modelling details). In their simulations, 84% of 
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Fig. 7. Effects of TRI on equivalent soot volume fraction. Taken from Mehta et al. [162] (with permission). 

turbulent kinetic energy was resolved. Nevertheless, it should be 

pointed out that soot was introduced by using an empirical cor- 

relation. Table 10 shows the radiant fractions for the 4 D soot- 

ing flame. These radiant fractions were obtained using a frozen- 

field analysis (as indicated by the notation F). In this approach, all 

the statistics are derived from instantaneous data obtained from 

the FullTRI calculations (TRI4) once a statistically steady state is 

reached. The comparison of TRI1F and TRI0 quantifies the contribu- 

tion of resolved emission TRI whereas the comparison of TRI3F and 

TRI2F quantifies that of SGS emission TRI. Results in Table 7 show 

that resolved emission TRI (TRI1F vs. TRI0) enhances χR by 48.6% 

whereas SGS emission TRI (TRI3F vs. TRI2F) enhances χR by 58.12%. 

As a consequence, both contributions appear to be significant with 

the contribution of SGS emission TRI exceeding that of resolved 

emission TRI. The contributions of resolved and SGS absorption 

TRI can be estimated from the comparison of TRI2F and TRI1F and 

TRI4F and TRI3F, respectively. Considering resolved absorption TRI 

(TRI2F vs. TRI1F) reduces χR by about 6% whereas SGS absorption 

TRI (TRI4F vs. TRI3F) reduces χR by about 1.5%. As expected, these 

results support the notion that absorption TRI can be reasonably 

ignored even in large-scale sooting flames whereas the contribu- 

tions of SGS fluctuations to absorption TRI are negligible. 

4. Concluding remarks 

Significant progress in soot formation modelling in laminar and 

turbulent jet diffusion flames has been made in the last three 

decades. The progress is made possible as a result of advances in 

all important aspects related to soot processes, such as gas-phase 

(including PAH) reaction mechanisms, soot kinetics (inception, sur- 

face growth, and oxidation), soot aerosol dynamics, non-gray radi- 

ation models, turbulence chemistry (including soot chemistry) in- 

teraction, and turbulence radiation interaction. Although the state- 

of-the-art semi-empirical and detailed soot models are unable to 

predict the correct levels of soot volume fraction or the position of 

soot inception, these soot models are relatively robust as they can 

predict the qualitative soot distribution with the correct order-of- 

magnitude peak soot volume fraction. Accurate and efficient non- 

gray gas radiation models, such as the spectral-line based weight- 

sum-of-gray-gas models and the full-spectrum correlated-k mod- 

els, can be readily coupled with the P 1 , P 3 , and DOM/FVM solution 

methods to model radiative heat transfer, though uncertainty re- 

mains in the soot refractive index in the infrared spectrum. 

Studies of soot formation modelling in laminar diffusion flames 

and laboratory scale turbulent jet diffusion flames of gaseous and 

vaporized liquid hydrocarbon fuels were reviewed with an empha- 

sis on the importance of radiative heat transfer, radiation absorp- 

tion, and turbulence radiation interaction in such important flames 

of fundamental interest and of close connection to the target dif- 

fusion flames of International Sooting Flame Workshop. Numerical 

studies of soot formation in laminar counterflow and coflow dif- 

fusion flames have concluded that radiation heat transfer is im- 

portant and should always be taken into account and the simple 

optically thin approximation should be used with caution since it 

can potentially cause large error unless when the maximum flame 

optical thickness based on flame diameter integrated Planck mean 

absorption coefficient is sufficiently small ( < 0 . 05 ). Neglect radia- 

tion heat loss or radiation absorption has the largest influence on 

the predicted temperatures in the centerline region in the upper 

part of the flames and the predicted visible flame height mainly 

through its effect on soot oxidation. Turbulence radiation interac- 

tion in turbulent jet diffusion flames can significantly affect the 

predicted temperature and soot volume fraction and should there- 

fore be properly modelled. 

Although soot prediction is primarily affected by soot kinetic 

models, it can also be strongly influenced by soot aerosol dynamic 
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models and radiation heat transfer models when the flames are 

not sufficiently optically thin. It is therefore necessary to accurately 

model all important chemical and physical processes affecting soot 

prediction in hydrocarbon flames. 
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